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1 Introduction

Let (H,({.,.)) be a complex Hilbert space and B(H) be the
C*algebra of all bounded linear operators on H. The
numerical radius w(.) and the usual operator norm ||.|| for
T € B(H) are defined by w(T) = sup |(Tx,x)| and
[Ixl[=1
7] = sup (Tx.Tx)2.
[Ix[[=1

It is Known that the numerical radius and the usual
operator norm are equivalent norms and satisfy the
following sharp inequality

1
ST =w(T) <ITll,

for T € B(H).

Let Ty,...,7, € B(H) and p > 1. The Euclidean
operator radius w,(7T1,...,T,) and the general Euclidean
operator radius wy(T1, ..., T,) are defined by

D=

n
we(Th, ..., T, —sup<z [ (Tix,x) | )

[

and

=
==

[

wp(Ti, .., T) = sup (Z | {Tix, x) |”>

Note that w,(.) and w)(.) are norms and if n = 1, then
wp(Ti) = w(T1), see [6,9,10] for more information. Let

a,b>0and 0 < o < 1. Then we have
e The classical Young inequality:

a®b'=* < aa+ (1 — )b (1)
e The authors in [1] gave a refinement for (1) as follows:
a®b' =% < aa+ (1 — a)b—ro(v/a—b)?
where rp = min{a, 1l —a} (2)

e The authors in [2] presented a generalization for (2) as
follows:

< (aa+(1—a)b)*—rk(a® — b?)>?
where rp = min{o,1 —a}, (3)

(aabl—a)k

for every k € N.
e Recently, Choi [3] has given another refinement for
Young inequality as follows:

(a®p'"*) < (aa+ (1 — a)b)r—

(2t ((“;b)k—wb)’f‘)

where rp = min{o,1 —a}, (4)

for every k € N.
e The following inequality can be found in [4]:

aa+(1—a)b < (ad +(1—a)b’)7, 5)
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forevery r > 1. LetA;,B;,T; € B(H) (i=1,2,...,n) and f
and g be nonnegative continuous functions on [0,c0) such
that f(t)g(t) =t (¢t > 0). Moslehian et al. [5] established
the following upper bound for w), :

WP (ATiBy, ... Ay TuBy) <
nrfl n 5
o | (BT + i1 )a) ") | ©
=
for every r,p>1.
n [6], the authors refined inequality (6) as follows:
W;p(ATT]B],...,A;Tan) <
1’117l 4 2 rp %
— X (B ATDBY T + (i A" ) | -
roi=1
‘l‘nﬁé(), @)
for every np > 1 where Ex) =

2

1
LE ((EPATDB) w7 D ) )
Recently, the authors [7] has given a generalization for
inequality (7) as follows:

WZ(ATT[B] 5 ...,A;Tan)

r

) g an )

‘l‘nﬁé( x), (8)

Y. (@& (5,

i=1

for every k € N and r, p > k where

§x) =
> ({ (@i amnmf -+ wiampay ) )
- (<<B;f2<m|>3i>‘fx,x><<A;*g2<|T,»*|>Ai>§x,x>)é]

In this paper, we present a generalization and a
refinement for some results that include upper bounds for

wp(Th, .. 7T,,) and w(T) where T,T; € B(H)
(i=1,2,...n).
2 The Main Results

To prove our results, we need inequalities (1)-(5) and the
following two well-known lemmas. The first lemma is a
result of the spectral Theorem together with Jensens
inequality (see[8]).

Lemma 1.Let T € B(H) be a positive operator and x € H
be any vector. Then

(a) (Tx,x)* < ||x||>~2(Tx,x) for s > 1,

(b) (T*x,x) < ||x|]>~2(Tx,x)’ for0 < s < 1.

The second lemma is also a consequence of the spectral
Theorem [8].

Lemma 2.Let T € B(H) and f and g be nonnegative
continuous functions on [0,00) such that f(t)g(t) =t

(t = 0). Then (Tx,y) < |[f(ITDx|llg(IT*)y|| for any
x,yEH.

Our first result generalizes (8).

