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Abstract: In this paper, we consider a depleted stationary diffusion layer adjacent to the ion-exchange membrane. The
main goal is to study the structure of the diffusion layer over time. A one-dimensional non-stationary mathematical model
of the transport of a binary electrolyte in a diffusion layer in a potentiostatic mode is investigated using the Nernst-Planck
and Poisson equations. For the first time, it is shown that the left boundary of the space charge region is established

quickly, approaching a certain straight line X, = const asymptotically. Using this fact, a new asymptotic solution is

constructed. The original feature of the proposed asymptotic method is that it is based not only on asymptotic
simplifications in the equations, but also on replacing the exact description of the structure of the diffusion layer with an

approximate one.

Keywords: Mathematical modeling, Diffusion layer, lon-exchange membrane, Nernst-Planck-Poisson equations,

Asymptotic solution.

1 Introduction

In 1947, Levich determined that when a prelimiting current
fluxes through the electrode/solution system, the entire
solution region can be divided into two regions: the
electroneutrality region and the space charge region. The
next step was taken by Rubinstein and Shtilman in [1], in
which they theoretically described the process of
transporting binary electrolyte ions through a diffusion
layer near the ion exchange membrane using the Nernst-
Planck equations, and the Poisson equation (NPP), which
sets the ratio between the local electric potential and the ion
concentration. This work became the basis for further
researches [2-7], developing the idea of the role of the
space charge in the formation of «overlimiting current».
The boundary value problems associated with the NPP
equations are difficult to solve numerically, because a small
parameter is present in the Poisson equation in
dimensionless form (with natural normalization) [8].
Articles [9-10] are devoted to the study of non-stationary
problems. In these works, the main attention is paid to the
overlimiting potentiodynamic mode and the analysis of the
time of establishing a stationary mode depending on the
parameters of the problems. In studies [11-13], the authors

obtained asymptotic solutions to the problem when using
prelimiting currents in the stationary case. In this paper, a
new asymptotic solution of the non-stationary problem is
obtained. It is based on a simplified representation of the
structure of the boundary layer of the cation-exchange
membrane (CEM). This approach for solving this problem
allows you to significantly reduce the computational
complexity of the solution, and for an arbitrarily small
parameter value.

In study [14], the mechanism of transport of NaCl
ions in the boundary layer of the ion-exchange membrane is
studied, considering the reaction of water dissociation and
the effects of concentration polarization. Articles [15-19]
addresses the main mechanism of excessive transport of salt
ions in ion-exchange membrane systems in dilute solutions.
Scientific investigation [20] is devoted to the mathematical

description of the transport of salt ions and ions /" (

OH ") using the Nernst-Planck and Poisson model, which
considers the deviation from local electroneutrality in a
depleted diffusion boundary layer.

With increasing current density, energy costs increase.
However, in the mode of overlimiting current, there are
phenomena that do not occur at low current densities. The
main phenomena that occur when using currents exceeding
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the limiting currents (/ >/ lim) @r€ €lectro convection [21-

25] and water splitting [26-29]. The study [30] generalizes
various phenomena that can occur during the transport of
multivalent ions through cation-exchange membranes under
conditions of intense concentration polarization and
identifies the main factors that affect these phenomena.

Scientific articles [31-35] are devoted to the
development of mathematical models for the potentiostatic
mode, where the electric mode is set via a potential
difference between two equipotential planes covering the
electrode/membrane.

The development of the diffusion layer theory and
the determination of its parameters are of great interest for
understanding transport processes in heterogeneous systems
and for engineering calculations [36].

2 Problem Statements

A non-stationary one-dimensional mathematical model of
binary electrolyte mass transport is described by the
following equations in dimensional form [37, 38]:

F ac,

Ji :__ZiDiCia_¢_ i AL i=12
RT Ox Ox
O]
p F
a2 = _g_(Z1C1 +2,G,)
(@)
G/,
ot ox
3
Equation (2) — Poisson equation for electric field
potential, equations (1) and (3) are Nernst-Planck

equations: (1) — material balance equations, (3) — equation
of fluxes of sodium ions Ng* at i =1 and chlorine C/~ at

i =2, charge numbers of cations z =1 and anions

z, =—1,&, — permittivity of the solution, F — Faraday

number, R — universal gas constant, 7 — solution

. 0 .

temperature, ¢(x,7) — potential, £ = _8_¢ — electric
X

field strength, C,(x,?), j.(x,t), D, - concentration, flux,
diffusion coefficient of the i-th ion.

Let's assume that x - a space variable, and
x =0 — corresponds to the core of the flux (the depth of
the solution), and x = H — the conditional interphase
boundary "solution/CEM ", ¢ — time (Fig.1a):
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Fig.1: a) scheme of the diffusion layer (scale may vary), b)
and c) plots of the function C, (¢, x) — C, (¢, x) .

