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Abstract: In this paper, we introduce a new method to analyze the convergence of the standard finite element method for Hamilton-
Jacobi-Bellman equation (HJB) with noncoercive operators. The method consists of combining Bensoussan-Lions algorithm with the
characterization of the solution, in both the continuous and discrete contexts, as fixed point of contraction. Optimal error estimates are
then derived, first between the continuous algorithm and its finite element counterpart, and then between the continuous solution and

the approximate solution.
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1 Introduction

We are interested in the finite element approximation of
the noncoercive problem associated with
Hamilton-Jacobi-Bellman ~ equation ~ (HJB):  find
u € W2=(Q), such that:
{ max;<;<y(Au—f)=0 inQ )
u=0 on I,

where Q is a bounded open set of RY, N > 1 with
smooth boundary I",A!,...,A¥ denote uniformly second
order elliptic operators assumed to be noncoercive, and
f1, ..., M are M regular functions.

Problems of type (1) arise in many applications:
stochastic control, management and economy, mechanics
and optics, . . . ..

The HIB equation has been analyticaly studied
by [1-4]. For the numerical approximations, P.Cortey
Dumont [5] investigated a finite element approximation
which is used a subsolution method. M. Boulbrachene
and M. Haiour [6] studied a finite element
Benssoussan-Lions algorithm version. They obtained a
quasi-optimal error estimate in the L”-norm. M.
Boulbrachene and P.Cortey Dumont [7] explored a finite
element method using the concept of subsolution and
discrete regularity. They obtained an optimal error
estimate in the L™-norm.

In the present paper, we instead combine, in both the
continuous and discrete contexts, the Benssoussan-Lions
algorithm with the characterization of the solution as a
fixed point of a contraction. We first establish an error
estimate between the continuous algorithm and its finite
element version, and then between the exact solution and
the finite element approximate.

The paper is organized, as follows: We review in
Section 2 the continuous problem and in Section 3 the
discrete problem. We address in Section 4 the continuous
algorithm and in Section 5 the discrete algorithm and we
establish, in both the continuous and discrete cases, the
geometrical convergence of this algorithms. Finally, in
Section 6, we present the finite element error analysis.

2 The continuous problem

We are concerned the noncoercive problem associated
with Hamilton-Jacobi-Bellman equation (HJB): find
u € W2=(Q), such that:
max;<;<p(Au—f)=0 in Q 2)
u=0 on I,

where Q is a bounded domain of RY , N > 1 with smooth
boundary I',A',...,AM denote uniformly second order
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elliptic operators assumed to be noncoercive defined by:

. . 2 9 .
A= dp(X)5—=—+ bi(x) 53— +ap(x),
ISJZJ:‘SN Jk 8x,~8xk IS;SN k 8xk 0
such that:
(%), bl (x )7a (x) €C*(Q),

dji(x)
Y ajk(X)éjé

1<jk<N

aj;(x):ap(x) > B >0,x€ Q,
a|EP VEERY xeQ, 0> 0,

and the operators

2

ajk(x)m + ) bk(x)a_+(a0

1<k<N Xk

B= Y

1<j k<N

where A > 0 is large enough so that B = A’ + Al are
strongly coercive on H'!(Q).

‘We also define the associated bilinear forms

) du dv . u
al I/l,V = + bl X —V,
(u,v) AggiN O et e ML G

(3)
+-ab (x)uv)dsx,
and
b (u,v) = a'(u,v) + A(u,v), @)

where (.,.) is the inner product in L2 (Q).

Finally, let f',..., f¥ be nonnegative right-hand sides
in W2=(Q).

We are concerned with the coercive HIB equation:

max <j<py (B'u—Fi(u)) =0 in Q )
u=0 on I,

where Fi(u) = fi + Au.
It is shown in [3] that (5) can be approximated by the
following weakly coupled system of QVIs

V(&' v—&) > (Fi(u),v— &), ¥v € Hy (),
El<hk+EH y<k+EFi=1,..M (6)
€M+l :{:l

where k is a positive constant. This is, precisely, stated in
the following theorem.

