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Abstract: This paper is intended to introduce the standard three-step iteration algorithm to approximate endpoints of nonexpansive
multi-valued mapping in the Banach spaces framework. Some weak and strong results under appropriate conditions for the iterative
sequence generated by the proposed process convergence outcomes are discussed. In general, the results improve and unify some of
Panyanak’s recent analysis (J. Fixed Point Theory Appl. (2018)).
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1. Introduction

Let B =(4,]||.||) be a Banach space and € be a nonempty
subset of A. For x € 4, set

d(x, %) =inf{|[x—y[|: y€ ¢}
and
2 (x,€) =sup{[|lx—y|[: y € C}.

We shall denote the set of all nonempty and compact
subsets of ¥ by JZ(%). Assuming % as having two
bounded subsets namely, .« and %*, the Hausdorff dance
between them is defined as:

(A, PB*) = max | supd(x,B"), sup d(,y) ;.
xeo/ yERB*
H(-,-) is known as the Hausdorff metric on the set

H(€). A multi-valued mapping o : € — % (€) is said
to be nonexpansive if

H (gox, 2y) < ||x—yl|,

for each x,y € €. Throughout this paper, .4 stands for
the set of natural numbers, and & stands for the set of
real numbers. A point g € € is said to be a fixed point of
§:C — K (€) if q € fog and is said to be an endpoint (or
a stationary point) of go: € — # (€) if og = {q}. In this
article, we will denote the set of all endpoints and the set
of all fixed points of @ by &, and .%, respectively. Note
that, a multi-valued mapping @ : € — £ (€) is said to
satisfy the endpoint condition [1] if &, = F .

The existence of fixed points for nonexpansive
mappings in Banach spaces was independently studied by
Browder [1], Gohde [2] and Kirk [3] in 1965. They
showed that every nonexpansive mapping defined on a
bounded closed convex subset of a uniformly convex
Banach space always has a fixed point. One of the
successful iteration methods for finding fixed points of
nonexpansive mappings was given by Ishikawa [4] in
1974.

Different iteration processes have been developed to
approximate the fixed points of multi-valued mappings. It
should be noted that Sastry and Babu [5] proved Mann
and Ishikawa-type convergence results for multi-valued
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nonexpansive mappings in the framework of Hilbert
spaces. Panyanak [6] extended the results of Sastry and
Babu to the framework of uniformly convex Banach
spaces. Actually, Panyanak showed some results using
Ishikawa-type iteration process without the endpoint
condition. Song and Wang [7] proved convergence for
Mann and Ishikawa iterates of multivalued nonexpansive
mapping & under some appropriate conditions, which
revises a gap in Panyanak [6] and gave an affirmative
answer to Panyanak’s open question . Song and Wang [7]
reconstructed the iteration process to overcome the
limitations in Panyanak’s Results. After this, Shahzad and
Zegeye [8] constructed an iteration scheme which
removes a restrictive condition in Song and Wang results.

Shahzad and Zegeye [8] also relaxed compactness of
the domain of & and constructed an iteration scheme
which removes the restricion of % namely,
“p(v) = v foranyv € .Z,,”. Note that, their first type
iteration also requires the endpoint condition. For a
multi-valued mapping @ : € — (%), if ¢ € € is an
endpoint of @, then g is also a fixed point of ; but the
converse is not always true (see; Example 1, [9]). We
refer the reader to relevant articles ([10] - [16]) for the
existence of the findings of the multi-valued mapping
endpoints in the context of the Banach spaces. Panyanak
[17] recently used the Ishikawa-type iterative procedure
to estimate the endpoints of multi-valued, nonexpansive
mappings in the Banach space. Agarwal et al. [18] have
introduced an iteration process called S—iteration
process, which is independent of both Mann [19] and
Ishikawa iterations, for single-valued mappings in Banach
spaces. They proved that the rate of convergence of
iteration process is the same as Picard iteration process
and faster than Mann iteration process for the class of
contraction mappings. Later, it was observed that this
scheme also converges faster than Ishikawa iteration
process. For more details and some recent literature on
S—iteration process (see; [20] - [26]).

