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Abstract: In this paper, we consider a kind of new nonlinear dispersive wave equation, which is generalized integrable shallow water
equation with strong dispersive term. Applying Kato’s semigroup approch, we obtained local well-posedness of Cauchy problem for
the generalized integrable shallow water equation with strong dispersive term in Sobolev space (H*,s > (3/2)).
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1 Introduction

Shallow water waves and their model equations are very
important for mathematical and physical theory.
Furthermore, water wave modeling is a complicated
process and usually leads to models which are hard be
analyzed mathematically and to be solved numerically
(1].

Although the history of shallow water waves [2] goes
back to the French and British mathematicians of the
eighteenth and early nineteenth century, Stokes [3] is
considered one of the pioneers of hydrodynamics [4]. He
carefully derived the equations for the motion of
incompressible, inviscid fluid, subject to a constant
vertical gravitational force, where the fluid is bounded
below by an impermeable bottom and above by a free
surface [5]. Starting from these fundamental equations
and by making further simplifying assumptions, various
shallow water wave models can be derived. These shallow
water models are widely used in oceanography and
atmospheric science [5].

In this paper, we consider the Cauchy problem for the
generalized integrable shallow water equation with strong
dispersive term:

U — Oty + (g (u)) 4y (u— 0Puy) =
o2 (M2 fh(Wuy) , >0, xR, (1)
X
u(O,x) = Uo (x)v xER,

where g(u), h(u) : R — R are given function, o and y
are constants. For g (1) = 2ou+ %uz and h (u) = u, Eq.(1)
takes the following form:

Uy — Oty + 20U, + 3w+ y (u— 0Puy) = @
0% (Qutyttyy + tlyyy) -

The strong dispersive term y(u— azum)mx corresponds
to the Lagrangian averaged Navier-Stokes alpha
equations for turbulence and can provide analytical
control over the solutions [6]. In [6], Tian et al. studied
the well-posedness by applying Kato’s semigroup
approach. Moreover, they got the precise blow-up
scenario and gave an explosion criterion of strong
solutions of Eq.(2) with rather general initial data.

Ifa=1,y=1 and w =0, Eq. (2) becomes the
following fifth-order shallow water equation

Uy — Uy + Uy + 3Uly — Unyore = Uty + Ullyyy (3)

which is a higher-order modification of the following
Camassa-Holm equation

U — Uy + Uty = 2Uylyy + Ullyry.

The well-posedness of the Cauchy problem of Eq. (3) in
Sobolev spaces has been studied by several authors (see
[7,8,9] and the references therein).

In Eq. (2), if the strong dispersive term
¥ (u— oPuy)  is rewritten as the weak dispersive term
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Yibscxs Eq. 2) becomes the following
Dullin-Gottwald-Holm equation
u — oty 4+ 20uy + Sutty + Vi = @)
2 (zux“xx + uuxxx) , 1>0,xeR

which was derived by Dullin, Gottwald and Holm using
asymptotic expansions directly in the Hamiltonian for
Euler’s equations in the shallow water regime in [10]. It is
a model for unidirectional shallow water waves over a flat
bottom. Here, the constants a® and % are squares of
length scales, and  is the linear wave speed for
undisturbed water at rest at spetial infinity. It has a
bi-Hamiltonian structure and a Lax pair formulation (see
[10]). Dullin-Gottwald-Holm equation (we call it DGH
equation for short) is an integrable system via the inverse
scattering transform (IST) method and contains both the
Korteweg-de Vries (KdV) and Camassa-Holm (CH)
equations [11] as limiting cases.

Recently, many papers have been conducted on the
DGH equation. In [12], Tian et al. studied the
well-posedness of the Cauchy problem and the scattering
problem for the DGH equation. In [13], Hakkaev proved
the orbital stability of the peaked solitary waves for the
DGH equation using the method in [14]. It has been
shown that DGH equation has global solutions and
blow-up solutions in [15,16,17,18].

