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Abstract: In this article, we establish conditions on continuous restrictively bounded linear mapping 7 from S to " associated with
the kernel K under which the operator T extends to a bounded operator 7 : L” (Rl ) — LP (Rl ) Next, we generalize the interpolation
theorem for new functional classes, we show that bounded operator 7' defined, whose kernel satisfies the standard conditions, is bounded

with respect to convex seminorm, so, an inequality M, ! (<M1 (IT (f)|)>”) <AM ! (<M1 (|f|)>”) holds for the constant A; that

depends only on A, My, M>.
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1 Introduction

The important tool of the theory of integral transforms is
the Calderon-Zygmund decomposition theorem, which
states that a given function f can be represented as a sum
of two functions one is “good” another is “bad” but on the
sets of small measure. Application of this approach to the
research of pseudodifferential operators yields the
Calderon-Zygmund requirements on the kernels of the
corresponded integral transforms that provide its
limitation on the functional spaces where these operators
can be defined [1 -10].

In the present paper, we establish some properties of
the pseudodifferential operators and attempt to generalize
the Calderon-Zygmund theory in the case of functional
spaces with convex norms. We consider the
Calderon-Zygmund operators in Lebesgue spaces and
generalize on functions with the convex norms [10 - 23].

Pseudodifferential operators can be associated with a
symbols class S:,"’ 5 that defined by the inequality

OPaaxy)| < Aqp (1+1E)" POl

The Calderon-Zygmund operator 7" is a mapping from
test function to distributions that can be defined by the
formula

where associated kernel K is well defined for x # y and the
inequality

9P K (x,y)| < Alx—y| 1P

holds for such x, y.

Let us assume functions p (t) 1 (s) ¢, s € [0, +o0) are
monotonous strictly increasing functions and the function
N (s) is an inverse to w (), and the functiongt (¢) is an
inverse to 1 (s), so

and let

i@ = [,

N(T):/Orn(s)ds and T € [0, 4oo)

be convex functions.

We establish that if 7 is a continuous bounded linear
mapping from S to S’ and its kernel K satisfying
inequalities,

-1
K (x,y)| <Alx—y[,

. |x —x|"
T(9)= (K@) = [ K7 0)du ), Kn) =K (i) <a- =0,
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then the operator 7 extends to a bounded operator
T : LP (R') — LP (R') if and only if the operator

T" (&)= (K" ()8 (D= | K" (xy)g(x)dp(x)

is bounded.

Next, we prove that if the integral operators with well
defined and measurable function-kernel K (x,y) that
satisfies the regularity condition: there are constants A
and § > 1 such that for all ¥ € B (y, €) there is

[ Ky~ K (e 9)ldu ) <4
RI\B(y,5¢)
forall y € R and all € > 0. And if

i (T ()])),,) <As (9 (171)),,)

for functions f: (M, (|f|)>u < oo, then

w17 (1 (7 (D), ) < At~ (0 (111),.)

holds _ for a1~1 functions
f (M (|f|)>u < oo and <M2(|f|)>u < oo, where
A is a constant.

2 Correlation Between Pseudodifferential
Operators and Singular Integrals

In this paragraph, we are going to consider a standard
integral operator defined on the functional space with the
positive Borel measure du, which we define by the
formula

T() = K= [ KE)FO)dut).

where the singular kernel K (x,y) satisfies certain
regularity conditions, and an adjoint operator is given by

T (@) =K (:V)g( Ny = | K (xy)g)du(x).

Let the integral operators be expressed in formula (1),
where the singular kernel is such that this integral is well
defined and the measurable function-kernel K(x,y)

satisfies the regularity condition: here are constants A and
0 > 1 such that for all y € B(y, €) there is

/I;[\B(y,ég) |K(X,J’)*K(x,)7)|du (x) SA, (2)

for all y € R', and all € >_0. Similarly, for the adjoint
kernel, we have constants A and § > 1 such that for all
X € B(x,€) there is

Japeae K N = E0lan ) <4 )

for all x € R! and all £ > 0.