2 Preliminaries

Definition 1. A Banach space 2 is said to be uniformly
convex if for each a € (0,2], there is an existence of B >0
such that for a,b € Bwith ||la|| <1, ||b|| < 1 and ||a—Db|| >
o, we have

a+b

=

Definition 2. ([27]) A Banach space £ is said to have
Opial’s property if for each sequence {x,} € # which
weakly converges to x € Z and for every y € # — {x}, it
follows that

limsup ||xp — x|| < limsup||xy —y||.
n—roo nN—ro0

Definition 3. Let € be a nonempty subset of a Banach
space B. A mapping @ : € — K (€) is said to satisfy
condition (J) if there is a non-decreasing function
8 :[0,00) = [0,00) with g(0) =0, g(t) > 0 for t € (0,e0)

such that
.@(x, px) > g(d(xa é‘:@))’
foreachx €% .

The mapping g is called semicompact if for any sequence
{xn}in € such that

lim 7 (xy, @(xy)) =0

N0

There is an existence of a subsequence {xy, } of {x;} and
s € € such that limy_,e, xy, =0

Definition 4. Let € be a nonempty subset of a Banach
space AB. A sequence {xy} in A is called Fejer-monotone
with respect to € if

[ben1 =l = [l =],

foreachc €€ andne N

Lemma 1. A Banach space Z is uniformly convex if and
only if for any number k > 0, and there is a strictly
increasing and continuous function y : [0,00) — [0,00)
with y(0) = 0 such that

o+ (1= o)y|[* < el + (1 = o) [y
— ol —a)y(llx—yl)),

for each x,y € # with ||x|| < k, |[y]| < k, and
ael0,1].

Definition 5. If @ is a multi-valued mapping defined from
€ to K (€), then the following statements hold.

1. d(x, fox) = 0 <= x is a fixed point of .

2. P(x, ox) = 0 <> x is an endpoint of 2.

3. If @ is nonexpansive, then the mapping h: ¢ — %
defined by h(x) = 2(x, fx) is continuous.

Lemma 2. ([28]) Let & be a nonempty closed and convex
subset of a wuniformly convex Banach space and
o€ — H(€) be a multi-valued nonexpansive
mapping. Then, we have

{xn} C ¥,
.Xné.x
D (xy, oxyn) = 0= x € &p.

The following fact is needed and can be found in [29].
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Proposition 1. Let ¥ be a nonempty closed subset of a
Banach space. Let {x;} be a Fejer-monotone sequence
with respect to €. Then, {x } converges (strongly) to the
point of ¢ if and only if
%gr}od(xn,%) =0.
The following Lemma will be useful in our subsequent
discussion and are easy to establish.

Lemma 3. ([8]) Considering {1y} and {n;} being real
sequences, wherein

LO<nmyny <1,
Z.H%%Oasnﬁoq
3.X Mgy = .

. 2 . . .
Let there is a real sequence {nn} Whl(():h 11s non riegaztlve
and exists in such a manner that Y nyn, (1 —ny)n5 is

bounded, then the sequence {n%} has a null
sub-sequence.

3 Results

It is already proved that Picard iteration converges faster
than Mann iteration for a class of quasi-contractive
operators [1]. Apart from Mann and Ishikawa, there is
existence of many iteration algorithms with better
convergence rate. Also many iteration algorithms are
defined in the setting of more generalized mappings. It is
also important to note that many iteration algorithms are
special case of some pre-exiting schemes. Inspired and
motivated by the results of existing three-step iteration
algorithms, we introduce standard three-step iteration
algorithm namely, n, iteration algorithm which is a
general defining of many existing iteration algorithms.
The standard three-step scheme is defined as follows:

Let # be a normed linear space, € be a nonempty convex
subset of & and @ : ¢ — J#(€) be a map. For any
Vg € €, we have

0 0,./ 0 0./ .
by = &q0n + Ty Uy + Oy Ty + G Ty (1)
Ty = &n U + Ty Uy + Sply + Gp Ly

_ g2 2,/ 2 2 U
V41 = € Vn + Ty Uy + 83T + G Ty + Ol + KLy,

such that &) + 7 +8) +¢) =1, & + Ty + 6+ 6y =1
and 8% Jr‘L’% + 5% + oy + Ky = 1. Also vy, € @vy such
that [[vg — vy|| = Z(vy,@0y), T, € Ty such that
lltg — Tl = 2(wy, ™) and £, € @ly such that

||€n_€/n|| =D (ln, ply).

In this section, we will study convergence analysis of
sequence generated by a standard three-step iteration
process for Suzuki generalized nonexpansive mappings in
the setting of uniformly convex Banach spaces.