Recently, the Cauchy problem of the generalized
DGH equation has been investigated in [19,20]. The

well-posedness of problem for the following
generalization of the DGH equation
U — Uy +h (1), + Yitor = 5
az(#ui—i—g(u)uw{) , t>0,xeR ©)
X

has been studied in [20]. The difference between Eq.(1)
and Eq.(5) is that Eq. (1) contains the strong dispersive
term y (u — (xzuxx) . Thus, Eq.(1) involves higher-order
derivative than Eq. (5) However, the Cauchy problem of
the generalized integrable shallow water equation with
strong dispersive term has not been discussed yet. The
present paper aims to establish the local well-posedness
of Eq. (1). The result in this paper generalizes the local
well-posedness results in [6,20]. Moreover, using Lemma
2.4 and Lemma 2.5, we obtained the local well-posedness
of Eq. (1) for g,h € CWIFI(R), s > 3, but the local
well-posedness of Eq. (5) was obtained for
g,h € C"3(R), m>2in [20].

For convenience, we now reformulate our problem (1).
Rescalling x + 2, we rewrite (1) as

Ut — Unx + (g (u))x+a(uiu)€x)xxx
hg’) 2 (u)uxx)x, t>0, xeR, 6)
u(O,x):uo(x), XE]R,
where a = % and b = é

We apgly Kato’s theory to establish the local
well-posedness for the Cauchy problem of (1). We now

provide the framework in which we shall reformulate (6).
Note that if p(x) = e M, x € R, then
(1 faf)ilf = px* f forall f € L?(R). Here, we denote
by * the convolution. If we denote P (D) as the Fourier
integral  operator ~with the Fourier —multiplier
—i& (1 +§2)71 and Q(D) = (1 +§2)71, then we can
rewrite (6), as follows:

U+ bh (u) ux + au, = P (D) (g (u) + 51 (u) u?)
+Q (D) (bh(u)uy), t>0, x€eR, ©)
u(0,x) =ugp (x), xeR.

Or in the equivalent form

Uy + bh (u) ty + atte = — A2 (g (u) + 51 (u) u?)
+A"2(bh(u)uy), t>0, xR,
u(0,x) =up (x), xeR.
(®)
where A = (1 78)62)1/2.

The main results:

Theorem 1.1. Assume that g1 € CH+! (R), and /(0) =
g(0) = 0. Given ug € H*, s > 3, there exists a maximal
T =T (up) > 0, and a unique solution u to (1) (or (8))
such that

u=u(.,up) €

Moreover, the solution depends continuously on the initial
data, i.e the mapping

c([0,7);H)NC ([0,T);H).

uo — u(.up) : H* — C([0,T);H)NC' ([0,T);H 1)

is continuous.
Theorem 1.2. Assume that g1 € CH*! (R), and £ (0) =
g(0) =0. Let ug € H*, s > 3. Then, T in Theorem 1.1
may be chosen independent of s in the following sense.
If u=u(.up)€C(0,7);H)NC ([0,T);H") to (1)
(or (8)), and if uy € H® for some s’ # s, % < s thenu €
C([O,T);H“'/) nc' ([O,T);H‘Y/’l) with the same T. In
particular, if g,h € C*(R) and up € H® = Ny>oH?*, then
ueC([0,T);H”).

The remainder of the paper is organized, as follows:
In section 2, we present our basic notation and recall
some required results. In section 3, by applying Kato’s
theory, the local well-posedness of the generalized

integrable shallow water equation with strong dispersive
term is investigated.

2 Preliminaries

1-92)" s¢e

First, we introduce some notations. A* = (
R; H* = H* (R) with norm

i ([0 )
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and (.,.) for its inner product. [A,B] = AB — BA denotes
the commutator of the linear operators A and B. For the
sake of simplicity, we will employ the same symbols ¢ for
different positive constants.

We will apply Kato’s theory to establish the local well-
posedness for the Cauchy problem of Eq. (1). Consider the
abstract quasi-linear evolution equation:

, v(0) =wp. C))

Let X and Y be two Hilbert spaces such that Y is
continuously and densely embedded in X and let
0 :Y — X be a topological isomorphism. L(Y,X) denotes
the space of all bounded linear operators from ¥ to X
(L(X),if X =Y). Assume that:

(D A(y) € L(Y,X) fory € Y with

[(Ay) —A@) @llx < Ky =zlx @]y,

and A(y) € G(X,1,B), (i.e. A(y) is quasi-m-accretive),
uniformly on bounded sets in Y.

(ID) QA(y)Q~" = A(y) + B(y) where B(y) € L(X) is
bounded, uniformly on bounded sets in Y. Moreover,

y7Z7a) eY?