In Figure 1, region I is the electroneutrality region, region II
is the space charge region (the boundary layer near CEM).
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The width of region II at { = 0 is 0 and increases over

time to a value H —Xx,, where x, =H+H\/Eln$.

The curvilinear boundary of the region between regions I
and II for the construction of an asymptotic solution is

further approximated by a straight line X = X, which is
shown as a dotted line in Figure 1. Figures 1b and 1c show
graphs Cl -C o near the diffusion layer that confirm the

scheme of Figure la.

For certainty, we will consider the membrane to be
ideally selective cation-exchange. The concentration of ions
in the depth of the solution is considered constant. For the
right border (x = H ), a constant value is set for cations,
determined by the exchange capacity of the CEM, and for
anions, the condition of impermeability (ideal selectivity) is
set. The potential jump @(H ,Z)—(D(O,t) ZArgD is
considered constant, independent of time (potentiostatic
mode). In the depth of the solution (x=0), the
electroneutrality condition is considered fulfilled, and the
potential value is assumed to be zero. Let's take the initial
conditions as coinciding with the conditions on the left
border (x =0). Thus, the boundary conditions have the
form:

For x=0:
c,(0,0)=C,. C,(0,/)=C,, ¢(0,£)=0
“
For x=H:
G (H,l‘) =C,
[aaiz —RiTozzCzEJ(H,t) =0, p(H,t)=A,p
®)
For t=0:
G (x,O) =Gy(x). G (x,O) =G (%), (0(an) =0,
(6)

where Clm i1s the concentration of sodium ions on the

membrane.

3 Method and Algorithm of Solution

3.1 Results of Numerical Analysis

The numerical solution of problem (1-6) was carried out by
the finite element method in the COMSOL Multiphysics
5.5 environment using the Chemical Species Transport,
Classical PDEs (from Mathematics) modules and their
submodules Transport of Diluted Species, Poisson's
Equation. During the study, many calculations were carried
out with various parameter values. Below, for certainty, are
the results of calculations for typical values of the potential

@(H,t)=A @=—0.1V, concentration of sodium ions

at x=0 and C,, =0.1mol/m’, at 0<<10 seconds

in increments of 0.1 seconds. The other parameters are
well-known and taken from the reference list.

Figure 2a show that CEM has an area of rapid change in
concentration, and there is a border layer near the border
x =H . Thickness of the border layer increases and
stabilizes over time, which is associated with the release of
the cation transport process to a stationary mode. Time to
enter stationary mode with an error of 1% is 4 seconds for
the selected parameters. The maximum thickness of the

5.-10° m. The

concentration distribution outside the border layer becomes
linear fairly quickly (4 seconds). The distribution of anion
concentrations (Fig. 2b) also becomes linear over time and
constantly remains equal to the concentration of cations

with great accuracy everywhere (C,(#,x)=C,(t,x))

except in the border layer, where C,(Z,x)>> C,(¢,x).

Therefore, the boundary layer is a space charge region, and
outside the boundary layer, the local electroneutrality
condition is fulfilled with great accuracy.

Plots of the electric field strength and cation flux are shown
in Figure 3.

The plot of the electric field strength (Fig. 3a) is convex
and the values of the strength increase # slowly in the
region of electroneutrality from the values of the order

border layer is approximately

10? ¥/ m? and then sharply in the region of space charge,

reaching values of the order 10° 7'/ m*. The flux j, (Fig.
3b) is an increasing function that gradually approaches a
constant value. As time increases, the flux values J,
gradually become zero.

3.2 The Construction of Asymptotic Solutions.
Transition to a Dimensionless Form

To switch to a dimensionless form, use the
following characteristic values: H — channel width, which

can vary from 0.5-107 m to 5-107° m, 0, = E _

thermal potential, C o — concentration, which can vary from
_ 2D,CF -
lim — H

limiting diffusion current, ) p — Debay length.

102 mol/m® to 10 mol /m>, I

Using the following transition formulas to a
dimensionless view [38]:
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2
O E(u>:HFE () G t(“>:£ Ozﬂ, g(u>=ﬂ= L)
H RT l 0 ZO D +D, CO(F)2H2 H
t 0(“) = D_Oz’ 'l_(”) _Ji H , we obtain a system of one-dimensional non-stationary
D, C, Nernst-Planck and Poisson equations in dimensionless form
(the index "u" is omitted for simplicity of writing):
oC. 0 . .
_lz_ZiCi_q)_]i’ i=12 ™)
ox ox
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887(20=C1—C2, xe(O,l) (8)
£:_Di%> =12 )
ot ox
Boundary conditions in dimensionless form:
For x=0:
C(0,1)=1, C,(0,£)=1, (0,£)=0
For x =1:
oC
c(t)=c, . [8_): — zzCzEj(l, 1) =0,
oll1)=A,9