Lemma 4. Let ¥ be a nonempty closed convex subset of
a Banach space 4, and let mapping @ : € — £ (€) be a
multi-valued nonexpansive mapping with &, # 0. For
arbitrarily chosen vy € ¢, let the sequence {v,} be
generated by n, iteration algorithm (1) with the condition
that

((8},+1},)+(6},+g},)(89,+f?,)) o o

= (&) +c(8y+c)
and
(€7 + Ty + 8 + 6 + (0 + Ky ) (&) + 70 + 37 +6) < 1,

then limy) .. || Uy — V|| exists for any v, € &,

Proof. Let v, € &pand n € A4, we have

10 — vl = 1§ vy + Ty vy + 8 Ty + 6 Th — V|

< &p|vg — V.|| + Tyd (v, @02)
+831[7 — vl |+ gpd (g, 0.

< &0 ||vg — V| + 19 (0, 0.

+ 80|17y — V| + ) A (9T, 0.

< epl|vg — ]|+ 7y |[vg — .||

+ 83|17y — vl |+ 6 |7 — 0|

= (e +llvg = oul + (8] +¢7)

([l = vel])-

Also,

1Ty — 0:l| = l|&g Oy + Ty Oy + 8y by + Gy Ly — Vs
< &pl|vg — v* ||+ Tyd (v, V)
+ 8310y — V.|| + Gd (£, 202
< gy llvg — v #|| + 7 A (0n, 0.)
+ 83 |[6y — vul| + 6y (9L, V.
< &yl|og — vl + gy log — .|
+ 8y — vl + gy 167 — v
= (&g +Ty)llon — v+ (8 + )
X ([[ln = vl])-

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

76 NS ¥

N. Sharma et al.: Standard three-step multi-valued iteration algorithm

Using the value of ||{;; — v.|, we have

17— vl < (&) +T9) Vg — 0] + (8 + 65)

x ((en +2)|[vg — il [+ (8 + 61)
X |[Tg — v4])

< ((gg + 1) + (85 +6n)(en +10))

X [|og = V| [+ (8 + 63 (8] +61)
||y — 04|

(&) +74) + (8 +6n) (€0 + 1)

‘( 1= (83 +¢h) (80 +a) )
x ([[og — ).

N

17— vl

Since

en+Tp) + (8 +6n)(en + T
(GRARILESILAS o)
1_(5n+gn)(5n+gn)
we have
l1Tn — v:l| <[l — 0]
Now,

o1 — 0l < |l&g vy + T ) + 87Ty + 65T
+wn€n+’<n£n*v*||
< g5 |vg — V|| + Tyd (), 202
+8p1y — vl + grd(y, ov.)
+ || ln — vl + Knd (6, V1)
< g5|vg — Vil + 7 A (20, 0.
+ 837 — vl + 63 (91, 0.
+ @n| [y — V|| + Kn I (9L, V)
< g5 [vg — Vil + 75 [J0g — 04|
+ 8511ty — val |+ 65 |17 — .|
+ o[l — V]| + Ky [y — V]|
< (&5 +75)[|vg — .|
+ (85 + o)ty — vul|
+ (07 + Kkn)[[€n — V.

on substituting

|16y — v.]] = (en + 7))V — 04|
+ (8 + ep)llzn — vl
we have
o1 — ]| < (&7 + T3 + 87 + 63| v — .|
+ (@ + 1) (g7 + 7)o — 04|
+(8)+ )l —v.))
< (& + 7 + 85 + 7)oy — s
+ (0n + k) (&7 + 7)) + (8 + 1))
X |[vg — ]
= (g5 + 17+ 8 + 6 + (0 + k)
X (& + Ty + 8 +6n))l|og — v.]l.

Also, it is given that

(g5 + Ty + 85 + G+ (0 + i)
x (€5 + 10+ 80 +60)) < 1

we have
[[og+1 = V[ < [Jog —v]].

This implies that {||lv, — v.||} is bounded and
non-increasing for all v, € f,. Hence, limy o ||Uy — V4|
exists, as required.