Theorem 1.Let A;,B;,T; € B(H) (i=1,2,...,n) and f and
g be nonnegative continuous functions such that
f(t)g(t) =t forallt € [0,0). Then for every k,m € N and

np >k,
wﬁ(ATT{”BI,...,A:T,{"Bn) <
nlfé m n o r
— Y X (0T +wpF)| - inf &), ©
2rm j=1 ||i=1 [lx[|=1

where U;; = Al f2(|T*
and

DALV =BT (T )T B,

(10)
Proof.Let x € H be any unit vector. Then

p

-

1
(AT Bix,x)|’ = —
1 m £

)

n

J
Y AT DAl Pl g (1T T/ Bix] [P
l1i=1

HM:

<T,.*j AT Bix) ‘

1

Ms

1
m

j
(by Lemma 2)

n

fZ uxx

j=li=

[SiS]

1
- (Vijx,x)
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(by Lemma 1 part (a))

n]*é m 1 - % N ]7(
= 2];m jZl < (tzl ((Ulj) + (Vlj) ‘ ))x’x>

(by concavity of tr (t>0)).

We get the desired bound by taking the supremum over
all unit vectors x € H.

The inequality (8) can be directly obtained g by
letting m = 1 in Theorem 1. Also Corollary 2.2 in [7] is
obtained by settingm =1, f(t) = g(r) = t2 and T; = I for
i=1,2,...,nin Theorem 1.

An application of Theorem 1 can be seen in the
following result. It includes a general Euclidean operator
radius inequality for powers of operators.

Corollary 1.

LetT; € B(H)and m € N.Then,
wh(T{",.., T;") <

~ I

1—k
r

m
kZ
r':

*’”fjmjL
i)

- H;‘I‘lil g(x)a

n
Y

foreveryk € Nandr,p > k, where

Sx) =
i2<2k< (7 [+ (1" 1 1) )x,x>k

j=li=1
k
C - P 2
({7 o) (im0 ) ) )

The upcoming simpler form follows from Corollary 2.4 by
setting r = k.

1
m

Corollary 2.Let T; € B(H) (i=1,2,...,
m,k € Nand p >k,

n). Then for every

WZ(TIm’ Tm)
<4 f l\z|r*’|P+<T*’"’|Tf|T"” | - e 2
j=1lli=1
where
&(x)

m n ; = P k
—n Lk <<<|Ti*’|% 0 1) )
J=li=

k
. o o 3
(s (im0 ) ) )

Following the same arguments used in Theorem 1, we
achieve the following.

Theorem 2.Let A;,B;, T, € B(H) (i=1,2,...,n) and f and
g be nonnegative continues functions such that f(t)g(t) =t
for all t € [0,00). Then for every a € [0,1], k,m € N and
r,p >k we have wh(ATT!"By, ...,A;T"By,)

_;ZZ<
j=li=1

- )icnflé(x))

where U;j and V;j as in Theorem 2.1,

k(1-a) ¢
A
E(W) =k <f>

k
& Kitw 2
- (<U17 x,x> Vz] X, X ) )

and A, = (2min{a, 1 — a})*.

& g
U + (1 —a)V;

Proof.Let x € H be any unit vector and let B = 1 — o. Then

n
L (A7 T"Bix,x) [P
i= 1

n B

§% Z Z<qux> < Uxx>

j=li=1

1 )Ta L N3 |
<1 8 £ ((uixr) " (vhn) )
li=1
(by Lj,emma 1 part(b))

B k
% o L2 1
< m,):, ,Z (((Ufex.x) <Vijk,ﬁx,x> BE
(by Lemma 1 part(a))
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P r k
(v n))!
J P k
<U15‘L"‘ x,x>+<Vi;ﬁ x,x>
*)Lk ( P )

D=

k
,(<Ui7]‘-%x,x> <Vi§5x,x>) ))
(by mequalltles (4) and (5))
—m Z Z (( < Uxx>p_
+ﬁ<Vijx,x>Ts)

ya ﬁ k
k
<Uij05 x,x>+<V,-j x,x> )

i | ( 2

k
¥

1

_(<Ui’]‘.]7)"x,x> <V,.;k.%x,x>)%>> i

(by Lemma 1 part(a)).
The proof of the theorem is finished by taking the
supremum over all unit vectors x € H.

The next corollary is a refinement for Theorem 2 in [9].
Corollary 3.Let A,B< B(H), o € [0,1] and r > 1. Then

1

. inf 09

wia8) < (ol + (- sl |~ int

where

£(x) = 2min{a, | — a} <Wx,x> -

Proof. The result follows by letting n = m
A=A, B =B, T, =Iand f(t) = g(t) =1?.

The next corollary is obtained by setting f(¢) = g(z) = 12
and 7; =1 fori=1,2,...,n in Theorem 2.