The initial conditions for ¢ =0 :

C(x,0)=1, G,(x,0)=1, ¢(x,0)=0

3.3 The Application of the Method of Boundary
Layer Functions

The structure of the diffusion layer (region II) is shown in
Figure 1. This drawing shows that the entire left boundary
of the space charge region is curved. It must be determined
during the splicing of asymptotic solutions. However,
Figures 2a and 3a show that this boundary can be
approximated with great accuracy by a vertical asymptote.
In this regard, the vertical asymptote can be taken as the left
boundary of the quasi-equilibrium region with high

accuracy X = X_. Thus, for an asymptotic solution, we

assume that the region [/ :{(x,t)e[O,l]x[O,-i-oo]} in
the prelimiting case is approximately divided into two
rectangular subdomains after the transition to the
dimensionless form. From the numerical solution, it follows
that in the region of the boundary layer, the solution does
not depend on the current density, so this region can be
considered a quasi-equilibrium region. In region I, the
electroneutrality condition is met with great accuracy, so
this region can be considered an electroneutrality region.

From the numerical results obtained, it follows that
an approximate analytical solution can be found by the
method of boundary-layer functions [39]. Obviously, this
method will give a poor approximation to the solution in
the vicinity of the curved boundary. At the same time, as
will be shown below, it will give a fairly accurate
approximation in the rest of the area.

We will look for a solution in the form of the sum
of the regular and border layer parts. Moreover, 0 < x <1,

0<t<ow, &= %:
C(t.x.£)=C,(e.x)+ 11C,(1.6) + O( )
Jtx.8)= i (.x)+ 10,(1.6) + O(e)
olt.x.€)=p(t.x) + p(t.£)+ O(We)
where C_'l.(t,x), jl. (t,x), (Z(l‘, x) is the regular part, and

IIC.(t,8), Ij(t,$), Ip(t,E) are border-layer

functions [39].

In the future, we will substitute the representation
(10) in equations (7)-(9) and perform transformations
according to the method of border-layer functions
a) Transformation of equation (9) according to the method
of boundary layer functions:

8(a(t,x)+ HCl.(t, ‘f)) + O(\/E) —
ot ’

__p (t,x); A
X

(10)

i=12

or

C. Ji(e

ot ot

OUix) 1 oll(.)

Yoox "Je o O
i=12

We equate the regular and border layer functions separately

on the left and right with the same degrees of small
parameter:

oT(tx)__ ) 200
ot ooax
M) _o o1
o5
Where, given 1], (t,00) = 0, we get 11j,(¢,5) =0
b) Transformation of equation (4) according to the method
of boundary layer functions:

8Ci(t,x) = —zAa(t,x)%t’x) J, (l‘,x), i=12

=-D +0(«/;)’

i=12

ox ' x
T =TT e T
i=12
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¢) Transformation Poisson equation (5) according to the
method of boundary layer functions:

f(t x)—@(t,x)zo
0" Ip(t,£)
0"

After the completed transformations, we write the equations

= IC\(1,6) ~ T1C,(2,5)

for regular functions:

oG (t,x) _ _Z,g(t,x)w_;i(t,x), i=12

ox o ox

(11)
C(t.x)-Cyle.x)=0 2)
Clex) __p 0Giltx) s gy
ot l ox ’ ’
and for border-layer functions:
Iin(t:é:) = O’ = 1’2
2
% =IIC,(1,8)-1IC,(1,E)  (19)
GHC (t éf) 8H¢(t f)
TIC (¢ Gz,
se = @G22 =

i=12 (15)
3.4 Solving a System of Equations for Regular

Functions
To solve the system of equations (11-13), we express the
flux from (11) and substitute it in (13). Then we get:

Dz, ﬁ(a 3_(0]1_: 1,2
ox ox

(16)

oC,(t.x) _ ) 0°C, |

ot " ox?

Furthermore, we divide the first equation (16) for i =1, by
Dl, and the second, for i =2, by D2 and add them.

Then, considering (12), we obtain for C = Cl = C2 the

well-known convective diffusion equation [4]:

oC o’C
—=D > 17
ot Oox
2D,D,
where D =————= is the diffusion coefficient of the
D, +D,
electrolyte.

For further calculations, we will introduce a new

function ar(t) = C,(t,1)+C,(t,]) = 2C(t,)).