Theorem 1. [3] The system (6) has a unique solution
which belongs to (W*P(Q))M 2 < p < . Moreover, as
k — 0, each component of this system converges
uniformly in C(Q)to the solution u of HIB equation (5).

0(x)+4),

2.1 The solution of noncoercive HIB equation is
the unique fixed point of a contraction

Let the mapping
T:L7(Q)— L7 (Q)
0o—=>To=¢§,

where & is the unique solution of the following coercive
HJB equation:

max;<;<y(BE —Fi(®)) =0 in Q 7
E=0 onT. ™

From [3], (7) can be approximted by the following system
of QVIs

V(& v—E) > (F'(o),v— &), W e Hy (Q),
EN<k+ET y<k+ETi=1,...M ®)
{:MH:{:]

and we have limy_, ||/ — & HC(Q) =0,Vi=1,...M.
Lemma 1. [8] There exists a constant c independent of k,
such that '

|6 =€, <cki=1,...M

Lemma 2.Let w,® be in
(EL, . EMY (EL,....,EM) be the corresponding solutions
to system (8) with right-hand sides F'(®) = f'+ A ® and
F'(0)=f"+Aw,i=1,..,M respectively. Then we have

L*(Q) and

max
1<i<M

L<1
A+B

i=1

éiigi

_<pllo-al..p=

ProofLet ¢! = ﬁ HF’(a)) —Fi(®)
Then,

.., M.

Fl(0) <F(@) +|[F(e ﬂéuw
ap(x)
A+ ﬁ
b))+ i=1,..,M

Thus, making use of monotonicity result with respect to

right-hand side for system of QVIs related to HIB equation
(see [5] ), we get:

<Fi(@)+ 02" ||F’ ) - Fl(o)],

<F'(®)+(a

g<&i+gl,
we also get:
‘éi_gi §¢iai:]7'“aM

which completes the proof.

Theorem 2.Under the conditions of Lemma 2, the
mapping T is a contraction, so , the solution of HJB
equation (5) is its unique fixed point.
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ProofLet & = Tw,&E = T® be solutions of HIB eqution
(7) with right-hand sides F/(®) = f' + A and F'(@) =
f'+ A @, respectively. Then making use of both Theorem
1, Lemmal and Lemma 2, we have

ITo—Tall. < |6-&

=

<le-&ll+ |- +[&-¢]_.
gck+‘§’e§" Yoki=1,..M.
Hence, passing to the limit, as k — 0,we get:
To—-Tao|, < il <plo-a
n I < max [[&'=&]|_<plo-al..
_ A <1
P=7+p ="

Thus, T is a contraction.

3 The discrete problem

Let Q be decomposed into triangles, 7, denote the set of
all those elements, and /2 > 0 be the mesh size. We assume
that the family 7, is regular and quasi-uniform. Let

Vi={veC(Q)NH)(Q),v|x € P},

be the finite element space, where K is a triangle of 7,
and P; is the space of polynomials with degree < 1. Let
@i,i = 1,....,m(h) be the basis functions of the space V},,
and A the matrices with generic coefficients

Ay = d' (@, @), 1,5 =1,....m(h),1 <i <M.

Let us also define the discrete right-hand sides

Fi=(fLo)l=1,...mh),1 <i<M,
and the usual restriction operator ry, :

o m(h)
WY e C(Q)NHN(Q),rpy = Z vIQ).
I=1
The discrete Hamilton-Jacobi-Bellman equation consists
of solving the following problem: Find u;, € Vj, solution
to:
maxlSiSM(A’uh—F’) =0on Q2 (9)
up=0onI" ’
As in the continuous case, we shall handle the noncoercive
problem by transforming (9) into
{ maxlSiSM(Biuh - Fi(uh)) =0on Q

up=0onI" ’ (10)

where
(F'(up))i = (f' + Aup, @1),L = 1,ccom(h), 1 < i < M,
and B’ are the matrices defined by

(B)is = b (@1, @), 1,s = 1,....m(h),1 <i <M.