Theorem 1. Let % be a uniformly closed and convex
subset satisfying Opial’s property of a uniformly convex
Banach space %, and let a mapping g: € — (%) be a
multi-valued nonexpansive mapping. For arbitrarily
chosen vy € €, let the sequence {v; } be generated by n,
iteration algorithm (1) for all 1 > 1, where
{e! } {1} } {6’} {gn} for i =0,1,2 also oy and &, are
sequences of real numbers in [a,b], for some a,b with
0 <a < b < 1.Then, for &, # 0, {v,} converges weakly
to an element of &,

Proof. Since &y, # 0, let v, € &. Using Lemma 2.1, there
is an existence of Y : [0,00) — [0, ) with y(0) = (0) such

Since
[Ty — vl < [[vg — el
we have
o1 — ]| < (& + 75 + 87 + )
X (|[vn = vi[]) + (@n + k)
x ([ |6n — i),
@© 2021 NSP
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that for v, € & and n € 4, we have

[[€n — 0:]* = [| €9 vy + TV + 87Ty + G T — V|

< &0]12g — vul P+ e (0], 9v.)

+ 83|17ty — V] + 6 d° (17, 0. € 7 7

x (1 (g9 + 19 +8))

< (|| (vg + v+ ) — 7y l)

< eqllog — v.l| + 1A (g, o0.)

+ 89|ty — V.| + 60 A7 (T, V)

< &yl[vg — i + 7y [vg — v.
+ 81T — sl P+ gllTy — vl P

which implies

[6q — .]* = (g9 + )| vg — V.|
+(8) + o)l — oI
Also,
= |y vy + Ty + 8y + Gyl
< gy l|vg — va|* + 7y d® (v}, 20.)
+ 8310y — vl P+ gy (£, 201
— eyt 8 (1—(eg+ 17+ 8p))
X W (||(vn + v+ £n) — £]])
< &pllvg — vl + thd? (v, 0.)
+ 8y |[6n — vu|]* + 6pd® (), 04
< &b ||vg — vul[? + 7) A (govn, 20.)
+ 8y [0q — V.| ]* + 6y 7 (o, fo0.)
< gy |[vg — vu] >+ T [0y — 0|2
+ 8y |16y — vl P+ gyl en — 0.7
= (&g + )1V — V| + (8 + 616 — 0. .

Iz —v.? —v.?

Using the value of ||y, — V.||, we have

ll7n —va* < (&g +79)l|0g — V|
+(8y+6y) x ((gn + 7)oy — 0|
+ (8 +6n x|ty — %)
< (&g + 1)+ (85 +cn)(en +10))
X [|on = Va4 (85 +67) (80 + 1)
x ||Tg — v ?
lwmwé<%+#+ﬁﬁg%%ﬁﬁ»
1— (83 +64)(8y +¢n)
x [Jog — v

Since
(8,', +r,‘,+(8},+g,‘,)(e?,+r$,)) -
1— (8} +¢h) () +6n) B
we have
7 — .| < [[og — v.]l.
Now,

R e
+ Gt + Oy + Ky Uy — |
< ggl|vg — V.| + 7 (v, 04|
+ 87115 — v + ghd(y, o01)
+ @y ||ty — V.|| + K d® (£, 0.
— &7, 87 G5 0
x (1= (&5 + T + 8 + 65 + @)
< W (|| (g +vp + T + 7 + ) — (1)
< gp||vg — v.||* + 7, 72 (0, V.)
+ 831 — 0[P+ Gy A2 (91, 0.)
+ @y [y — V.| P + K9 2 (2L, $20.)
—E%T%S%Q%a)n
X (1= (&5 + Ty + 85 + 65 + @)
< W (||(vg + 05 + T + 77+ ln) — L))
< g5 ||vg — vul]*+ T [0 — 0|
+ 85117 — val |+ G5 |l — vl
+ o[y — il + K[| €n — v
—8%7:%872,92,(07,
x (1= (&5 + Ty + 65 + G + ) X
(|| (vn + v+ T + 7 +0y) — G11)
< (& +1)
(llon = vl [*) + (87 + 63)
x [Ty = Vu > + (@ + k) [16n — v
— (1= (&5 + Tp + 85 + 6 + ) X
(|| (on + v + Ty + 7+ £y) — G-
Since
I?

17 = vul > < [Jog = u,

we have

01— ] 1> < (& + T + 85 + 6)  (||og — vl )
+ (@n + k)| |€n — v*||2—£%1'%8r2,g%a)n
x (1= (&5 + Ty + 8 + 6 + @)
X W(|| (0 + vy + T + 7+ ) — £]])

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

78 N SS ¥

N. Sharma et al.: Standard three-step multi-valued iteration algorithm

on substituting

16n = a]? = w?

