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Abstract: In this paper, we study the semilinear equation with a time fractional structural damping

D u(t, ) — 24D u(t,x) + A%u(t,x) = |u(t,x)

t>0,x€Q,

where p > 1, % <a<1<p<2and DY is the Caputo fractional derivative. We obtain the blow- up result under some positive data

0|t

whenl <p<1+ #‘é“. Whereas, if p > 1+ #‘é“ and ||uol| 24 (2)> gc = N(p —1)/4 is sufficiently small, we prove the existence

of global solution.
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1 Introduction

We consider the following Cauchy problem

(t,x) € (0,00) x Q,
(t,x) € (0,00) x 00,
xeQ,

Dj 1~ 2ADS, + A% = [u]?
Au(t,x) =u(t,x)=0
u(0,x) = ug, u (t,x)];—0 = 0
ey
where Q is a bounded domain Q C RY (1 < N < 4),
p>1, % <a< 1,1 <fB <2andA denotes the Laplacian
operator with respect to the x variable. The operator
Dg‘ U= Iélt_“u,, I&lt_“ is the Riemann-Liouville fractional
integral of order 1 — a which is defined for u € C(0,7),
as follows

l-a,, 1

e / (= o) u(z)dr.

The term ADg‘tu represents a generalized structural
damping. The equation (1) is a generalization of well
known damped elastic system[1]. The integer derivatives
are replaced by a fractional derivatives in the sense of

Caputo.

Our target is to find the critical exponents p. which
solutions cannot exist for all time in the subcritical case.
Whereas, in the critical and supercritical cases, global
small data solutions exist. Moreover, we see how much of
the generalized structural damping will be on the blow-up
phenomenon. As oo — 1, the critical exponents p. tend to
1+ % showed by D’Abbicco [2]. The discussion is
based on the semi-group theory, fixed point theorem and
the test function method.

Let us first recall some works related to the problem we
address.

For the semilinear damped wave equation

(1.x) € (0,00) x Q,

uy — Au+u, = |u(?)|?
xe Q.

u(0,x) =ug,  w(t,x)|—0 = u1 (x)

&)

Todorova and Yordanov[3] investigated the global

existence of mild solutions to (2). In addition, they

proved that the mild solution cannot exist globally when

1<p<l1 —i—% and [u; > 0,i =0, 1. In fact, these results
are coincided with Fujita critical foru, — Au = |u|?.
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Luong and Tung [4] considered the following Cauchy
problem

Uy + pAu[ +A2M(t)
M(O,X) = Up —|—g(l/t),

= f(t,u())

3
uy(t,%)]=0 +h(u) = uy, @

where A is closed operator. They established the existence
of decay mild solutions to (3) using a suitable measure of
non-compactness on the space of continuous functions on
the half-line.

In [5], Messaoudi considered the nonlinearly damped
semilinear Petrovsky equation

Uy + A%u; + alu|? up = |ul? (,x) € (0,00) x 2,
u(0,x) = ug,  w(t,x)|=0 = us.
“)
He proved that the solution is global if p > m, while if

p > m and the energy is negative, then every solution of
problem (4) blows-up in a finite time.

Erhan et al. [6] addressed a more general case and
treated the following problem:
{ul, + A2y, +D(l);“u = |u|P (t,x) € (0,00) X Q,

u(0,x) =ug,  u(t,x)|—0 = uy.

)

where —1 < a < 0. They also discussed the nonexistence
of global solutions with negative initial energy.

The rest of the paper is organized, as follows: In
section 2, we recall some definitions of fractional order
calculus. The study of the existence and uniqueness of
local mild solution of problem (1) is presented in section
3. In sections 4 and 5, we prove the blow-up and global
existence of solutions to (1).

2 Preliminary

In this section, we present some results and basic
properties of fractional calculus. For more details, we
refer to [7,8].

Let 0 < o<1, ab € R and f € L'(a,b). The
Riemann-Liouville integrals of order & are defined as

) = g | 0= @) e, 1>

and
Iipf(t) = ﬁftb(rt)“'f(r) dt, t <b.

ForO< o < 1andT > 0. IfI;‘t’o‘f( ) and Itl‘bo‘ (1) €

ACla,b], then the Riemann-Liouville derivatives of order
o are defined as

a\tf( )= F(Ti/:(t—r)’“f(r) dt, t>a,

and
b
t\bf() ﬁ%/t (t—1)"%f(t)dr, t<b.