Statement 1. Assume K (x,y) is a function given for
x %y such that K (x,y) > c¢|x—y|™', ¢ > 0. Then there
does not exist the operator T that satisfies the next equality,

M(T(fFC)D)) <CM(fC)D)-

Proof. Let us assume the opposite. Let Q be a cube of
side % in which its center coincides with the origin. Let us
consider the set S of cubes Q;, which are cube Q translated,
so the center is i € Z, namely Q; = Q + i, so we have

s= U o

lii<2R, icZ

Let us take f = xs, if x ¢ S, then

T<f>=<1<<x,->f<->>2cz< | ,> .
i <2R e —-| 0;

We have

T (f) > c1logR,
for|x| <R, R>1.
So, we obtain

<M|T(f)|> 2 <M|T(f)|>csﬂ{x: [x|<R} =
> M (cilogR)mes (“SN\{x: |x| <R}) > M (cilogR)R',

which contradicts with (M| f|) < c¢/R’. This contradiction
proves statement 1.

Let wus consider integral representations of
pseudo-differential operator 7, presented as following:

Tuf = (ko) f (x =),

where k (x,-) is inverse Fourier transform of the function
a(x,m) such that

a(x,n) = (k(x,-)exp(—2min-)).
If we assume K (x,x —y) = k (x,x —y), we have
Tof = (K(x,) f () -

Statement 2. Assume a € S™,
k(x,y) € C= (R x (R'\{0})) and inequality

then

APk (x,y)| < Agpulyl Ty 0
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holds for all multi-indices o, B and all L > 0, so that | +
m+|ot|+L > 0.
Statement 3. Assume a € S | and

T.f = <a (x, ~)exp(2nix~)f(-)>, fes

then there is the kernel K that satisfies the next inequality:

OPOTK (5,3)| S A lx—o P

and

Sorall x ¢ supp (f).
Proof. Let us assume

T, = Z Tak7
k=0

where T,0 = TSp and Ty, = T,Ar, k> 1, we have

ao(x,n) =a(x,n)®(n)

and
ac(em) =a(em)® (27n), k=1,

where & (1) is the Fourier transform of function 1, and
function ¥ is defined as ¥ = & (1) — & (21).

Now, let & be a fixed infinitely differentiable function
of compact support defined in the 1- space R' such that
E(m)=1for|n| <1,and & (n) =0 for |n| > 2. So, we
obtain that

1=E()+ ié (2*"11) —& (2”‘“17) :

k=1

and
1= kimé (2’kn) —¢& (2’“‘11) ., N#0.

So, we have function @ € S and integrals (P) =1 and
() =0.
Next, we have

Tajf = (kj(x,) f(x=-)),
where kernel k; satisfies the estimations
9k (5.3)| < A bl M) >
Applying  statement 1 we  obtain  that

T,f = (k(x,-) f(x—")), where K (x,y) = k (x,x—).
Let function f € S has a compact support, then

(Tf)(x) = (K (x,) f())
for all x ¢ supp (f).

The operator 7* that is an adjoint of 7' can be defined
by the formula

(Tf,8)={/.T"¢).

The operator T* is associated with the kernel K* (x,y) =
K (y,x). Now, we can prove the following theorem.

Theorem. Let T be a continuous restrictedly
bounded linear mapping from S to S’ and let kernel K
satisfy inequalities

K ()| < A=y,

. |xf)?|7 . 1
|K(x7y)7K(x7y)|§A|x_y|[+y7 |X*X|§§|X*y,
. ly—9" L1
K (x,y) — K (x,9)] §A7|x7y|,+yv y=3l< 5=yl

Then, in order for the operator T to extend to a
bounded operator to operator T : LP (Rl ) — L? (Rl), it
has been necessary and sufficient that the operator T*
was restrictedly bounded.

Proof.

