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Abstract: In this work we define a generalized Laplace transform and establish some of its fundamental properties, in addition, we
show that it contains as particular cases, several known from the literature, including the classical Laplace transform. In addition, its

application to the resolution of generalized differential equations is shown.
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1 Introduction

One of the mathematical areas that is in constant
development is that of Differential Equations (with
different operators and in different functional spaces), and
their solution methods, in particular, due to the
multiplicity of applications and its own theoretical
development, over time, researchers and productions
related to this area have been increasing, you can consult
in [1,2,3,4] different aspects of this increase and its
overlaps with the development of Mathematics itself.

In particular, one of the main difficulties is finding
methods to find analytical solutions to some classes of
differential equations, within these methods are those that
use different integral transformations (Laplace, Mellin
and Fourier, for example) some attempts in this direction,
to fractional and generalized differential equations can be
foundin [5,6,7,8,9,10,11,12,13,14].

In [15] (see also [16] and [17]) a generalized fractional
derivative was defined in the following way.

Definition 1.Given a function f : [0,+o) — R. Then the
N-derivative of f of order « is defined by

NE ) = i /PR 1)

ey

forallt >0, o € (0,1) being F(ex,t) is some function.
Here we will use some cases of F defined in function of
Eq(.) the classic definition of Mittag-Leffler function with

Re(a),Re(b) > 0. Also we consider E, ,(t~ %)y is the k-nth
term of Ey ().

If f is a—differentiable in some (0,0), and
lim NZ f(t) exists, then define N¥f(0) = lim N f(z),
=0+ =0+

note that if f is differentiable, then N¥ f(t) = F(t,ct) f' (1)
where f'(t) is the ordinary derivative.

The function E,(z) was defined and studied by
Mittag-Leffler in the year 1903. It is a direct
generalization of the exponential function. This
generalization was studied by Wiman in 1905, Agarwal in
1953 and Humbert and Agarwal in 1953, and others,
additional details and more information can be found in
[18,19,20,21,22,23,24,25,26,27].

This generalized differential operator contains many
of the known local operators (for example, the
conformable derivative of [28] and the non-conformable
of [29])) and has shown its usefulness in various
applications, as it can be consulted, for example, in [30,
31,32,33,34,35,36,37]. One of the most required
properties of a derivative operator is the Chain Rule, to
calculate the derivative of compound functions, which
does not exist in the case of classical fractional derivatives
Ng(fog)(t) = Ngf(g(t)) = flg(t))Nge(t) -

Now, we give the definition of a general fractional
integral (cf. [38]). Throughout the work we will consider
that the integral operator kernel 7' defined below is an
absolutely continuous function.
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Definition 2.Let I be an interval I C R, a,t € I and o € R.
The integral operator J%H, right and left, is defined for
every locally integrable function f on I as

JTar (1) = ./: %dm > a. 2)

sty 0= [

: a)ds,b >t. 3)
Remark.As pointed out in [38], many fractional integral
operators can be obtained as particular cases of the
previous one, under certain choices of the F' kernel. For
example, if F(r —s,a) = [(a)(t —s)'~% the right
Riemann-Liouville integral is obtained (similarly to the
left), further details on Fractional Calculus and fractional
integral operators linked to the generalized integral of the
previous definition, can be found in [39,40,41,42,43,44,
45,46].

Remark.In certain applications, it is necessary to work

with the “central” operator  defined by
T2 0) = Ji 7k ds, 1> a

Remark.We can define the function space L} |a,
set of functions over [a,b] such that (J7 ., [f(t)
+oo.

b] as the
17(b)) <

The following property is one of the fundamental
ones and links the integral operator with the generalized
derivative, defined above.

Proposition 1.Let [ be an interval | CR,ae, 0 < a <1
and f a a-differentiable function on I such that f' is a
locally integrable function on I. Then, we have for allt € I

JEL(NF() (1) = f(1) = £ (a).
Proposition 2.Let I be an interval | C R, a € I and o €
(0,1].
NE(JZL() () = f(2),

for every continuous function f on I and a,t € I.

Remark.In [28] it is defined the integral operator JF, for

the choice of the function F given by F(t,a) = ¢'~%, and
[28, Theorem 3.1] shows

NS o (1)) = £(0),
for every continuous function f on I, a,t € I and

o € (0,1]. Hence, Proposition 2 extends to any F this
important equality.

The following result summarizes some elementary
properties of the integral operator J7, .

Theorem 1.Let I be an interval  C R, a,b € [ and o € R.
Suppose that f, g are locally integrable functions on I, and
ki,kr € R. Then we have

(1) I oy (ki f +kog) (1) = ki o f (1) + kot (1),

() if f > g thenJz . f(t) > J7, g(t) foreveryt €1
witht > a, '

(3) [4110)

(@) [ Fsds = J%, f(6) = I8, f(t) =%, f(6)(b)
foreverytel.