IB(y) = B(2)) 0lly < kally—zlly lolly, yzeY,weX.

(IIT) f: Y — Y and also extends to a map from X into
X. f is bounded on bounded sets in Y, and satisfies

1) = F @)y < &3 lly—=2lly
1) = F@)llx < Kally—zllx

Here, ki, k>, k3 and k4 depend only on max {||yl|y,|zly }-

Theorem 2.1. [21] Assume that (I), (II) and (III) hold.
Given vy €Y, there is a T > 0 depending only on ||vo|y
and a unique solution v to Eq. (9) such that

»z€eY,
yzeY.

v=v(.,1) €C([0,T):Y)NC'([0,T):X).

Moreover, the map vy — v(.,vp) is continuous from ¥ to
C([0,7);Y)nC'([0,T):X).

Some useful lemmas:
Lemma 2.1. [22] Let f € H®, s > 3. Then,

[A~ (A M A 2y S elflls Il <51,

where M is the operator of multiplication by f and cis a
positive constant depending only on r, 7.

Lemma 2.2. [21] Let r,# be any real numbers such that
—r <t <vr Then,

. 1

Ifglle < cllfll Mgl ifr> 5,

. 1

178l = cllfll Ml ifr<3

where c is a positive constant depending only on 7, t.

Lemma 2.3. [23] Let X and Y be two Banach spaces and
Y be continuously and densely embedded in X. Let —A be

the infinitesimal generator of the Cy-semigroup 7T () on X
and S be an isomorphism from Y onto X. Y is
—A-admissible (i.e 7 (t)Y C Y, V¢ > 0, and the restriction
of T(t) to Y is a Cp-semigroup on Y) if and only if
—A; = —SAS™! is the infinitesimal generator of the
Co-semigroup Tj (1) = —ST (¢)S~' on X. Moreover, if ¥
is —A-admissible, then the part of —A in Y is the
infinitesimal generator of the restriction of 7' (¢) to Y.

Lemma 2.4. [24] Let f € ClI*1(R), s > 0, with £(0) =
0.Then, for any R > 0, there is some constant C; (R) such
that for all u € H* N L™ with ||u||;- <R, we have

If @)lls < Ci (R) [Jull, -

Lemma 2.5. [24,25] Let f € CE*! (R), s > 0. Then, for
any R > 0, there is some constant C; (R) such that for all
u,v € H*NL* with ||u||;= <R, ||v]|;~ <R and ||u]|; <R,
[Ivll, <R, we have

17 () = FW)ls < G2 (R) fJu = v

3 Local well-posedness

In this section, we prove Theorem 1.1 and Theorem 1.2.

To shorten our notation, we write G(X,1,f3) for the
set of all linear operators A in X, such that —A generates a
Co-semigroup 7'(¢) on X and that ||T(2)]|x) < P for all
t > 0. We will apply Theorem 2.1 with

A(u) = bh(u)dy+ad?,

b
fu) =—dA2 (g (u) + Eh’ () u§> + A2 (bh (u)uy),
1

Y=H'X=H"landQ=A = (1 - 8)(2) 2 . We know that
Q is an isomorphism of H* onto H*~!. To prove Theorem
1.1, by applying Theorem 2.1, we only need to check that
A(u) and f(u) satisfy assumptions (I)—(IIT).

We break the argument into several lemmas.
Lemma 3.1. The operator A () = bh (u) 0 +ad3, with u €
HS s> % belongs to G (LZ, 1,B) .
Proof. From [26], A () € G (L?,1,B) if and only if there
is a real number f3 such that

) 2

(i) (A@)y,y)o = =BlIylo

(ii) The range of A1+A is all of X, for some (or all) A > 3.
We first prove (i). Since u € H*, s > %, u and uy belongs to
L. Note that [, < [lu], and [luf~ < ull,. Thus,

(A (u)y,9)o| = [((bh () ey, y)o| + ] (ad5y, ),

b
<[5 19l 1

b
<[5 e, iz

2
< cCi (R) [ull I¥llo-
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Setting B = cCi(R)|ul,, we obtain
2