To get an equation for the electric field strength,
multiply the first equation (8) by Z,, and the second by z,,

and sum them. Then considering (12), we get the transport
equation for the electric field strength. Integrating this
equation by X , we get:
op D -D, 0 1 0p(£,0
°p _ _g_(mc)_,__M
ox D, + D, ox C ox

We integrate the resulting equation again from 0 to
an arbitrary point X . Then, considering the boundary

conditions for x = 0, we obtain:

P2 = -2 702 11 01,3y + 2280 | dx
1 2 0 C(,x)

Similarly, we get

- 2D, oC

L,x)=———+o0o,

]1( ) D,+D, ox o,()

- 2D 6C

A\, x)= t

hltx)= =5 o o0
Where o i(l‘), i=12 are functions arising from

integration over a variable X . Using boundary conditions
for J,,itis easy to find O, (1).
3.5 Solving a System of Equations for Boundary

Layer Functions
Put

u (t,€) = [1C,(t,£)+ C (1) i=12
Y(6.8) = Hp(t,&)

Then, from (14-15), we get a system of equations:

ou, oy
ez, (18)
o5 o5

0’y

Then, after a series of transformations, we get:

a1, 1

AT

Cla 1, 1
> 208 4 2
3
-y
e 20 Vo
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oy
Suppose Z(é:) = % , then we get:
o’z 1
e = (— Z2 — a)z
o’ 2
Integrating this equation, we find
N2a
z2(5) =~

1-x

sh(xla ot d)

where the constant d is defined from the boundary

condition. Find the function y by integrating this
equation:

|

e«/E(§+d)

&)=

Then we find %, and U, :
a2ch(Naé+d)-a 1
T i (Wac+d) 20
“, _la\/ich(\/gafﬁLd)—a_la
2 sh*(Naé+d) 2

3.6 The Representation of the Solution as a Sum
of Regular and Boundary Layer Parts

Summing up the results described in paragraphs 3.3 and
3.4, we get a general view of the asymptotic solution:

av2ch(a 1_—’“+d)—a
Je + O(\/E)

25h* (e Eﬂd)

C (t,x,6)=C(t,x)+

a2 ch(\/_

+d)+a

Je

25h* (Ve IJEX +d)

C,(t,x,€)=Clt,x)- +0(We)

_ D, 8¢)(t0)
go(t,x,g)— 1+ 2lnC(t x)+ IC(I D
JaZEia
Je
+%1nl+eﬁ +O(’\/E)

@ (2 vd)

1-e Ve
2D, oC
i (t,x,6)=——2—Z40,()+O(e
Jilt,x.¢) DD, & TO0+00e)
2D 1
Jrltng) = -2 (LD _CCWD, | o
D +D, ox ox

The resulting representations are unknown d , O, and the
boundary value is unknown: C(¢,1). To find them, it is
enough to solve the boundary value problem for C(¢, x)

and then determine d and 0. To determine the constants

d and 0, we will use the boundary conditions. Then,

after a series of transformations, we get:

)chzd +2chd -2

Clel =C 19

( sh*d " (4

D,-D, 05(1,0) |1+e

et it § WY 03 n - A

D, +p, "D axj()zheﬂ a
(20)

It follows from these equations that if Clm and

A, @ do not depend on £, then C(¢, 1) does not depend
on f. Paragraph 3.6 describes the algorithm for searching

for unknowns C(z, x), d and 0.

3.7 Algorithm for Numerical Implementation of
an Asymptotic Solution

To find an asymptotic solution, it is substantial to solve the
system of equations (19-20) with respect to C(¢, 1) and

d . This system of equations does not have an exact
analytical solution, so it is necessary to use approximate
methods that are stable with respect to rounding errors. As
such, a combination of the method of dividing a segment in
half and successive approximations is proposed, similar to
the method [31].

© 2021 NSP
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The numerical solution algorithm can be divided
into the following stages:

1) select a segment [al ;bl] so that d € [al;bl ]
a, +b,

2
3) from equation (16), we define C(¢,1):

C(O) (t’l) = chlm

2) define d¥ =

2 7(0)
where k = sh™d is  the

¢ ch?d® +2chd @ —2
coefficient of relative reduction of the boundary
concentration taking into account the space charge to the
boundary  concentration with the condition of
electroneutrality
4) solve the boundary value problem:

(0) 2+(0)
oC :Da C

21
ot ox* @D
Cc(t,0)=1 22)
COt)=k.C,, 23)
Cc(0,x)=1 (24)

This problem can be solved by the Fourier method or
numerically, for example, by the finite difference method.
At this stage, the initial approximation is being searched for

C(O)(t,x), so it is sufficient to calculate the first

approximation, or at least the first two approximations.
5) calculate all functions of the current approximation

9(t.x). " (t.x)...

6) calculate the potential jump for the resulting

concentration C(O)(l‘,x) and number d'” using the
formula (17):

o= PPy coy s
D +D

1 2
JVad®

0P (t,0)  dx 1 [l+e
+ .[ 0 s Jad®
ox yCV(t,x) 2 |1—-e
7) compare the calculated value Ar(p(o) with the specified

one Argo. If they match the specified accuracy, we assume

that we have received a solution. Otherwise, go to
paragraph 8.