For0 < o < 1 and f € ACla,b]. The Caputo derivatives
of fractional order @ are defined as

1 't /
a‘[f( ) W/a (tir)iaf (T) dTa I>a, (6)
and
1 b /
D7, f(1) = m/f (t—1)"%f (1) dt, t<b.
@)
Assume D{f f € L'(a,b), g € C'(a,b) and g(T) = 0.

Then we have the following formula of integration by parts

b .
[ somg s = [0 - 00D g0 ®

Proposition 1 ([9])Let 1 < o+ B < 2. If fi(a) =0, then

DDk £(1)=D% P (1),

Let X = L?(£) be a Banach space, A = A
D(A) C X — X is the infinitesimal generator of C
semigroup T (r)(r > 0).

Definition 1.Let ug € X, Py (t) and Sq(t) be two operators
defined, as follows:

Pa(t)uto :/wéa(e)T(t“G)uo ae, ©)
0
and
Sa(t)uozoc/(;MGJJO,(G)T(ZO‘G)uodG, (10)

fort > 0 and Dy, is the Wright type function which was
considered by Mainardi [10].

The operators Py(t) and Sq(¢) satisfy the following
properties (see [11])

(1)Let1<p§q<w,and%:%fé < %, then
-~ I'(1-=N/2r)
[|Poc (t)ut0 || o (mevy < (4r®) 2 WHMOHU(RN)‘
(11
(2)Let1<p<q<w,if}:%fé < . then
[[Sa(t)uol| Larn)
~ TI'(2-N/2
a(4mt®) ( /2r) (12)

r'(1+a—aN/2r) luollr ).
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Lemma 1 ([11])Assume f € L1((0,T),L*(Q)). Let

W)= [ =% Salt —3)5(5)ds,

then, for ag > 1, w € C([0,T],L*(Q)).

Also, we need to calculate the Caputo fractional
derivative of the following function. Let

n
1-L), 0<t<T, > 1,
o1 (1) = < T) n (13)
0, t>T

The following results was proved in [12]

D1 (1)
_(—atmB—an—1) o t\"°
N ril—-o) T ’
and
D %1 (t)
_(n—atmIM+n), ey (| L e
I'n—o+n) T '

Lemma 2 ([12])Let ¢, be displayed as in(13),
for n > %9 —1

T
/o D?\T‘Pl =T,
and
L Ipino / 1-p'6
/o @ IDren|” =GT P,
where

_ _ nl'(n—9)
9_{0"20‘}’ C=mTernrm—ze+1n

o1 [ Tm-0) "
2 = .
n+1—-p'6 | I'(n+1-20)

Lemma 3 ([4])Let Br(0) = {x eRVN: x| < R} for

large R, let Qr = Q N Bg(0). We introduce @, the first
eigenfunction of —A with A the first eigenvalue on Qg

—AQy(x) = A (x), inQg,
02(x) >0, inQg, (14)
@21l 1=(0q) = 1,

there exist C1 and Cy independent of R such that
CIR><A<GR™ (15)

Throughout this paper, we take f = 2a.

3 The local Cauchy problem

In this section, we apply the Banach fixed point theorem
to prove the local existence of a unique mild solution of
problem (1).

Consider the following
corresponding to (1)

inhomogeneous equation

D2%u 2AD(‘;“lu+A2u:f(t,x), (t,x) € (0,00) x Q,

O\t
Au=u=0, (t,x)€ (0,)xQ,
u(0,x) =up(x), w(t,x))=0 =u1(x) =0, xeQ.
(16)

First, we present the following Lemma that will be used
to give the definition of a mild solution to the problem we
address.

Lemmadlet 1 < o < 1, uy € L*(Q) and

= (D¢ ol u|,_o —Aug) € L*(Q). Then, the problem(16)

admits a unique mild solution u € C([0,T],L*(R)) given
by

u(t, %) = Pa(t)1to(x) + / VS (1 — 5)Pa(s)vods

+/ )21 5 t—s)/ox(sfT)O"lSa(sf’l:)f(T,x)drds,
(17)

where Py(t) and Sq(t) were defined as in (9)and(10),

respectively.