(A(u)y,y)g = —Bllylly- Next, we prove that A (u)
satisfies (ii). Because A(u) is a closed operator and
satisfies (i), (A1 +A) has closed range in L* for all A > .
Therefore, it suffices to show that (AI+A) has dense
range in L? for all A > B. Given u € H*, s > % andy € 2.
We have the generalized Leibniz formula

O ((bh(u)+ad?)y) = o (bh(u)+ad?)y
+ (bh(u)+ad?) oy inH .
Due to u, u, € L, we have
D(A) = D ((bh(u)) ok +ady)
={ye L, (bh(u)) Oy +adly € LZ}
= {zeL? 0, (bh(u)+ad})ze L*}

_D (((bh (u)) 8x+a8x3)*) —D(A").
Assume that the range of (A7+A) is not all of L?, then
there exists z € L?, z # 0, such that (A +A)y,z), = 0,
Wy € D(A).Since H' C D(A), we have that D (A) is dense
in 2. Hence, it follows that z € D (A*) and Az +A* = 0 in
L%. Since D (A) = D (A*), multiplying by z and integrating
by parts, we obtain

0= ((AM+A%)z,2)
= (Az,2)o+ (2,42)g > (A= B) [1zll§, VA > B,

and so z = 0, which contradicts our assumption z # 0. This
completes the proof of Lemma 3.1.

Lemma 3.2. The operator A () = bh (u) 0y +ad3, with u €
H*,s> 3 belongsto G (H*~',1,B).

Proof. Since H*~! is a Hilbert space, A(u) belongs to
G(H*~',1,B) for some real number § if and only if the
following conditions hold [21]

(@) (A@)yy)s_g = =Byl -

(i) -—-A (u) is the infinitesimal generator
Co—semigroup on H*~! for some (or all) A > f3.
Using the equalities

(A adly, A y), =0, (10)
A (bh(u) dey) = [A*' bl (u)] Oy +bh (u) A~ Oy

we have
|(A)y.y),| = [ (A

of a

u) s +adl)y) . A1)
= [(A* lbh xy,AY )l
[([A*1, bk ()] ey, A y),
+ (bh (W) A9y, A Ny) |
} Al SAST 1 Asfly)

9, (47,

b AT ()] AF

< b ([A h(u)
|2 (an
<

b
+ ‘Eaxh W) _

ol

12
Ayl

HL(LZ) ’

(A1) l5-

From Lemma 2.1 with r =0, ¢ = s —2 and Lemma 2.4, we
obtain

|(A()y.y) \ < e (Il @)+ 10k )l =) I3
(||h(l4)|| {1 )l 111
Ci (R) [lull I¥113- -
Choosing ﬁ = cCi(R)|ull;, we have
(A(u)y,y),_ ﬁ|\y|| _, - Next, we prove (ii). Consider

§=As"1 Note that S is an isomorphism of H*~! onto L,
and H°~! is continuously and densely embedded in L? as
5 > % Define

Ar(u) = SA) S " =ATTA(u) A,

Bi(u) =Ay (u)—A(u).

Let y € L? and u € H®. Moreover, we have
[ASL (bh (1)) 0] AT = [AST! (bR (u))] A'~50;. Then,
we obtain (note that (10)= 0)

1By () yllg = ||[A*~" bR (u) o] AT,
= A b w)] A3,
< [lo [ h(w)] A gz []A~ 2]

< el llyllo < eCo (R) llull [1llo

where we used Lemma 2.1 with r =0, t = s —2 and
Lemma 2.4. Hence, B;(u) € L(L?). Note that
Ai(u) = A(u) + By (u) and A(u) € G(L*1,B) (see
Lemma 3.1). By a perturbation theorem for a semigroup,
we have that Ay (u) € G(L?,1,B;). By Lemma 2.3 with
X=1%Y =H"" and S = A*"!, we conclude that H*~!
is A-admissible. Therefore, —A(u) is the infinitesimal
generator of a Cy-semigroup on H*~!. This completes the
proof of Lemma 3.2.

Lemma 3.3. Let the operator A (u) = bh (u) d; + ad; with
u € H*, s> 3. Then, A (u) € L(H*,H*""). Moreover,

[(A(w) —AW)) ol < i [Ju—
u,v,® € H*.

v”sfl Hw”sa

Proof. Let u,v, € H®,s > 3. Note that H*~ " is a Banach
algebra. Then, we have
[(A(w) —AW)) oy = [[b(h(u) =h(v)) drol,_,
< |16 (h(u) =h ()]l IOkl
< Gy (R) [|lu— vl o],
where we used Lemma 2.5. Taking v = 0 in the above

inequality, we obtain A (u) € L (H*,H*") . Thus, proof of
the Lemma 3.3 is completed.