8) determine which of the intervals [a;d”) or
d"; b, ] is the solution, then denote the segment with the
solution as [al ; b1 ] and go to paragraph 2.

As an example, let us consider one step of the
method at Cl m =1 and compare the numerical and

asymptotic solutions for the cation concentration. Let

d® =035, CO(t1)=kC, — get
k, ~ 0.2 Therefore, c?” (l‘,l)=0.2. We get the initial

then from

approximation C © (t ,x) by solving the boundary value

problem (21-24) using the Fourier method, leaving the first
two terms of the series in the resulting solution:

L6 _p . 08 _iop .
C(t,x)~1-08x + ¢ ™ ™ sin(m) - —e~** " sin(2)
T T
Thus,
156 -7*Dt -
Cy(t,x,6)=1-08x + =™ P sin(x) +
Vi

0.232ch(J02 =% +0.35)-0.2
Je

+

25> (J02 Lo 1 0.35)
Je
&

Similarly, Cl (l‘,x, 6‘), you can find and compare other

functions you are looking for.

3.8 Comparison of Numerical and Asymptotic
Solutions

To evaluate the accuracy of the constructed asymptotic
solution and estimate the limits of its applicability, the
relative error of the obtained solution was analyzed. The

relative error was calculated for the function C, (t, X, g)

el e
according to the formula ¢ = ———, where C, and

1

Cln the results of the numerical (described in paragraph 2)

and asymptotic solutions.

Table 1 show that there is a fairly good
consistency between the numerical and asymptotic
solutions everywhere except in the vicinity of the left
boundary of the quasi-equilibrium region of the space
charge (in the Table, it is highlighted in bold). This is due
to the approximation of the curved border (in Figure la —a
solid line separating regions I and II) by the linear border
(in Figure la — a dotted line). The relative error of the
asymptotic solution also stabilizes over time because of the

© 2021 NSP
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transport process entering the stationary mode (Fig. 2a). It
decreases and does not exceed 6%.

4 Discussion and Examples

In this paper, the non-stationary 1:1 transport of the
electrolyte in the depleted layer of the cation-exchange
membrane in the potentiostatic prelimiting mode is
investigated. A mathematical model is presented and the
basic laws of 1:1 salt ion transport are investigated.
Calculations have confirmed that the diffusion layer
consists of an electroneutrality region and a small boundary
layer near the cation exchange membrane, where a space
charge region occurs. It is shown for the first time that the
left boundary of the space charge region is established
quickly, approaching a certain straight line asymptotically

X, =¢C Onst . An asymptotic solution is constructed using

this fact. The original feature of the proposed asymptotic
method is that it is based not only on asymptotic
simplifications in the equations, but also on replacing the
exact structure of the diffusion layer with an approximate
one. The problem can be solved asymptotically and without
the assumption of simplifying the boundary of the region of

boundary of the quasi-equilibrium region of the space
charge.

It is shown for the first time that the left boundary of the
space charge region is established quickly, approaching a

certain straight line asymptotically X.=const. An

asymptotic solution is constructed using this fact. The
original feature of the proposed asymptotic method is that it
is based not only on asymptotic simplifications in the
equations, but also on replacing the exact structure of the
diffusion layer with an approximate one.

A comparison of the numerical and asymptotic solutions
shows that they coincide with good accuracy, with the
exception of a small neighborhood of the curved boundary
of the quasi-equilibrium region of the space charge.

6 Conclusions

In this paper, the non-stationary transport of 1:1 of the
electrolyte in the depleted layer of the cation exchange
membrane in the potentiostatic prelimiting mode was
investigated. A mathematical model is presented and the
main patterns of 1:1 salt ion transport are investigated.
Calculations have confirmed that the diffusion layer
consists of an electroneutrality region and a small boundary
layer at the cation-exchange membrane, where the space

Table 1: The relative error of the numerical and asymptotic solutions C| (t, X, 5).

t 0 0.1 1 2 4 6 7 8 10

0.1 0.072 0.024 0.080 0.07 0.061 0,049 0.031 0.022 0.01

0.2 0.102 0.053 0.159 0.151 0.125 0,081 0.066 0.053 0.023
0.3 0,07 0,091 0,232 0,232 0,182 0,142 0,095 0,062 0.037
0.4 0,014 0,142 0,296 0,293 0,235 0,182 0,116 0,067 0.055
0.5 0,109 0,21 0,393 0,583 0,363 0,298 0,277 0,153 0.062
0.6 0.154 0.296 0.474 0.422 0.306 0,243 0.147 0,096 0.054
0.7 0,094 0,401 0,546 0,456 0,312 0,229 0,137 0,082 0.022
0.8 0,098 0,523 0,599 0,470 0,294 0,125 0,076 0,056 0,028
0.9 0.412 0.658 0.626 0.428 0.222 0,107 0.001 0,012 0.012

electroneutrality and space charge, but this requires finding
this boundary analytically and, by entering local
coordinates on this boundary, coordinate the solution from
the region of electroneutrality with the solution in the
region of space charge. However, this results in a rather
cumbersome solution that is inconvenient for practical use.