Corollary 4.Let A;,B; € B(H) (i = 1,2,...,
any a € [0,1], k,m € Nand r,p > k we have

n). Then for

WZ(ATBlv---a

1 m n
L L [l (1= o7
j li=

AnB,) <

k
r .
— inf &(x
[l |=1

where

k
|Ai|7‘% +|Bi|ﬁ
E(x) =X fx,x —

_pr 4
(i) <|B,-|k<w>x,x>)2>.

The next result is a generalization of Theorem 2.2 in [7].

Theorem 3.Let T; € B(H) (i = 1,2,...,n). Then for 0 <
a<l,keNandp>2k,

Wﬁ(TIm, ceey Tnm) S

1 m n mei || 0P o it et 2 k
S | (amit  prm m) )
j=li=1
— inf &(x), where
[lxl[=1
_
Slx) =
m— L k
7%+ (@ |,
X, X
j=li= 2

k
; i j m—j L 2
—(<|T,~f|i’x,x><<n'"fm*’m* ))) ]

Proof.Let x € H be a unit vector. Then
2 «Mm=J p
Z| ", x) <T] 1x>’
i=1 j li=1
n 4 o i 2
Z Z (<|Tij|2ax,x> <Timfj|Tl_*J|2(lfa)Tl_* Jx,x>)

j]l

(by Lemma 2)
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k

jB m—j s/ «Mm=J %)
<|Tl |kx’x>Jr <(Tl 71T ) x,x> Theorem 4.Let T; € B(H) (i = 1,2,...,n). Then for every
2 meN,p>land0 <o <1,

WZ(Tlma '-'7Tnm) <

k
i _— J m—j L 2 M=
(o )] L (e e

)4
- jnt 09

j=1i=1
(by inequality (4) where
1 m n ap . ) ,
“whEIT g0 = (o) = (1 P ) )
; , . e\ Kk
.<(a|Ti’|]/§ +(1— 05)(7",-m]|7}*"|7}*m'7)k) x,x> ProofLet x € H be a unit vector. Then
n
(2min{or, 1 — o })K & & ([ ||OP Y (Tx,x) P <
B Z i i=1
m j=1i=1 1 m n . % X R _ % p
ZZZ<<|T1]|20¢X’X> <Timfj|Tl_*J|2(lfa)Ti* Jx,x> )
j=li=1
. B k
|T']|£+( " j|T*I|T*m ! (by Lemma 2)
: > X, X
1 m

™=

[(11/Pex) + (11 PO )

\®)

1

k <
L . ) i b 5 <
_ (<|Ti]|i'x,x> <(Tlmj|Tl*J|Tl* J)kx,x>) ] Pm J=1i

(by Lemma 1 part (a)). ' 1 o p 1\ 277
Taking the supremum over all unit vectors x € H, we finish — (<|T/ |2°‘x,x> g <Tim7] |77 PU= a7 ]x,x> 2) ]
the proof.

Choosing o = % in Theorem 3 we get the following

corollary. (by inequality 3)).

Corollary 5.Let T; € B(H) (i = 1,2,...,n). Then for any 1 o . e i ) egi—]

m,k € N and p > 2k, %ZZK(“}”M‘FTin J|Tz |2(] a)Ti )xax>

j=1li=1

1 I\ 2
RS

Wz(Tlma ey Tnm) <
p

M=

AN

ka
- ‘l‘f;ﬁé (x) The proof is complete by taking the supremum over all
unit vectors x € H.
where
E(x) = The final result in this paper follows from Theorem 4 by
letting & = 3.
P k .
| m il |T*’|k (T ]|T*’|T* Ik Corollary 6.Let T; € B(H) (i =1,2,...,n). Then form € N
EZZ T, 5 X, X and p > 1,
J=1i=1 wh(T{", ... T,") <
. L 5 I ¢ v j M= J | o] | =T . r
- (<|T,.*-’|£x,x> <( "1 |1 x,x>) ) o & X i1+ 7 | - nf £()
j=li=1 -
, where
The next result provides a generalization for _ T 3 e T j T*m j 3 :
Sheikhhosseini et al. estimate ([6], Theorem 2.14). () = <| i |x,x> _< 7| > )
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3 Conclusion

In this paper, general inequalities for the generalized
Euclidean operator radius were presented. Several
existing upper bounds for the numerical radius and the
generalized Euclidean operator radius were obtained as
special cases from our results. Also, we gave a general
refinement for the well-known Dragomir upper bound for
the numerical radius of bounded linear operators.
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