Lemma 3.4. The operator
B(u) = [A

withu € H®, s > % Moreover,

, (bh(u)+ad?) ) A~ e L(H*Y),

1(B(u) = B(v)) @l <2 [lu =[]

@© 2021 NSP
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Proof. Let u,v € H* and w € H*"!, s > % Moreover, we

have [A, (bh(u))d,] A" = [A, (bh(u))] A~ 0;. Then, we
obtain
[(B(u) = B(v)) 0|,
= ||AS A, (bh(u) — bh(v)) JA o],
= ||A* A, (bR (u) — bh (v)] A 0],
< oA A (R () —h ()] AT ||L(L2

x |A 200, -

Applying Lemma 2.1 with r =1 —5,¢ = s — 1 and Lemma
2.5, we obtain

[(B(#) =Bv) @[y < c||(h(u) =h @)@,

< G (R) [lu—vlllof;-,

Taking v = 0 in the above inequality, we obtain B (u) €
L (H ‘“1) . Thus, proof of the Lemma 3.4 is completed.

Lemma 3.5. Let

£l = -2c(1-28) " (e + 3002
+(1-32) " (bh()my).

Then, f is bounded on bounded sets in H*, and satisfies

@ [f(u) = fOV, <m3llu—vly, u,veH,

Gi) )~ FO) < walu—vl, v e B,

Proof. Let u,v € H*, s > % Setting

filw) = (1-33) " (b (u) )
(

= boy (1 - 2) (k(u)),
fa(u) = =0, (1 —32) (g(u))
frlu) = —ac(1-22) (”h’( ).

where k' (u) = h(u), then

f(u) = fi(u) + fo(u) + f3(u).

Applying Lemma 2.5, we get
1£1 ) = fi)llg < ellb (k(ue) = k()]s

< Gy (R) [|u— v

and

1£2(u) = 205 < cllg(w) —gW)lls-
< Gy (R) [Ju—vl-

Since s > % and H*~! is a Banach algebra, then

150~ W), < e )
< (I ) (12 -

+ v (1 (w) =1 (v

u?—n (v)v H
vx)||s71

Iy

< (||’ (u) )| flot = viellsy
X [t +vl[g_y
+’h/(0)‘ H”x_Vst 1H”x+"st 1

2
Hvlle—y [ (7" () =1 W) ||,
Again using Lemma 2.4 and Lemma 2.5, we obtain
1£3 () = fs)l5 < e (Cr (R)+ |1 (0)]) [lee = v [+ vl
+cR*Cy (R) [l — vl
< c(R(Cr(R)+[K' (0

x HM*VIIS

)|) +R*C (R))

< cllu—=vl-

Taking v = 0 in the above inequality, we obtain that f is
bounded on bounded sets in H*.

Next, we prove (ii). Let u,v € H*, s > % Analogously of
(i), we get

1fi () = i) sy < b (k(u) — k)],
< Oy (R) [lu—vll,_,
1f2(0) = L0y < cllglu) —g(v HY )
< ¢y (R) |lu—vl],
Next,
I£3(u) = Fs(0) sy < ||l )z =1 w2,
Sc(uh'<u><u§—vz>usfz
2 (0 ) =1 )],
< c([IW @ o+, 1 =)l )

+ ||VX||5'71 H (h/ h/ Hs 2
< (|| (u)
+ K (0
I (R () =B (v

< cflu—ll,_y-

(0| et = vl e+ vl

Ml =gyl

Hs 2

This completes the proof of Lemma 3.5.

Proof of Theorem 1.1. Combining Theorem 2.1 and
Lemmas 3.1-3.5, we can get the statement of Theorem 1.1.

Then, we will give the proof of Theorem 1.2.