Let @ry, be a normalized test function for the ball
B(xp,R). The restrictedly boundedness of the operator T
means that the estimate

((Tor)") <ART

holds for 7 (@rx,) €L” andallxo €R', R > 0. Similarly,
constant A > 0, so that

(T Pra)?) < AR

for T* (¢ryx,) € L7 and xo € R, R > 0. So, from the
boundedness of T follows an inequality,

<(T(pRax0)p> < A <((PRJC0)F> < ARlpv

and for 7', we have

((T*Praxy) ") <A{(Proy)?) < AR

Let us suppose that

(Tf)=0,(T"g)=0,

where f and g are smooth functions of compact supports.
Let us denote the partial sum operator S; by the
formula

Si(f)=fxDyj
and

Aj(f) =S () =Sj-1 (f) = [ Py

Supposing @ € C* is supported in the unit ball |x| < 1
and (@) = 1, we have the equality

T= Y (S78-8Ts,)

Jj=my,....,my

@© 2021 NSP
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and forO<y<y.
) (S TS, SJ’]TSJ") = Lemma. Let us assume that kernel N (x,y) is such
Jj=my,....,mp that
N(x,)|) <1and N (- <l,
— Z A]TSJ +j*| Z ijlTA] Slip<| (x7 )|> =~ Lan Sl;p<| ( ay)|> -
JEmy e JEmy e and the associated operator S is given by the formula
The operator A;T'S; is associated with a smooth kernel
K; as Sf=(N(x-)f().
(AITS;(F)) () = (K; (x.) £ (). Then,
where the kernel K; is such that 1SN o —pr < 1.
Proof. Indeed, we can estimate
8X068){3Kj (x,y)‘ <
l fesup 1.8l
< ([l +1B1)J mj { Il —v) ™ *7’}_ €LP; <
< Aap? min{ 1, (27he =) = sp (N (o) F()g(eN)] <
It is easy to see that FeLrige
sup | ((N (0, ) [£ ()17)) + 5 (N (0,) [ (0)1))].
feLp; gela

(T (f+®)#¥) = (T (S (-~ )P (x— ) F),.
L Changing the order of integration and applying our
so that implies assumption, we obtain the statement of our Lemma.
= As a result of this lemma, we have

Kj(x,y) = (T (Py s (- =), Fyjrr (x—)),
that yields an inequality 1T Tl 1o < 2= Y=,

So, we have proven the theorem for such 7 that (T f) =
0, (T*g) = 0 on smooth functions with compact supports.

Now, let us consider the integral

|Kj (x,y)] < Agp2".

Next, from the notation

Kj(x,y) = ((Pr-i (0 =y)K (-,0) Foju1 (x—-))), (T @Ry — (K (%) f ())]") 5 < Ames (B),
we have an estimate where B =B ()E, R) be any ball, B, = B ()’E, ZR), and B3 =
; 1 B (%3R).
_ y__* ,
1K (2,5) = K (x,5)] < A2 e — y[*7 Let 8 € C” such that
for supp(®,j) is in the ball z—x| < zhr. and 0— {(1) m §§
supp (P, j+1) is the ball [s — y| < le ’ -
Thus, we have estimate We write
0%9PK; (x, ‘< x—Xx
Oy K (x,y)| < <PR,xo(x)<PR,xo(x)9< R >+
< Aaﬁz(l+\a\+\[3\)jmin {17 (2j |x,y|)7177} ) .
x—X
1—g (22
Applying estimates R (1) ( ? ( R )) ,
K (z,y) =K (x,)| < then
. - x—x\|° . 1 l
< A2 |7 — |7 <’T(pR’x(J (x) 6 (T) > < Amin {R . (3R) },
B
. i —l-y i —l-y
mln{l, (27 |x =) + (2 [z —yl) } and ~
and - 7 (90 () (16 (352))) -
K (z,y)] <A2Y (1427 ]z—y) 7, (K E) prag (4) (1-6 (%77)) )| <
. <(IK(x,) = K (%)) y—g>2/ -
we obtain
S s . = SO’
[k ()| < A2UHTUD (1427 g —y)) 7 1T (k.50 (1)) [ garo < A-
®© 2021 NSP
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Let us denote operator
Sa=X7 o (Sjtm(a)—Sjtm-1(a))Sj, where a =T (1).