Thus, a fairly simple analytical solution is found that has
good accuracy everywhere except, as expected, for the left

occurs. It 1s shown tor the first time that the left boundary
of the space charge region is established quickly,
approaching a certain straight line asymptotically

X, =const. An asymptotic solution is constructed using

this fact. The original feature of the proposed asymptotic
method is that it is based not only on asymptotic
simplifications in the equations, but also on replacing the
exact structure of the diffusion layer with an approximate
one. The problem can be solved asymptotically and without
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the assumption of simplifying the boundary of the region of
electroneutrality and space charge, but this requires finding
this boundary analytically and, by entering local
coordinates on this boundary, coordinate the solution from
the region of electroneutrality with the solution in the space
charge region. However, this results in a rather
cumbersome solution that is inconvenient for practical use.

Thus, a simple analytical solution that has good
accuracy everywhere is found except, as expected, for the
left boundary of the quasi-equilibrium region of the space
charge.

It was shown for the first time that the left
boundary of the space charge region was established

quickly, approaching a certain straight line X, = C onst

asymptotically. An asymptotic solution was constructed
using this fact. The original feature of the proposed
asymptotic method is that it is based not only on asymptotic
simplifications in the equations, but also on replacing the
exact structure of the diffusion layer with an approximate
one.

Comparison of the numerical and asymptotic
solutions showed that they coincide except for a small
neighborhood of the curved boundary of the quasi-
equilibrium region of the space charge.

Acknowledgments: The present paper was funded by
RFBR, project number 19-38-90314 Aspiranty.

Conflict of Interest:
The authors declare that they have no conflict of interest.

Reference

[1] I. Rubinstein, L. Shtilman, "Voltage against current curves of
cation exchange membranes", J. Chem. Soc. Faraday Trans.,
75, 231-246 (1979).

[2] I. Rubinstein, F. Maletzki, "Electroconvection at an electrically
inhomoheneous permselective membrane surface", Trans.
Faraday Soc., 87(13), 2079-2087 (1991).

[3] S.S. Dukhin, V.R. Ehstrela-L'yuis, E.K. Zholkovskii,
Electrosurface phenomena and electrofiltration
[Ehlektropoverkhnostnye yavleniya i ehlektrofil'trovanie]
(Kiev: Nauk. dumka, p. 287, 1985)

[4] V.V. Nikonenko, V.I. Zabolotskiy, N.P. Gnusin,
"Electrotransport of ions through a diffusion layer with
broken electroneutrality", Electrochemistry
[Ehlektroperenos ionov cherez diffuzionnyi sloi s
narushennoi ehlektroneitral'nost'yu]., 25(3), 301-306 (1989).

[5] A.V. Listovnichy, "Concentration polarization of the ion
exchange membrane-electrolyte solution system in the
transcendental mode", Electrochemistry
["Kontsentratsionnaya polyarizatsiya sistemy ionitovaya
membrana-rastvor chlektrolita v zapredel'nom rezhime"].,
27(3), 316-323 (1991).

[6] S.F. Timashev, Physicochemistry of membrane processes. M.:
Chemistry [Fizikokhimiya membrannykh protsessov], (M.:

Khimiya, 240 p. 1988)

[7] S.S. Dukhin, N.A. Mishchuk, "Intensification of
electrodialysis based on electroosmosis of the second kind",
J. Membr. Sci., 79, 199-210 (1993).

[8] J. Newman, K.E. Thomas-Alyea, Electrochemical Systems
(3rd ed.; JohnWiley & Sons, Inc.: Honoken, NJ, USA; 647p,
ISBN 0-471-47756-7, 2004)

[9] N.O. Chubyr, A.V. Kovalenko, M.Kh. Urtenov, Two-
dimensional mathematical models of binary electrolyte
transfer in membrane systems. (numerical and asymptotic
analysis). [Dvumernye matematicheskie modeli perenosa
binarnogo  ehlektrolita v = membrannykh sistemakh
(chislennyi i asimptoticheskii analiz)] (Krasnodar: Izd-vo
KubGTU, 132 p. 2012)

[10] B.M. Grafov, A.A. Chernenko, "Passage of direct current
through an  electrolyte  solution"  [Prokhozhdenie
postoyannogo toka cherez rastvor ehlektrolita], Zhurn. fiz.
Khimii., 37(3), 664-665 (1963).