Proof of Theorem 1.2. It suffices to consider the case
s’ > s, since the case s’ < s is obvious from uniqueness
which is guaranteed by Theorem 1.1. To prove Theorem
1.2 for s’ > s, let us return to (8), if we apply operator A2 to
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(8), we obtain the following equation for y (1) = A%u(t) =
U— Uy
dy

S TAOY+BOy=1(1), y(0)=A%(0),

where

At)y =0, ((bh(u)+adl)y), B(t)y=">bh (u)uy,

and

f(t) =uy <§h" (u)u® — g (u) 4 2bh' (u) u+ bh (u)) .

Because u € C([0,T);H*) and ug € H* , we have
yecC([0,7);H?)

and

y(0) = A2u(0) eC ([0, T) ;H“'/’z) .

It is our purpose to deduce y € C ([0, T) ;H‘YLZ) , which

implies u € C ([0, T) ;H‘Y/) . This will complete the proof
of Theorem 1.2.

Note that u € C([0,T);H*), u, € H*~', where H*~!is a
Banach algebra, and g,/ € Clsl+1 (R). Then, we obtain

B(t)e L(H") and f(t) € C([0,T);H*").

To this end (see Lemmas 3.1-3.3 in [22]), we first need to
prove that the family A (7) has a unique evolution operator
{U (t,7)} associated with the spaces X = H" and Y = H¥,
where —s <N <s—2,1—s<k<s—1l,andk>n+1.
Therefore, according to the proof of Lemma 3.1 in [22],
we need to verify the following three conditions.

() A(t) e G(H",1,8), Vy € H*.

(i) A9y [A*= bh(u)] A~ is uniformly bounded on L?.
(iii) A(¢t) € L(H*,H") is strongly continuous in ¢.

We begin by verifying (i). Since H" is a Hilbert space,
A(t) € G(H",1,B) [21] if and only if there is a real number
B such that

@) (A(1)y,y)y = —BIyll5

(b) —A (¢) is the infinitesimal generator of a Cy-semigroup
on H" for some (or all) A > f3.

First, we prove (a). Take y € H™ and note that

A0y (bh (u)y +adyy)

= A9, (= [A7",bh ()] ATy+ A~ (bh (u) ATy))
+aA"dly

= —A"0, [A™",bh (u)| ATy + 0, (bh (u) ATy)
+aA"dy.

Then, we have
(A (t)y7y)n = (_Anax [Ain,bh (Lt)} Any
+0x (bh (u) Ay) +aA" 37y, AMy),,
= (AT AT bh (u)] ATy, AT y)
b
2 (O (W) Ay), ATy,

< (AT (A5 )] 2y 1A

+ Hgaxh (1)

2
1Ayfo-
I

From Lemma 2.1 with r = —(n+1), t = 0 and Lemma
2.4, we obtain

(A0 32)| < Ul + 10k @) ,-) 117
< c(|lh @)+ Ih@l,) I3
< cCy (R) [lull Iy 115 -

Choosing B = cCi(R)|ul,, we

(A@0)yy)n = =Byl

Second, we prove (b). Let § = AS~177M_ Note that S is an
isomorphism of H*~! onto H" and H*~! is continuously
and densely embedded in H™m as —s < 1 < s — 2. Define

Ar(t) = SA()S T = ATITTA () AT,
Bi(t) = A () =A() = [S.A )5

Letye H"andu € H*, s > % From Lemma 2.1 with r =
—(M+1),t=s—1and Lemma 2.4, we have that

1By (1), = ||A" 9 [A*1 7 bR () AT 5|
< HA"&x [Asj]in’bh (“)]AlisHL(LZ)
x [|Ay|lo

< cllh()sllylo
< <Cr (R) [[ulls [yl -

Thus, we obtain B (t) € L(H"). Note that
A)y = 30 ((bh )+ a32) )
= 0, (bh(u))y+bh (1) 0y + adly
and u, € L(HS") )

have

Applying Lemma 3.2 and a perturbation theorem for
semigroups, we have H*"! is A(t)-admissible.
Furthermore, applying Lemma 2.3 with ¥ = H*"!,
X = H" and S = A~ we obtain that —A;(¢) is the
infinitesimal generator of a Cyp-semigroup on H". Due to
Ai(t) = A(t) + By(r) and B;(t) € L(H"),by a
perturbation theorem for a semigroups, we have that
—A(t) is the infinitesimal generator of a Cy-semigroup on
H". This completes the proof of (b).