Proof.By Proposition 1, the problem (16) re-write to two
abstract Cauchy problems

D¢ v—Av=f(t,x), (t,x)€ (0,00)x Q,

O\t
v=0, (t,x) € (0,00) x 0Q,  (18)
v(0,x) = vo(x), xeQ,
and
Dg‘tquu =v(t,x), (t,x) € (0,00) x Q,
u=0, (1,3) € (0,0) x 9, (19)
u(O,x) :MO(x)7 x€Q,
which means
vo(x) =Dijyu| = Aug. (20)
t=0

If £ € C([0,T],L*(2)) and vy € L*(Q), then by [13,11]
the problem (18) has a unique mild solution
v e C([0,T],L*(R)) given by

)4 1S (t — 5) f(s,%)ds.
(2D

v(t,x) = Pa(t)vo(x +/
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Similarly, if v € C(]0,T],L?(£2)), then the mild solution of
problem (19) is expressed by

)% 1S g (1 — 5)v(s,x)ds.
(22)

u(t,x) = Py(t)uo(x +/

Substituting (21) into (22), we get
v
(it x) = Pay(t)uto (x) + /0 (1 — )% ' Sq(t — ) Pa(s)vods

+/Ot(tfs)a7]Sa(tfs)/0.s(sfT)aflSa(sfr)f(r,x)d‘cds.

(23)
Definition 1Let § < a0 < 1, ug € L*(Q) and vy € L*(Q).

We say that u is a mild solution of (1), if
u € C([0,T],L*(R)) and satisfies

u(t,x) = Po()uto (x) + / V418 (1 — 5)Pa(s)vods

+/ OC ISOC t*S)
/ (5= 7)% " S (s — 7)|u(z, x)|Pdeds, (24)
0

where Py(t), Sq(t) were defined as (9), (10) and vy was
specified in (20).

Theorem 1.Let 5 < o < 1 and uy € L*(R). Then there
exists Tmax > 0 such that problem (1) has a unique mild
solution u € C([0, Tax ), L (2)).

Proof.Let
E=C([0,T),[2(2)).
For T > 0, E is a Banach space endowed with the norm

ulle = sup [[u(®)ll;20):
t€(0,T)

and

Be®)={uck + luls<r},

for co > 1 and R = 2co(||uol|,2(0) +T*||vol[12(q))- Define
the operator G as

Gu(t) = Py(t)uo(x +/ )9 S gt — 5)Py(t)vo (x)ds

e

/0 (5= 7)1 S (s — 7)[u|? (v, x)d vds. 25)

)18 (1 —5)

For each u € Bg(R). Then G(u) € C([0,T),L?*(Q))(see
[T1D.

First, we prove G maps Bg(R) into itself. Using (11)
and (12), we have

1662
= [[Pateyuoa) + [ (1= Sale —5)Pate)vo(x)ds
+/ Vo ISa (r—s)

/0<s 0% Sals = lul’ (¢

<[[Pa(t)uo ()] 2 q)

)drdsHLz(Q)

+/0 (t =) Salt *S)Pa(f)VO(x)dSHLZ(Q)

+/Ot(t

[Sate=s) [ (= 0% Sals = 0l ()deds]| 0
1
< HMOHLZ(Q) + mT(xHVOHU(!))
I s B
+W/o("s)“ 1/0<s—f)°‘ U ()P 2 () dTds

N .
2 I'2a+1)
We choose T small enough such that

;TZO‘RP 1 l
I'o+1) 2

Second, we show that G is a contraction map. For u,v €
Be(R), we have

G () (1) = G(v)(1)|r2 (@)
I [ =9 tsate-9)
| 6=0% 1 Sats =) (ul? (1) 7 (1)

< /0 (l _s)(xfl /0 (s—T)OHI
[Sar(s =) (lul? (7) = [v[” (7))

drdsHLz(Q)

(@)
!

< _aa—l1
[e=9

/0‘ (s =) (jul(2) = IvIP (0) d || 1 s
U ey,

< P R luvle.

Due to following inequality
[ lu(@)IP = [v(@)|” | < C(p)lulr) =v(O)|(Ju(@)["~" +[v()[P1).
We choose T such that

1

S—— Ly S
r2a+1)

Therefore, G is a strict contraction on Bg(R). According
to the Banach fixed point theorem, problem (1) admits a
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unique mild solution u € C([0, Tinax ), L>(£2)), where Using the Young inequality with parameters

pandp’ = %1, we have

Timax = sup {T >0 | there exists a mild solution
/ / lulg'/P o™ '/szD,‘ P

ueC([0,T),L2(2)) to (1)}.