Lemma 3. [9] The matrices B ,
M-matrices.

Theorem 3. [5] Under the conditions of Lemma 3, the HIB
equation (10) has a unique solution.

It is shown in [5] that (10) can be approximated by the
following discrete weakly coupled system of QVIs

b(ELv— &) > (Fi(up),v— &), Wv € Vi,

G <k+&lv<k+gtli=1,..M (D
M+1 _ 51
h h -
Theorem 4. [5] Under the conditions of Lemma 3. Then,
the system (11) has a unique solution. Morover, as k — 0;
each component of the solution of this system converges
uniformly in C(Q) to the solution uy, of (10).

3.1 The discrete solution of noncoercive HIB
equation is the unique fixed point of a
contraction

Let Fi(®) = f'+ Aw,i = 1,..,M, we introduce the
mapping

T,:L7(Q2) =V,

o—To=2E,

where &, is the unique solution of the following discrete
coercive HIB equation

max (B'&, — Fl(w)) =0, (12)

1<i<M
with
(Fl(@) = (f +20,¢),0 = 1,....m(h),1 <i<M,
the discrete coercive HIB equation (12) can be

approximated by the following system of QVIs

b'(&hv—Ep) > (F{(@),v—&}),Wv € Vi,
E<k+ET v<k+EFi=1,..M
M+1 _ 5]
h h
and we have [8]:
H’:f; _‘thw <ckji=1,...M.

Lemma 4.Under the conditions of Lemma 3. Then, we
have

g-

max
1<i<M

~ A -
MSP”‘O_“’HWP:m <1LL™(Q).

Vo, o €
Proof.Exactly the same as that of Lemma 2.

Theorem 5.Under the conditions of Lemma 3. The
mapping Ty, is a contraction, so the solution of discrete
HJB equation (10) is its unique fixed point.

Proof.Exactly the same as that of Theorem 2.
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4 A continuous iterative scheme

Starting from u® € H}(Q) is the unique solution of the
variational equation:

a' ()= (",

We define the sequence (u

v), v e HY(Q).
")n=1by:
' =Tu" > 1,

such that each iterate u" solves the coercive HIB equation:

max <i<y(B'u" — Fi(u"~ 1)) =0in Q (13)
u"=0 onI" ’
with Fi(u"~ 1) = fi4+Au"~ 1.

Theorem 6.Under the conditions of  theorem 2., the
sequence (u"),>0 converges to the unique fixed point u
and we have the error bound:

pn

Hun_uHm < E Huo_ule.

Let (")) <;<p be the unique solution of the system of
QVIs wich approximates the coercive HIB equation (13):

bi(éi’navféi’”) > (Fi(urzfl%‘}iéi,n),vv € H(;(‘Q)v

gi,n < k+€i+l,n7v < k+§i+l’”,i =1,...M
§M+1,n — fg'l,n

we have [8]:

€ —u"||, < cki=1,....M. (14)

5 A discrete iterative scheme

Starting from u2 € V), the unique solution of the discrete
variational equation:

a' (up,v) = (',

We define the sequence (u})),>1 by:

v),Yv € V).

uy = Thuzfl,Vn >1,

such that each iterate “Z solves the discrete coercive HIB
equation:

maxlgiSM(Biug—F"(uﬁfl)) =0,inQ 5
uy=0onI
with Fi(u) ") = fi4+ A !
Theorem 7.Under the conditions of theorem 5, the

sequence (u}),>o converges to the unique fixed point uy,
and we have the error bound:

H”h*“hHm_ 11— H”h*“hHm-

Let (5;;’”)]951” be the unique solution of the system
of QVIs which approximates the discrete coercive HIB
equation (15):

bi(E" ) "y— ,;”)>(F =Yy, v — &), W €V,
< g ”v<k+z§’+ Mi=1,...,.M

M+1 1
5}, " = h na
we have [8]:

i,n n
no — Hn

<cki=1,...M. (16)

6 L”-Error estimate

We define the sequence (EZ)HZO such that:

7],1121

)

—=0 0 —n n
uy, = uy,uy = Thu

where u; is the unique solution of the discrete HJB
equation:

{maxlgigM(BiEZFi(u”I)) =0, in Q a7
uy=0onI

with Fi(u"~ 1) = fi Au"Vi=1,...M.