Next, we verify (ii). Take y € L. Then, we have

A0 [AF bk )| A%Y|| < e (R) ul Iyl
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where we applied Lemma 2.1 with r =
and Lemma 2.4.
Finally, we verify (iii). Take y € H*. Then,

I(A(t+7)=A@0)yll,
= [0 (bh (u (t+T)) bh(u(1))y)ly

—(n+1),t=k

< A (u(t+ 7)) = bh(u () ¥l
<clbr(u(t+7)) =h(@ODl 1 [¥ln
< Gy (R) [lu(t +7) —u (@)l s—y 15 lly 1

< Gy (R) [[ (et +2) —u(@) s Iyl

where we applied Lemma 2.2 with r =s—1,r=n+1
and Lemma 2.5. By the continuity of u#, we prove (iii).
Thus, the above three conditions imply the existence and
uniqueness of evolution operator U (z,7) for the family
A(t). In particular, U (¢,7) maps H” into itself for
—s<r<s—1.

Next, we choose Y = H*2 and X = H* 3. Note that

yeC([0,7);H*)nC' ([0,T);H ).

By the properties of evolution operator U (¢,7), we can
obtain

L W)y () =U (1,0 (~B(2)y(2) + £ (1))

drt

An integrating over T € [0,7] gives

y(f):U(t,o)y(OH/otU(t,T)( B(t)y(7)+f(1))dr
(11)
If s o< 8§ < s o+ 1, we have

f@) € c(0,1);H") C C([O,T);HS/’Z) and
B(t) = bl (u)uy € L (HS/’Z) is strongly continuous in

[0,6), and B 'HY 2 c HY "2 as s — 1 > 1. Due to
—s<s—2<s5—2<s—1, the family {U (1,7)} is
strongly continuous on H"? to itself. Note that
y(0) € H'~2. We regard Eq. (11) as an integral equation
of Volterra type which can be solved for y by successive
approximation. Then, the result of Theorem 1.2 is
obtained.

If & > s+ 1, we obtain the result of Theorem 1.2 by
repeated application of the above argument. This
completes the proof of Theorem 1.2.

The authors are grateful to the anonymous referee for the
careful checking of the details and the constructive
comments that improved this paper.

Conflict of Interest

The authors declare that they have no conflict of interest.

References

[1] D. Dutykh, Th. Katsaounis, and D. Mitsotakis, Finite volume
methods for unidirectional dispersive wave models, Int. J.
Num. Meth. Fluids, 71, 671-736 (2013).

[2] A.D.D. Craik, The origins of water wave theory, Annu. Rev.
Fluid Mech, 36, 1-28 (2004).

[3] G.G. Stokes, On the theory of oscillatory waves, Trans.
Camb. Phil. Soc., 8, 441-455 (1847).

[4] A.D.D. Craik, George Gabriel Stokes and water wave theory,
Annu. Rev. Fluid. Mech., 37, 23-42 (2005).

[5] W. Hereman, Shallow water waves and solitary waves, in:
Encyclopedia of Complexity and Systems Science, Ed.: R.
A. Meyers, Springer Verlag, Berlin, Germany, 8112-8125
(2009).

[6] L. Tian, G. Fang, and G. Gui, Well-posedness and blow-up for
an integrable shallow water equation with strong dispersive
term, International Journal of Nonlinear Science, 1, 3-13
(2006).

[71 A.A. Himonas and G. Misiolek, Well-posedness of the
Cauchy problem for a shallow water equation on the circle,
Journal of Differential Equations, 161, 479-495 (2000).

[8] A.A. Himonas and G. Misiolek, The initial value problem for
a fifth order shallow water, in: Analysis, Geometry, Number
Theory: The Mathematics of Leon Ehrenpreis, Contemp.
Math., Amer. Math. Soc, Providence, RI 251, 309-320
(2000).

[9] H. Wang and S. Cui, Global well-posedness of the Cauchy
problem of the fifth-order shallow water equation. Journal of
Differential Equations, 230, 600-613 (2006).

[10] H.R. Dullin, G.A. Gottwald, and D.D. Holm, An integrable
shallow water equation with linear and nonlinear dispersion,
Physical Review Letters, 87, 1945-1948 (2001).

[11]R.S. Johnson, Camassa-Holm, Korteweg-de Vries and
related models for water waves, Journal of Fluid Mechanics,
455, 63-82 (2002).