We define the additive set function du defined on
R ! by the formula

A=Y [Sjm(@) = Sirmo1(a)|dxdy ; (1),

where §,-; is unit Dirac measure at t = 27/. We have

()= DI, 100 APIFIIG,

SO
Y [(Siem(@) = Sjem1(a) S; (Ol <A”IFI-

As a result, we can see that the kernel K, (x,y) of the
operator S can be estimated from above by

Y2l (1427 x—y)) " <Ay

J

Let Ve (x) = v(ex), v(0) = 1 be an arbitrary smooth
function with compact support. So, we have

Sa(ve) (x) = Sa (@Ve) (x)
H((K (%) =K(0,-) (1= () Ve (1))
taking a limit when € — 0, we obtain
Sa (1) (x) = Sa (@) (x) + (K (x,-) =K (0,-)) (1 =@ (-)))-
Now, we are streaming n — co obtaining
Sun(D) =Y Sy (@)= Sj0n1 (@) > a.
j=—n
Similarly, we have
Sa” (Ve) (¥) = Sa” (@ve) (x)
H((K(y) =K (50) (1= () Ve (),

and

San (1) = Z S;* (Sj+m* (@) = Sjym-1" (a)) — 0.

j=n

Thus, the general case of the theorem is reduced to the
special case with the operator S such that

T=T+S,+S,".

Let gy, be anormalized test function, we have

where K (x,y) = Ve (5¥) K (x,y), which implies the
estimate

AR!
}TE ((PR,xg (X))| S 17
|x — xo]

|x —xo| > 2R.

Since the norm of T is uniformly bounded, there is a
subsequence Tg ), that converges to 7' weakly in the L?
topology. Invoking estimations for kernels Kz (x,y), we
have K (x,y) converges pointwise to K (x,y), so (1)
holds. So, the theorem has been proven.

The singular integrals and convex norm

Let p (¢) be a monotonous strictly increasing function
of the real argument, then this function has an inverse

n(s), so

s=p)=pm(s), 10)=0, p(+eo)= e,

t=n(s)=n(u), n(0)=0, n(+eo)=-co.

Then convex functions M (t) and N(t) can be
obtained as

M) = [fp@d, © € [0, +e) and
N(t)= [y n(s)ds, 7€ [0, +oo), respectively.

There is an integral inequality

I(fre)] < /Oooli(l)mes{xERl: |f] >7L}dk+

+/mu*1(z)mes{xeRl; 8] > 2.}
0

for the arbitrary monotonous strictly increasing function
L (¢) of the real argument T € [0, +o0).

The essential properties of monotone norms:

An integral operator M (f)(x) is defined for an
arbitrary locally integrable function f by the formula

M(f) (3) = sup—

vonmes (B(r))

/ |f (x—y)|dy
[yl<r

is called the maximal operator, this operator is well defined
on the space of all locally integrable functions.
The grand maximal operator M5 (f) (x) can be defined

Ms (f) (x) = sup |(f*3 (1)) ()],

t>0

as

We are going to describe the nonnegative measure with
the weight o that satisfies the following inequality

MM (f) o)) <AM(|f]) o)

and define the functional class Ay as the class of all
weights such that

) e e ) |

= (Le (X, ) (ORxp () — PRxp (X)) X3R xo \- ~ const -

o () Ky e )2 1 (reac; (10s) < S (111,
© 2021 NSP
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holds for an arbitrary locally integrable function f and any
ball B. The smallest constant for which this inequality is
valid will be called A; bounds of the weight .

From harmonic analysis it is a well-known result that if
the measure leads to a weighted maximal inequality, then
the weight of the measure belongs to the functional class
Ay

Let us assume that f(x) = f(x',...,x') and
g(x) = g(x',...x!), x € R', 1 €N are well defined
measurable functions such that @ () = (M (f)) < e and
Y (f)=(N(f)) <o

Applying properties of Lebesgue integrals, we can
write

U= [ mes{re®’s 11> 2}an,
and

M (f)) :/Omy(l)mes{xERl: f] > A }da.

Theorem. Let f be a real positive integrable
Jfunction. Then we have

(M(f))g <M ({f)p),

where the B is a ball with a measure that equals one.

This theorem can be proven directly as a consequence
of Jensen’s inequality applied to Lebesgue’s sums. We are
going to prove this theorem using geometrical arguments,
let us rewrite the inequality of the theorem as

<M(f)>3:/0mu(l)mes{x63: F>AYda

Jo mes{xeB:  f>A}dA

<M= | H (o).