67! /
6 / / |ul” ’Dz\T‘Pl‘p
Next, we give a blow-up result of our problem (1). p Qr (29)
. . T
4 Blowing up solutions 7y <2 /0 /Q Uo7~ /P ;D% g,
Theorem 2.Assume uy € L*(Q) and uo(x) > 0. I > (T r _
0 ( ) 0( ) f < CR 2/ / |u|(Pl/p(P l/p(PZD;TT(Pl
20 0 0%
l<p<lt+—i—om, T
N—20+]1 :/ / |u|<p'/PCR*2<p*'/P<p2D;TT<p,
then any solution to (1) blows up in a finite time.
i / / lu \”fp+c 2”/ / 00, i
Proof-We prove the nonexistence of global (weak) 6 p 1 ’
solutions to (1) using the test function method [14]. (30)
The weak local solution u € L/((0,T),L?(R)) is given
T
T T T I3 < /12/ / ule" P9~ g2,
/ / th“;(p—Z/ / uADl‘"‘T(p—i—/ / uA@ 0 Jog
0 Ja T
T < CR"‘/ / ulo' P9~ P92,
_ / / |u|/’(p+/ / uoDI‘T(p—Z/O /QMOAD;’(Tq), 0 Jog
T
S AR
for each ¢ € C*([0,T] x Q) compactly supported and
o(T,.) = @(T,.) = 0. We say the solution u is global if / / |u|p(p+C R4 / / 0.
(26) holds for any T > 0. Let 6P
(€29)
(1) = 91 (1) P2(x). Taking into account the above mentioned relations (29),
Equality (26) actually reads (30) and (31) in (28), we find
T T /
/ / upa D7 ¢y —2/ / uA D77 ¢y ( ) / / ulPo < C/ / 029, ’Dz\T(PI‘p
0 JQr 0 JOp
T )
2 —2p/ 24
+./0 /QRMPIA %) +R p/o /Q(pz(p]” D1
T , T oo
— [ ] Wl s @7) k[ oG
0 Jaog Jo Ja
where We take R = T and we introduce the following scaled
T variables
f:/ / uo 2 D% :CTlfza/ uy®, t
0 Jog P27 @1 fors 092 r:—andézm, T>1.
T T
and It appears that
_2/ / uo(— (pzD[‘T(pl ACT'*“/QR U 2. /'T / P <CT' 20 +N | o= +N | opl=4p'+N.
Jo Ja
Under the condition uy > 0, Eq.(27) becomes (33)
» - o Therefore, if a solution of (1) exists globally, then taking
/0 'QR\M\ ‘P§/0 /QR“‘PZDI\T‘PI +2’1/0 /QR”‘P2Dr\T‘P' T — +oo0, we get
5 (T T
+4 / / uP2 Py lim / / [ul’@ = 0.
JO Qr T —oo, 0 0

=S+ N+ T (28)  Consequently, u = 0. This leads to a contradiction.
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We are now in a position to state and prove the global
existence of solutions of (1) in this section.

5 Global existence

Theorem 3.Let % <oau<l1l Ifp> 1+#‘;+1 and

ol 24c () sufficiently small, where q. = w, then the
mild solution of (1) exists globally.

Proof-We apply the contraction mapping principle to
prove the global solution of (1).

From p > 1+ N%((XXH’ we see that

; (34)

(| Pac(t)uol| 20

v T(1=N/27)
< (4 a 21\/7 v oo,
( nt ) F(l*(XN/Zr)HuOHqu(Q) <

Let

v={ucciom.2@);: suplu®lpe <R},

t>0

We define the operator G as

G(u)(t) = Po(t)uo(x) + /Ot(t — )14 (t — 5) Py (s)vods

+/Ot(t — )% Syt —5) /Ox(s—f)“*sa(s—T)|u(s,x)\f’ds,

for each u € Y. It is easy to see that the operator G is well
defined on Y. According to (12), we get

6w -0

/Os(sf 0% S5 — ) [JulP (7) — )P (1)]dds
< /‘:(l’ _S)(xfl
[ 5= 0% sas o) [l (2) - 1P (9]
gc/ot(zfs)a*l
/Ox(s— ) | ul? (1) — P (1)1 g s

<CRr! /(:(t =) u(®) = (1) 2

()

/'t(zfs)a”sa(zfs)
0

12(2)

dtds

()

1
gCRF’”tZ“*"‘%/ (1—w)* W= gyl u(7) — v()
JO

Q)
] [
< CRP-120-akf /0 (1—w) @ w5 | u(z) - V(T)]|L2<Q)

() (g +1)
CRp-1Z A2 Ty
S L'(30/2+1) lee=lly-

If we choose R small enough such that CRP~! < %, then
we get

66

1
<=l

6 Conclusion

In this paper, we addressed fractional damping elastic
system in a Banach space. The model is based on the
properties of fractional derivatives and a judicious choice
of the test function. We proved that the mild solutions
cannont exist globally when 1 < p < N%‘;H + 1 and
up = 0. If p > N%%Hl + 1, then the non-trivial solutions
exist all time under some conditions.
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