[12] L. Tian, G. Gui, and Y. Liu, On the Cauchy problem
and the scattering problem for the Dullin—Gottwald—Holm
equation, Communications in Mathematical Physics, 257,
667-701 (2005).

[13] S. Hakkaev, Stability of peakons for an integrable shallow
water equation, Physics Letters A, 354, 137-144 (2006).

[14] A. Constantin and W.A. Strauss, Stability of the Camassa-
Holm solitons, Journal of Nonlinear Science, 12, 415-422
(2002).

[15] Z. Yin, Well-poseness, blow up, and global existence for an
integrable shallow water equation, Discrete and Continuous
Dynamical Systems-Series A, 11, 393-411 (2004).

[16] Z. Yin, Global existence and blow-up for a periodic
integrable shallow water equation with linear and nonlinear
dispersion, Dynamics of Continuous, Discrete and Impulsive
Systems Series A: Mathematical Analysis, 12, 87-101 (2005).

[17] S. Zhang and Z. Yin, On the blow-up phenomena of
the periodic Dullin Gottwald Holm equation, Journal of
Mathematical Physics, 49, 1-16 (2008).

[18] Y. Zhou, Blow-up of solutions to the DGH equation, Journal
of Functional Analysis, 250, 227-248 (2007).

[19] D. Lu, D. Peng, and L. Tian, On the well-posedness
problem for the generalized Dullin—-Gottwald—Holm
equation, International Journal of Nonlinear Science, 1,
178-186 (2006).

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

436 N

N. Diindar, N. Polat: Local Well-posedness for a Generalized...

[20] X. Liu and Z. Yin, Local well-posedness and stability of
peakons for a generalized Dullin—Gottwald—Holm equation,
Nonlinear Analysis, 74, 2497-2507 (2011).

[21] T. Kato, Quasi-linear equations of evolution, with
applications to partial differential equations, in: Spectral
Theory and Differential Equations, Lecture Notes in
Mathematics, Springer-Verlag, Berlin, 448, 25-70 (1975).

[22] T. Kato, On the Korteweg—de Vries equation, Manuscripta
Mathematica, 28, 89-99 (1979).

[23] A. Pazy, Semigroup of Linear Operators and Applications
to Partial Differential Equations, Spring Verlag, New York,
(1983).

[24] S. Wang and G. Chen, Cauchy problem of the generalized
double dispersion equation, Nonlinear Analysis, 64, 159-173
(20006).

[25] N. Duruk, A. Erkip, and H. A. Erbay, A higher-order
Boussinesq equation in locally non-linear theory of one-
dimensional non-local nelasticity, IMA Journal of Applied
Mathematics, 74, 97-106 (2009).

[26] T. Kato, On the Cauchy problem for the (generalized)
Korteweg—de Vries equation, in: Studies in Applied
Mathematics, in: Advances in Mathematics Supplementary
Studies 8, Academic Press, New York, 93-128 (1983).

Nurhan Diindar
graduated from Department
of Mathematics, Dicle
University, Diyarbakir,
. Turkey in 2007 and received

A her MS and PhD degrees
W A in  Applied Mathematics
il <l from Dicle University in 2009
J%’ j&lmfi__ and 2014, respectively. Her
research interests are in local
existence, global existence, continuous dependence,
asymptotic behavior, stability and instability of solutions
for nonlinear parabolic differential equations, analysis of
nonlinear differential equations, and mathematical
behavior of nonlinear differential equations.

Necat Polat
graduated from Department
of Mathematics, Dicle
University, Diyarbakir,
Turkey in 1997 and received
her MS and PhD degrees
in  Applied Mathematics
from Dicle University in
2000 and 2005, respectively.
He currently works as an
Associate Professor at Department of Mathematics in
Dicle University. His research interests are in local
existence, global existence, continuous dependence,
global nonexistence, asymptotic behavior, decay, stability
and instability of solutions for nonlinear hyperbolic and
parabolic differential equations, analysis of nonlinear
differential equations, and mathematical behavior of
nonlinear differential equations. He is referee and editor
of mathematical journals.

@© 2021 NSP
Natural Sciences Publishing Cor.



	Introduction
	Preliminaries
	Local well-posedness