0

It is easy to see that the Riemann improper integrals
here converge, so for any natural numbers » and i, we can
consider the Riemann partition of the real axis A [0, n] as

023,1 <3,2<...<li=n,
the Riemann sums are

Zu(lkﬂ)mes{xEB: f>sz+l}(lk+l_)~k)7
k

and

Yimes{xe€B: >N 1H Ar1—e)
/ u(z)dt
0

applying strictly the monotony of the function u, we have

Y u(Asr)mes{xeB:  f> A} (it — M)
%

Yimes{x€B:  f>Xiy1}H( Agy1 =)
< w(r)dr.
0

Passing to the limit as i — oo, we obtain

/O'"u(x)mes{xeB: F>AYdA <

J§mes{xeB:  f>A}dA
< / w(t)de
0

for any natural numbers n. Since these integrals are
convergent we can pass to the limit as n — oo and obtain

/Owu(l)mes{xeB: F>AYda

F>AYdA

- Jo_ mes{xeB:
< / w(r)dr.

JO

Statement. Since the function M is convex, there are
several simple correlations:
1. There is a linear function at, such that

at <M (7);

2. for 0 < p < 1 there is an estimation

M(pt) < pM (1),

and for1 <p ~ ~
P (1) < M (p1):

3. let us assume that function f is locally integrable
and function ¢ is positive and locally integrable, then

PO e(dTy _ [FHf ()9 (1)de
M( IGE )< Fomr

3 Generalization of the Interpolation
Theorem

Let us consider the singular integral (1) which defines an
operator on functional space; here, the singular kernel
K (x,y) is such that this integral is well defined in the
sense of distribution, and the measurable function-kernel
K (x,y) satisfies the regularity condition: there are
constants A and § > 1 such that for all j € B (y, €) there is
inequality (3) for all y € R and all € > 0. The integral
converges absolutely on the complement to the support of
f almost everywhere x.

Next, let us introduce a pair of strictly monotonously
increasing functions of real argument i, (¢) and u, (¢), ¢ €
[0, +o0) such that 7y € (0, ), so

wy (1) < pp(t)

for all ¢ > 1.
‘We denote two functions,

¥y (1) = /Or”] (1)di, 7 €0, +o);

@© 2021 NSP
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Mz(f):‘/or[.lz(t)dt, TE[O, +°°),

these two functions are convex over T € [0, +oo) and have
the property: there is 7y € (0, o) such that

M, (1) < Ma (1)

for T > 1.

We can introduce the definitions of operator
boundedness as follows. An operator 7 is said to
be M; (1) weakly bounded if

mesp{x: [T (f(x))|>A} < W,

and an operator T is said to be M (7) strongly bounded if
(W (T (D), ) <80 (G (D)) -

Theorem (Interpolation) 1. Let us assume that
condition (3) is held and the integral operator T (1)
satisfies the following integral inequality:

i1, (1 (17 (D)) <Ant™ ((2217D),,)

Jfor arbitrary measurable function f under assumption
(M (|f1)) u < where constant A is the same in

regularity condition (3).
Then an inequality

i (0 (7 (D))

<A M (<M1 (|f|)>u)

is true for arbitrary measurable function f such that
(1 (f), <. and  (Ba(1f1)), <o

the constant A| depends only on A, M|, and M.

To prove the interpolation theorem, we will need an
analog of the Calderon-Zygmund decomposition theorem,
which states:

Let a function f € L' and a positive number « are
given such that

1
1 (R')

Then there is a decomposition of f = g+ b such that
b =Y by, and there is a sequence of the balls {BZ }, 50

(IfDy <o

lg(x)| <co, for ae.x;

<bk>y =0;

LHE) < 2 1y

([bal)y < camesp (By),

where the set By is the support of the function b,.

Proof of an analog of Calderon-Zygmund theorem. We
are going to consider the decomposition of f = g+ b in the
form

mesp {x: 17 (¢(2)] > S |

+mesu {x: T (b(x))| > %OC} < %<|f|>u-

In order to establish that the function g satisfies the
inequality (M (|g|)>“ < oo, we present (M, (|f|)>“ as

(1) = [ e (mesu{xeR: |f|>2}an

and integral (M- (|g|)) 3

(W (8))),
= Jo 2 (A)mesp {x e UB;: |g|>A}dA
+ Jo Mo (A)mesp {x € “UB}: |g|>A}dA.