Let (Ei;n)lgigM be the unique solution of the system
of QVIs which approximates the discrete coercive HIB
equation (17):

b’(éh", -z ) (F’( "), vl—ih ), €V,
3% <k+.§,, v<k+.§h ji=1,...M
—M+1n —l,n
éh *éh )
we have [8]:
zin R
‘ —up|| <ckji=1,....,M. (18)

Lemma 5. [10] There exists a constant ¢ independent of h
such that

[|u® — )|, < ch*[logh].

Lemma 6. [11], [?] There exists a constant c independent
of both h and n such that

in

b N < ch?|loghl’.
max 16—, L—C [log |
Theorem 8.We have
1 n+1
" —ul||.. < %chz lloghl?, (19)

where c is a constant independent of both n and h.
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Proof.Combining Lemma 5, Lemma 6 and (14), (18)
yields:

lee" = lloo < [lee" =T | oo + (7}, — 3|

< ' =y |eo + | Tie® — Tyt |

i i =01 il —
<" = &M o+ 167 =&y Mo+ 118y = T lleo

+p)|lu’ = wd]jowyi=1,..,M
A
§Ck+lr<nieg<w||§”1—§h |l + ck

+ pch?|logh|
< ck+ ch®|logh|® + pch*|logh]|
< ck+ (1 + p)ch?|loghl?

1— 2
<ck+ %chzﬂoghﬁ
Passing to the limit as k — 0, we get

2
P~ 12 flogh®.

1
Jut < 2=
Now, we assume:

1—p"
P en?logh)®.
I—p

o = <

Then, combining Lemma 5, Lemma 6 and (14), (18),
we get:

[l = illoe <o =5l + 725 — w3

S [ R T |

A e e S (A R e I
i=1,....M

i i 1—p"
Sck-+ max )é“"*é;x’w+c'k+p 17’; ch? [loghl?

1—po"
<ck 4 ch® [logh|? +pﬁchz [loghl?

n

1—

ck+(1+p~ ’;)chzuoghﬁ
1— n+1

<ck+ P o2 [logh]®.

Passing to the limite as k — 0, we get

1 — n+1
%chzﬂoghﬁ

[t — ]l <
Theorem 9.We have
= ugll. < eI [loghf*,

where c is a constant independent of h.

Proof.Combining theorem 6, theorem 7 and theorem 8, we
have:

[l = unlloo < floe = u"l oo + [[" — oo + [[2af — unllo

n 1— n+1
< _1” ; P 2 loghP

[ =l =5
n
sl <1

Hence , passing to the limit, as n — o, p"* — 0, we get:

¢ ;2 3
u—up|, < h~|logh|”.
=l < 742 gl

7 Conclusion

Based on the constructive Bensoussan-Lions Algorithm
and the Banach fixed point principle, we omit derived
error estimate in the maximum norm of the standard finite
element approximation of elliptic
Hamilton-Jacobi-Bellman equations (HJB) with non
coercive operators. This new approach has turned out to
be successful and may be extended, in a future work, to
system of variational inequalities and quasi-variational
inequalities related to HJB equations.

List of abbreviations

Q : bounded open set of RV
I'" : smooth boundary of 2
Il : L-norm.
HIJB equation: Hamilton-Jacobi-Bellman equation.
(.,.) : the inner product in L?(€).
A’ : noncoercive operators
B' : coercive operators
a‘(,) : bilinear forms of A’
b'(,) : bilinear forms of B’
T : contraction mapping
h : mesh size
T}, : contraction mapping
(u"),>1 : sequence of continuous iterative sheme
(uf)n>1 : sequence of descrete iterative sheme
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