[11] J. Newman, "The polarized diffuse double layer", Trans.
Faraday Soc. 61, 2229-2237 (1965).

[12] S.S. Dukhin, B.V. Deryagin, Electrophoresis (M.: Nauka;
328 p. 1976).

[13] A.P. Grigin, "Coulomb convection in the electrochemistry of
their systems (review) ", Electrochemistry., 28(3), 307-332
(1992).

[14] Y. Tanaka, "Mass transport in a boundary layer and in an ion
exchange membrane: Mechanism of concentration
polarization and water dissociation", Russian Journal of
Electrochemistry,48(7),665-681(2012).
doi:10.1134/51023193512060122 (2012).

[15] I. Rubinstein, B. Zaltzman, O. Kedem. "Electric fields in and
around ion-exchange membranes", J. Membr. Sci., 17, 125,
(1997).

[16] N.A. Mishchuk. "Concentration polarization of interface and
non-linear electrokinetic phenomena", Adv. Colloid
Interface Sci., 160, 16, (2010).

[17] J. Balster, M.H. Yildirim, D.F. Stamatialis, R. Ibanez, R.G.H.
Lammertink, V. Jordan, M. Wessling. "Morphology and
microtopology of cation-exchange polymers and the origin
of the overlimiting current", J. Phys. Chem., B111, 2152-
2165 (2007).

[18] E. Belova, G. Lopatkova, N. Pismenskaya, V. Nikonenko, C.
Larchet, G. Pourcelly, "Effect of anion-exchange membrane
surface properties on mechanisms of overlimiting mass
transfer", J. Phys. Chem., B 110, 13458 (2006).

[19] V. Nikonenko, N. Pismenskaya, E. Belova, Ph. Sistat, Ch.
Larchet, G. Pourcelly, "Intensive current transfer in
membrane systems: Modelling, mechanisms and application
in electrodialysis", Adv. Colloid Interface Sci., 160, 101
(2010)

[20] Nikonenko, Urtenov, Mareev, & Pourcelly. "Mathematical
Modeling of the Effect of Water Splitting on lon Transfer in
the Depleted Diffusion Layer Near an Ion-Exchange
Membrane",Membranes,10(2),22(2020).

© 2021 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 15, No. 4, 411-422 (2021)/ http://www.naturalspublishing.com/Journals.asp

%N :\:' N 421

doi:10.3390/membranes10020022 (2020).

[21] I. Rubinstein, B. Zaltzman, "Electro-osmotically induced
convection at a permselective membrane". Phys. Rev. E.,
62,2238-2251 (2000).

[22] I. Rubinstein, B. Zaltzman, "Equilibrium electro-osmotic
instability in concentration polarization at a perfectly
charge-selective interface", Phys. Rev. Fluids., 2, 093702
(2017).

S.S.  Dukhin, N.A. Mishchuk, "Intensification of
electrodialysis based on electroosmosis of the second kind",
J. Membir. Sci., 79, 199-210 (1993).

[24] J. de Valenga,; M. Jogi, R.M. Wagterveld, E. Karatay, J.A.
Wood, R.G.H. Lammertink, "Confined electroconvective

vortices at structured ion exchange membranes", Langmuir.,
34, 2455-2463 (2018).

[25] F. Roghmans, E. Evdochenko, F. Stockmeier, S. Schneider,
A. Smailji, R. Tiwari, A. Mikosch, E. Karatay, A. Kiihne, A.
Walther, et al. "2D patterned ion-exchange membranes
induce electroconvection", Adv. Mater. Interfaces, 6,
1801309 (2019).

(23]

[26] R. Simons, "Water splitting in ion exchange membranes",
Electrochim. Acta., 30, 275-282 (1985).

V.I. Zabolotskii, N.V. Shel’deshov, N.P. Gnusin,
"Dissociation of water molecules in systems with ion
exchange membranes"”, Russ. Chem. Rev., 57, 801-808
(1988).

[28] V.V. Nikonenko, N.D. Pismenskaya, E.I. Belova, P. Sistat, P.
Huguet, G. Pourcelly, C. Larchet, "Intensive current transfer
in membrane systems: Modelling, mechanisms and
application in electrodialysis", Adv. Colloid Interface Sci.,
160, 101-123 (2010).

[29] Z. Slouka, S. Senapati, Y. Yan, H.-C. Chang, "Charge
inversion, water splitting, and vortex suppression due to
DNA sorption on ion-selective membranes and their ion-
current signatures", Langmuir., 29, 8275-8283 (2013).

E.A. Demekhin, V.S. Shelistov, S.V. Polyanskikh, "Linear
and nonlinear evolution and diffusion layer selection in
electrokinetic instability", Phys. Rev. E., 84, 036318 (2011).