From the first statement of the analog of
Calderon-Zygmund decomposition theorem, we obtain
the inequality

(W (181) ey < 2 () 11

applying the second statement of the Calderon-Zygmund
decomposition, we obtain

(012 (181)) () < M2 (c0) 1l
(012 (g1)),, < (12 (co) + <Mz (ca)) I

Therefore, we have

Applying the classical approach, we consider T (b).
Function b can be defined as

1
be (5) = Zot) (f<x> e <|f|>u<Q<k>>) |

where By C Ok C By, and y () is a characteristic function
of cube Q (k). Let ¥ be a common center of B and B;*
be balls radium p and pe, respectively. Since T (by) (x) =
(IK (x,) = K (x, %) | bk () 4 we have

([ (K (x,) = K ()5,

>w(CUBz*)

@© 2021 NSP
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>w(CUBZ*)

< L (1K @) = K@ (0elu(ag) )y ey

Applying the second and third statement of the
Calderon-Zygmund decomposition, we obtain

(UK @) =K )b ()y))

SO

x(CUB)

. c A
mesp {x < CUBE": 1T ()| > Sacp < 3 1l
However, we have

mesL {UBZ* } < Zmesu {B;" }
k

§ A
<CY mesu{B;} < p N1z -
3

Thus, we have obtained

~

T (5| > o} < 2 (1£1),.

Next, we are going to prove the statement about the
weak interpolation: let an operator T satisfy the condition
of subadditivity

T(f+ <ITNI+IT (2]

Then, if operator T is weakly bounded in M, (1) and in
M, (7), itis strongly bounded for any M (1), where M ()
satisfies the condition: there is Ty > 0 such that M, (1) <
M (1) < M; () for all T > 1.

Proof. The weakly boundedness means that

mesi {x:

f
mesp{x: |T (f(x))| > “—%
and
2 (17D
mesp{x: |T (f (x)) |>A}<%.

Let M () be such that M, (7)
we present function f (x) as

() =h(x)+s(x),

<M (t) < My (1), then

where
_J ), forx: |f(x)|>2
h<x)—{o forx: |f(0)]l<A
and
= {40, Jors: Vi<
0 forx: |f(x)|>A.

We can write
W)= [ naymesu{xe R |f|>2}da,
applying subadditivity inequality

T (f+) <IT(R)+IT ()],

we are obtaining

mesp{x: |T(f(x))|>A}
< QD) (M sl)),
T M) M (1)
and
M(T (), =
Jo" 1 (A) me S{X§Rl IT(f (x L> })dx
< o) e an g g ) Vel ap,
We are estimating each term separately,
f(ﬁwﬂ(l)wdk
MI%L fo 1 (o) umes {x € R': |h| > o} dodA
—fo ECLN (A) pmes {x R |f] > A} dA
<M1(|f|)>
and the second:
- M(sh), .
Jo () =gy tdd =
=lo MQ((AA) Jo Nz( Jumes{x €R':|s| > o} dodA =
= MQ(A/l)) y(A)umes{xeR": |f|>A}dA =
= <M1 (|f|)>y

Next, compounding these two integrals together, we
have obtained

WEAT(F)), < (FAFD), -
which proves our statement about the weak interpolation.
Applying the statement of the weak interpolation, we

conclude the proof of the statement of the strong
interpolation theorem.

4 An Exemplar of the Calderon-Zygmund
Integral

Let us consider a class of singular integrals,

T() = K= (D= [ Kx=3)F0)dn ).
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where the singular kernel is such that this integral is well
defined is the sense of distribution and the measurable
function-kernel K (x,y) such that

a a
— | K
(5) *
forallxe R, x#0, |a|<1.

In accordance with classical theory, the truncated
approximations can be defined as

SA|X|717(X

To(f) = (Ke (=) f (= [ Kelx=3) £ ()du ),

where Kg(x) = K(x) if |x] > € and Ke(x) =
0 if |x| <e&. The function T¢ (f) is continuous for all
feL.