< |f1 () for everyt € I witht > a,

Let C'[a, b] be the set of functions f with first ordinary
derivative continuous on [a,b], we consider the following
norms on C'[a, b]:

F|l-=max|f(#)|, ||Fl|l~ =< max|f(t)|+max|f (¢
Il =max\rl, 171 = {maxlr)1+-max 0]}

The Propositions 1 and 2 were obtained under the case
that the kernel of both operators coincide (as is the case
with local operators), we will give some results in the event
that this does not happen.

Theorem 2.For a function f € C'[a,b] and x € [a,b], we
have

[NEw 0] < K@IF e max [F0)] @

[NEy 0] < K(@)Flle max [F0)]. - 6)

Remark.The constant K (o) of the theorem can depend on
other parameters, as in the case of the Katugampola
operator, where some parameter p will appear.

Theorem 3.The fractional derivatives Ng,, f(t) and
N§,_f(t) are bounded operators from C'[a,b] to Cla,b]
with

INEar SO <KIFlclfllcr, (6)

INE, @) <KIFllcl fllers @)

where the constant K, may be depend of derivative
frame considered.

Remark.From previou results we obtain that the derivatives
Nﬁ‘,ﬁf(t) and N7, f(t) are well defined.

Theorem 4.(Integration by parts) Let f,g :
differentiable functions and o € (0,1].
following property hold

[a,b] = R
Then, the

Tt () (NE 0 8(0) = [F(0)g(0)]a— Ty (&) NEa f Eg))))-
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Theorem 5.If f : [a,b] — R is a continuous function and
o € (0, 1] then, the following inequality is fulfilled

[T (1) @) S TE L1 (). )

Taking into account the ideas of [47] we can define the
generalized partial derivatives as follows.

Definition 3.Given a real valued function f : R" — R and

= (ay, -+ ,a,) € R" a point whose ith component is
positive. Then the generalized partial N-derivative of f of
order o in the point d = (ay,--- ,an) is defined by

NE, f(d)

_ hmf(aly 7“[+£F‘i(ai7a)7"'7al1)7f(al7"' y Ay 7al’l)
e—0 4

10)

if it exists, is denoted N, f(d), and called the ith
generalized partial derivative of f of the order a € (0,1]
at d.

Remark.If a real valued function f with n variables has all
generalized partial derivatives of the order & € (0,1] at @,
each a; > 0, then the generalized «-gradient of f of the
order & € (0,1] at @ is

VEF(d)=(NIf(2), - NEF(A) (D)

Taking into account the above definitions, it is not
difficult to prove the following result, on the equality of
mixed partial derivatives.

Theorem 6.Under assumptions of Definiton 3, assume
that f(t,tp) it is a function for which, mixed generalized

partial  derivatives  exist and are  continuous,
o+ B+o
NFI,ZJ] n (f(tr1,n)) and NFZ,]JZJ] (f(t1,10)) over some

domain of R? then

NEth L (fn) =NES  (Fnn)  (12)

In this paper, based on the operators of the definitions
1 and 2 define us and study a Generalized Laplace
Transform, which contains as particular cases several of
those reported in the literature and apply it to the
resolution of a generalized differential equation, subject
to certain initial conditions.

2 Main Results

The following generalized exponential order will play an
important role in our work.

Definition 4.Let o € (0,1] and ¢ a real number. We define
the generalized exponential order in the following way

EN(c,t) =exp(cF(1,0)).

with 7 (1,00) = [o gy = Jgo(1)(0).

From Definitions 1, 4 and the Chain Rule, we have
NE{EY (c,t)} = cEL (c,1).

Definition 5.Let o € (0,1], let g a function and s a real
number. We define the Generalized Laplace Transform in
the following way

F(s) = (A {8 (0}) () = Jfo (Eg (—s5.1)g (1)) (o).

and its inverse transform
g(0) = (LG} ") () = I (F () EN(s.)G () ()

RemarkIf F (t,00) = 1 then we have the usual Laplace
Transform, and if F(f,a) = t'=% then we have the
Conformable Laplace Transform defined in [39] (also see
[48,49,50]). If we put F(t,0) = ﬁ then we obtain the
generalized Laplace transform of [8] (more details in [51,
52]).