G.S. Ganchenko, E.N. Kalaydin, J. Schiftbauer, E.A.
Demekhin, "Modes of electrokinetic instability for imperfect
electric membranes", Phys. Rev. E., 94, 063106 (2016).

C. Druzgalski, A. Mani, "Statistical analysis of
electroconvection near an ion-selective membrane in the
highly chaotic regime", Phys. Rev. Fluids., 1, 073601 (2016)

[33] S.M. Davidson, M. Wessling, A. Mani, "On the Dynamical
Regimes of Pattern-Accelerated Electroconvection", Sci.
Rep., 6, 22505 (2016).

(27]

(30]

(31]

(32]

[34] S.V. Pham, H. Kwon, B. Kim, J.K. White, G. Lim, J. Han,
"Helical  vortex  formation in  three-dimensional
electrochemical systems with ion-selective membranes",
Phys. Rev. E., 93, 033114 (2016).

[35] M. Andersen, K. Wang, J. Schiffbauer, A. Mani,
"Confinement effects on electroconvective instability",
Electrophoresis., 38, 702-711 (2017).

[36] A. Uzdenova, A. Kovalenko, M. Urtenov, V. Nikonenko.

"ID Mathematical Modelling of Non-Stationary Ion
Transfer in the Diffusion Layer Adjacent to an Ion-
Exchange Membrane in Galvanostatic Mode", Membranes
(Basel)., 8(3), 84(2018).

doi:10.3390/membranes8030084 (2018).

[37] J. S. Newman, Electrochemical systems. (Prentice-Hall, Inc.
Englewood Cliffs, N. J, 1973).

[38] M.Kh. Urtenov, Boundary value problems for systems of
Nernst-Planck-Poisson equations (asymptotic expansions
and related topics) [Kraevye zadachi dlya sistem uravnenii
Nernsta-Planka-Puassona (asimptoticheskie razlozheniya i
smezhnye voprosy)] (Krasnodar, 1999).

[39] A.B. Vasilyeva, V.F. Butuzov, Asymptotic methods in the
theory of singular perturbations [Asimptoticheskie metody v

teorii singulyarnykh vozmushchenii] (M., 1990).
Vitaly Alexandrovich Gudza, PhD
student of the Department of

| — ’-L Applied Mathematics of Kuban

e - . . .
4 State University, Russian

T i Federation. Scientific supervisor —

Grand PhD in Physics and

Mathematics Urtenov M. Kh. V.A.
He has published 25 scientific papers, including 7 articles in
international scientific journals.

Gudza is engaged in mathematical
modeling of physical and chemical
processes in  electromembrane
systems.

Natalia Olegovna Chubyr,
PhD in Physics and
Mathematics. Currently, she is
an Associate Professor of the
Department of Applied
Mathematics of the Kuban State
Technological University,
Russian Federation.

Her main research interests include mathematical modeling of
transport in membrane systems, numerical and asymptotic
methods. She has published several research papers in various
international reputed peer-reviewed.

© 2021 NSP
Natural Sciences Publishing Cor.



422 SESE

Gudza V. A et al: Numerical and asymptotic Study of ...

Evgenia Vadimovna Kirillova
has been a professor at the
University of Applied Sciences
RheinMain in  Wiesbaden,
Germany since 2003. She
received (in 1992) the degree
of Grand PhD in Physics and
Mathematics at the Kuban
State  University,  Russian
Federation.

Her main research interests include development of
nondestructive  control methods of construction from
composite material, investigation of the wave propagation and
of the interaction between piezo actuators and the elastic
structures, modeling of electromembrane processes. She is an
author of more than 100 scientific publications, including 50
peer-reviewed papers.

Urtenov Khuseevich, Grand PhD
in Physics and Mathematics,
Professor of the Department of
Applied Mathematics of Kuban
State University, Russian
Federation. Honorary Worker of
Higher Education of the Russian
Federation, laureate of various
international awards, salons and
exhibitions of inventions and
innovative technologies.

Founder of the scientific school "Mathematical models of
transport in membrane systems and methods for studying
boundary value problems for the system of Nernst-Planck-
Poisson and Navier-Stokes equations". He graduated from
Kuban State University with a degree in Mathematics in 1975.
He teaches academic disciplines: mathematical methods and
models of nanotechnology; numerical and analytical methods
of research of mathematical models. The total work experience
is 42 years. His research interests include mathematical
modeling of physical and chemical problems of membrane
electrochemistry, numerical and asymptotic methods, nano-
and membrane technologies, energy- and resource-saving
processes. He is the author of more than 300 publications,
including more than 10 teaching aids, 11 monographs, more
than 15 certificates of state registration of programs, more than
50 articles in foreign journals indexed in the SCOPUS system.
He has more than 800 citations for his works. The Hirsch
index is 14.

© 2021 NSP
Natural Sciences Publishing Cor.