(en +)|Jvg —
+ (8 +6)llT — vl %,
we have

(&5 + T + 85 + &)l [vg — va|
v.|]?

|01 — v ? <
+ (o + k) (&5 + 7| Vg —
+(8) + ) x |17 — i)
78%1'%6%;”60"
(1—(£n+172,+872,+g%+wn))><
W (|| (g + vf + Ty + T + L) = £y]])
< (&g + 1 + 87+ cp)llog — v.?
+ (o +xn) (e + 1) + (8
+6n)) x ||y — vl ?
and hence, we have

= (&2 + T2 + 82 + 62 + (0 + ki)
X (en+ 7 + 8+ ))l[vg — 0.l |* — &7 77 6767 0
x (1— (62 + T2 + 82+ 62 + wy))
X W ([ (vn + vy + T + Ty + ) — L))
Also, it is given that
(8%+T,2,+6%+g121
+ ((@n + 1) x () + 7 + 8 +6p)) < 1

we have
[og1 = vl * < [Jog — 0| P — &5 7 87 6 0y
X (1= (&5 + Ty + 85 + 65 + @)
X W([[(vg + vy + Ty 4+ T +£n) — £ 1))
This follows

Y E(—(g+1+8 +6 +op))
n=1
X Wl(vn + vy + Ty 4+ T + ) — 4|
< Y (gt 85ch o x (1— (e + 15+ 85
=

+€72, + y)))

Thus,

T}grgollf(ll(anrUv’ﬁTn+Tr’1+5n)*%ll) =

X q/(||(vn-l—v;,-l—rn-i-#,—i—ﬁn)—a,”).

Also, it is given that y is strictly increasing and
continuous function, we have

. / / AT

Jg‘;“(vn"‘vn*‘rn"‘rn"'gn) Cyll=0
Hence,

%ﬂ@(vn,pvn)— lim [|v. —vy[| =0

This implies that {||lvy, — v.||} is bounded and
non-increasing for all v, € fp,. Hence, limy .. ||Uy — v|
exists, as required.

Now, we are in the position to prove weak convergence
theorem.

Since fy, # 0. By Lemma 2.1 {v,} is bounded and
limy e || 20y — V|| = 0. To show that {v,} converges
weakly to an element of &, it suffices to show that {v, }
has a unique weak sub-sequential limit in &,. For this
purpose, we assume that there are sub-sequences {v,€*}
and {vne’} of {vp} such that {vye™} — v! and
{vge’} =2,

Since, limy e Z(Vp, 2Vy) = limy 0 ||V — Vy|| =0
By Lemma 4, v! € &}. Similarly, it can be shown that Ve
& Next, we prove v! = v2. On the contrary, suppose v #
v2, then by Lemma 4 together with Opial’s property, we
have

Jim oy .| = lim [[oge” !

< lim [jvge T2
< Jin ||y I

= Jim [y — 2

= lim [[vge’ t_p?
Jin ||y I
<1;im |loge’ — vl

1
= Jim [log — !

which is a contradiction. So, v! = v2. This implies that
{vy} converges weakly to a fixed point of .

Next, we show significant convergence theorems in
Banach, uniformly convex. Opial’s property is not
essential, but it is appropriate to include some additional
conditions.

Theorem 2. Let 4’ be a nonempty closed convex subset
of a uniformly convex Banach space % and
o H — H(€) be a multi-valued nonexpansive
mapping with &, # 0. For arbitrarily chosen vy € €, let
the sequence {vy } be generated by n, iteration algorithm

(1) for all n > 1, where {g}}.{7}}.{6;}. {¢}} for

@© 2021 NSP
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i=0,1,2 also @, and &y are sequences of real numbers
in [a,b] for some a and b with 0 <a <b < 1. If @
satisfies condition (J), then {vy } converges strongly to an
endpoint of 0.

Proof. It follows from the nonexpansiveness of & that &,
is closed. Since g satisfies condition (J),

lim d(vy,&p).

Moo

Lemma 3.1 implies that vy, is Fejer monotone with respect
to &p,. The conclusion follows from Proposition 2.7.

Conclusion

Standard three-step iteration process namely, n, iteration
process (1) is introduced to find endpoints of
nonexpansive multi-valued mapping. n, iteration scheme
unifies most of the existing iteration schemes. For
different values of Sh,rﬁl,Sil,C,f’,wn,Ki for i = 0,1,2
iteration schemes like S, CR, Picard-S, Noor, SP and
many more can be achieved. Weak and strong
convergence results of n, iteration scheme are also
attained.
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