Theorem 7.The Generalized Laplace Transform has the
following properties:

Ly{ag(t)+Bh(t)y = atif {g (1)} + BLy {h (t)(}m

Ly {Npg (1)} = —g(0)—sLy{e(t)} (14

L)} =1 28} (19)

LENEY g0} =— Y (1) (VE)) 5 (0)
k
=1
YL} (16)

where (N¥)" = N oNg‘ o oN¥

n  times

Proof1s easy to see that the first equality holds because the
same property of the integral.

o) N_s
fz@‘{ag(r)wh(z)}:/o Ea( J)Ig(zif((;))-i-ﬁh(t))
_ o [ Eal=s.1)2 (1)
o), “riw

= EN(—s.1)h (1)
+[3/0 Ft.) dt

dt

then

Ly {ag(t)+Bh(t)} = aLy {g(0)} + B2y {h(1)}

For the second property:

@© 2021 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

670 N S B

Vivas-Cortez M. et al.: On a generalized Laplace Transform

N s o
L) = [ e

= [ EX(-sng (0
0

Integrating by parts we obtain the desired equality

t

For the third property we apply the second property
to the function A (t) = J¢ (g (s)) (¢) then 7 (0) = 0 and its
N-derivative is NFh () = g (1)

Finally to obtain the fourth property we iterate the
second property n times.

Theorem 8.Since the function % (t,&) has the property
F'(t,a) > 0 then the following relation between the

Generalized Laplace Transform and the classical one
holds:

(LN = (2{s(Fea)}) &) a

Proof The proof is straightforward with the change of
variables u = .7 (t, )

o EN(_g
() 6) = [t

:/Oooef‘mg (ﬂ(t,a)fl)du
:(,g{g y(t,arl)})(s) (18)

Definition 6.A function f : [0,00) — % is said to be of
g (t) —exponential order if and only if there exists
non-negative constants M, ¢, T such that | f (t)] < Me()
fort>T.

Theorem 9.If f : [0,00) — Z is a piecewise function of
F (t,a) —exponential order; then the Generalized Laplace
Transform exists for s > c.

Proof.

|(TFoEY (—s,1)8 (1)) (7)] < (JEoEq (—s,1)g(1)]) (7)
<M (J%Oefsﬁ“(t,a)ecﬁ(t,a)) (t)
(19)

Again, we apply the change of variables u = .7 (¢, )
and obtain

M / Folesug, - M (1 %(Hy) Tt M
0 S—cC S—C

(20)

Theorem 10.If @ € (0, 1] then we have
L1} =
b) £ {EN(c,t)} = =

§—cC

} S—C

d) L3 {sin(c.F (t,a))} =

o) L3 {g(t)EY

e) L {cos(c.F (t,a))} =

N L3 sinh (¢ (1,a))} =

g) LW {cosh(cF (t,a))} = ==

§e—cC

o _ e E(];c](fsﬁt) _ o —su _
Proofa)23{1} = [, 200 dt = [y e ™du =
lim — *e;ﬂ =1
T—oo

— e Eg(ixvl)Eg(C!t) .

b) L {EY (et }7( j) I e dt =
Joe” cud”_rllﬁ”i,_fe; =

0 g {sMENen} = [; et g -
i B = g (s~ )

d) L {cos (cF (1, @)} = o7 Blstyeonle ) gy —
oo ¢ SF (18 (e
Jo # = [y e *cos(cu)du

to obtain this result we solve the last integral by parts
twice.

e) same as the previous item

f) recall that sinh (o) = €=¢= then

ZF {sinh(c%\ gt,a))% ) =
| oo EN(fs,t) (ecﬁ ta 73—&:7%‘ 1,0 ) _
3o = Fa) dt =
B 1 [ oo o (-0 F(10) oo o~ (507 (1.0) _
= 5(0 Fra Foa 44— o e Flt.a) d”) =
1

() = e

g) For cosh (o) = eazefa we proceed in the same way

L {cosh(c.F (t,a))} =
- Eg(fs,t) (ecé’?(t,a)Jre—cﬁ(t‘a))
3 Jo Fl.0) dt

1 o0 g~ (5—0).F
3 (5 rrar
1

%(%—i_ﬁrc):ﬁ

ta)
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To complete the theoretical body the following result
is necessary.

Definition 7.Let f and g be two functions which are
plecewise continuous at each interval [0,T| and of

generalized  exponential —order. We  define the

N-convolution of f and g by

(f*&)y(1)

drt
-1
= t,o) — F(t,a t<T.
= [@s[F N (F ) - Few)] o

(21)

The commutativity of the N-convolution is given in the
following result.

Lemma 1.Let f and g be two functions which are
piecewise continuous at each interval [0,T] and of
generalized exponential order. Then

(f*&)n(t) = (g f)n(1). (22)

Proof.From Definition 7, we can set the proof with the
change of variables .# (u, o) = .Z (t,a) — F (7, 0).

Below we present the N-Laplace transform of the N-
convolution.

Theorem 11.Let f and g be two functions which are
piecewise continuous at each interval [0,T| and of
generalized exponential order. Then

Ly {(fxg)y} = N2y {s}- (23)

Proof1t is enough to start from the right member of the
previous equality, Z¥{f}.Z{g}, choosing u such that
F(u,a) = F(t,a) — .Z(1,a) and change the order of
integration, to reach the desired result.