The maximal operator can be defined as

T (f (x)) = sup | Te (f (x))|

>0

under the condition: There is constant C such that

T (f )| < |Taa (f CDI+CLf ()]

Since set O = {x: Ty (f (x)) =sup|Te (f (x))] >BC}
e>0
is open, so we can apply Whitney covering lemma and

obtain O = |JQ;. Let us consider one of these cubes Q

with a diameter d. According to Whitney covering

decomposition, we can find point £ € €O such that

dist (£,0) < 4d, the ball B = B(%,6d), so we have QC B.
It has to be shown that

mes{x € Q:

hold for all cubes
The function f can be presented as the sum f = f] + f>,

where
| f xe€B
fr= 0 xe°B

and
0 x€B
fl:{f x€CB.

So, we have
Ty (f) <Tu(fi)+Tu(f2)
and

{Tu (f) > a} C{Tu (f1) > bra} | J{Tu (f2) > brat}

for by +by =1.

Since, for f € L', we have

mes{xERl s Tuf (x) > 05} < %<|f|>a
then
mes{x € Q: Tyfi(x)>ab} < Ocibl (1A,
and
(If1]) < AComes(Q),
SO

mes{x € Q: Tyfi(x)>ob} < IZ—Cmes(Q).
1

IfxcQ,ycBand B C {y: |y—3$| >d}, then
. dA
|[Ke (£—y) = Ke (x—y)| < TSR
ly—J|

and we obtain

<\'*)A’\H]>\-fy”\>d < I >\y\2d

) <AY27M(f(5).

2d<|y|<2itld —

I
e
U
S
P
ey
=<
T

SO
|Th (f2 (£)) = T (f1 (x))| < AM (£ (9))
for all x € Q. Taking a supremum over €, we are obtaining

Tu (f2(x)) = Tu (f (£)) SAM (£ (9)) < a (b +CA)

for x € Q. Assuming that b, > b + CA, we have
v (fz ()C)) < abs.

Forby =132,b,=1-b,0<b <l and b, > b+CA,
we have

mes{xGRl: Tof (x) > o0, M(f(x)) §C(x}

AC !
[ .
< ]_bmes{xeR .TMf(x)>(xb}

forall o > 0.

Now, we are going to prove that assuming @ € Ay,
then there is 0 < @ < 1 such that there is C > 0

a){xeRl: Tuf(x)>a, M(f(x))SCoc}

Sd(o{xERl cTuf (x) > ch}

holds for 0 < b < 1, forall & > 0.
Indeed, let us take C small enough so that

o{xcQ: Tuf(x)>a, M(f(x)) <Ca} <Cw{Q}

and summing over all cubes, we obtain

a){xe Qi+ Tuf (x) > &, M(f () gC(x}
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§C‘w{x€UQi:TMf(x)>(xb},

which proves our statement.

Assuming f # 0 gives M (f (x)) > W and for all

smooth functions, we have inequality

A

1T (f (x))] < e

Every function such that (M (|f|®)) < e can be
approximated by elements of C;, more precisely, for
every function f, (M(|f|®)) < e, and for any € > 0,
there is a sequence of functions ¢ € C7, k € N, and
there is a natural number kg (€) such that

(M(|f—t|l o)) <e

for every k > ko. The application of this fact concludes the
proving of the following theorem.
Theorem 2. Assume that

T() = K= = [ Kx=3)F0)du ).

where the singular kernel is such that this integral is well
defined and the measurable function-kernel K (x,y) such

that "
(3)se

forallxcR', x#0, |a|< 1. The maximal operator
Ty (f (x)) satisfies the condition:

T (f G)| < |Th (f )+ ()]

Then the integral estimation

M(T (), <AM(fD),

§A|X|7l7a

holds for all smooth continuous functions f ¢ Cy with
bounded support.

5 Conclusion

We have introduced new functional classes and
established the generalized interpolation theorem for
them; has been shown that bounded operator, whose
kernel satisfies the standard conditions, can be extended
with the preservation of its boundary constants. In our
future works, we are going to generalize these results in
the case of abstract Banach space.”
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