3 Applications to generalized differential
equations

An interesting application of the Generalized Laplace

Transform is the Generalized Cauchy Problem, which we
will consider in the form:

Np (x(1)) = A(0)x (1) + f (1,x(1))

Ay {x(1)} (s)
A)”

= (s=A) " o+ g ()] + (s —A) T AF{f (1,x(0)} (5)

and taking the inverse Laplace Transform

([ s bt
N1 rea ) e ) oo

Where 7'(1) = [, " (sz(s))7 ds

Theorem 12.With the following assumptions

a)The functions
ft,): X=X , f(,x):[0,To) = X are continuous
and there exists a function A, € L([0,Ty],R™) such that
Sup |1 (1,5)]] < A (1)
[lxll<r

b) There exists a constant C > 0 such that
g () —g ()| <Cly—x|forall x, y.

c)(T (1)), is compact

the Cauchy Problem has at least one solution.

Proof.Let
N ,ES[('{';O]‘ (fo F(W)H\\xonﬂ\g I+ f,° g4 ||LN} Lt B,

=6 e [Tt

the closed ball centered at the origin and radius r and let
X € B,.

we will prove that the operator

T [ iy ot eo
+/0T(/0 F(Ljsa)—/o F(Lf:a))f(s,x(s))ds

has at least one fixed point, which is the solution for
the Cauchy Problem.

i) The expression T (fo e )) [xo+g(x)] is an
contraction operator according w1th the assumptions a)
and b).

i) Let
W) = [T (s — I rltey ) £ (5x())ds - we
will show that ¥ (x) is continuous and compact.

¥ (x) is continuous: let (x, ), ysuch that x,, — x then

with x(0) = xo + g (x), and 0 < 7 < Tp, A is a sectorial ¥ (xn) () = ¥ (x)
operator which generates a strongly analytic semigroup <5 ! ds
u
(T (t));50 on the Banach Space (X, | - [|) = 01;0 0 F(s
Now we apply the Generalized Laplace Transform in , [ I (5,2 (8)) — £ (5,%(5)) | ;o=
and we obtain o F (s, o)
@© 2021 NSP
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for the continuity of the function f we have
If (5,20 (8)) = f(s,x(s))]l;= — O as n — oo hence
|¥ (xp) (t) — W (x)] — 0 asn — oo.

¥ (x) is compact:

Theorem 13.Under the assumptions
a)The function f (-,x) : [0,Ty] — X is continuous.
b) There exists a constant C > 0 such that

g (¥) =g ()|l <Cly—x| forallx, y.
c)There exists a constant L > 0 such that

g (v) =g )|l < Llly—x| for all x, y in X.
the Cauchy Problem has a unique solution.

Proof.Let

W (1) = T(/()ﬁ) o+ (4)]
o[ </0 F ([sl,sa) s (ﬁa) >f (s,x(s))ds

and let x,y in X, then

#0000 0= ( [ 700 ) ) -0+

(e 4 riva)
[ (5:x(5) = £ 5,(5))]ds

taking the norm of the difference and then the supreme
forall 7 € [0,Ty] we obtain
¥ (x) =¥ ()]

< (F (To, ) L+C) Sup
1€[0,7p)

(Frem)|

Because the Banach contraction principle, we see that
the operator ¥ (¢) has a unique fixed point which is the
solution for the Fractional Cauchy Problem.

Theorem 14.Let x, y be solutions for the Cauchy Problem
associated with xo,yo respectively. Suppose that the
conditions of the previous theorem are satisfied, then we
have the estimate

Sl Uirt)

7 (f i )| (C+ L fy 7ts)

ly—x| <

a—o Sup
1€[0,Tp)

Remark.In this theorem we refer to the stability of the
solution for the Cauchy Problem, that is the dependence
of the solution to the initial conditions.

Proof:For t € [0, Ty

v =30 =7 ([ 780 ) oo +0) - g ]+

! T ds 'S du
([ g [ e ) U 6a6) - F)las
taking the supreme on both sides we obtain
T ds
y—x| < Sup T</ —)‘x
1€[0,Tp] 0 F(s,a)

ool + (c+L [ 2 Yy

from this inequality we find the estimate.

Remark.Others results on the stability of the solutions of
certain generalized differential equations can be consulted
in [53].

4 Conclusions

Throughout this work we first presented a function that
generalizes the exponential function, which we use for the
definitions of a Generalized Laplace Transform and the
N-convolution (a generalization of the well known
convolution of two functions of exponential order). For
the Generalized Laplace Transform we prove equivalent
to the known properties of the classical Laplace
Transform and for the N-convolution we prove an
interesting property that relates it to the Generalized
Laplace Transform. Finally we present an application to
solving a generalized differential equation with its
corresponding theorems of existence and uniqueness.
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