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1 Introduction

Sweeping surfaces result from surfaces swept out using
movement of the plane curve ( profile curve or
generatrix). This movement direction of this plane at the
space has the same direction of the normal to this plane.
Sweeping is an essential and famous tool that is used at
geometric modeling. This idea depends on choosing
several geometrical objects (such as generators), that is
moved along the spine curve (trajectory) at the space.
This evolution includes the movement at the space with
the deformation of intrinsic resulted in the sweep object .
The type of the sweep objects depends on choosing both
generators and trajectories. Therefore, sweeping the curve
through another curve creates the sweeping surface. Many
familiar names of sweeping surface are known as tubular
surface, pipe surface, string, well as canal surface ([1],
(21,[31,[41.[51, [6])

One of the most appropriate methods to analyze the
curve and surface at differential geometry is
Serret—Frenet frame, in addition to other frame fields such
as rotation minimizing frame (RMF) or Bishop frame [7].
Some applications of the Bishop frame can be found in
([81,[91,[10]). Like the Bishop frame at the Euclidean
space, the Minkowski version of this frame is called the
Minkowski Bishop frame which is used at Minkowski
geometry. Investigating the space curve, shows that using

the Minkowski Bishop frame through the curve is more
appropriatethan using the Serret-Frenet frame type at
Lorentzian space. Many researches interest in Minkowski
Bishop frame, such as in ([10][11],[12],[13]).

In this paper, the Bishop frame along a spacelike
curve is established and the local differential geometry of
spacelike sweeping surface in Minkowski 3-space is
developed. Then, several results related to the differential
geometry of the spacelike sweeping surface that is
generated by this frame are summarized. As a
consequence, the necessary and sufficient condition of the
spacelike sweeping surfaces to become spacelike/timelike
developable ruled surfaces is given. The present paper
focuses on the associated developable surface to become
cylinder, cone or tangent surface. At the end, we present
some examples to demonstrate timelike developable
surfaces related to common line of curvature.

2 Preliminaries

In this section some important notions on Minkowski 3-
space are introduced, for more definitions see ([14],[15]).

Suppose R3 = {(ay,a2,a3) |, a; € R (i=1,2,3)} isa 3-
dimensional Cartesian space. For all a =(ay,a,,a3), and
b = (by,bs,b3) € R?, the pseudo scalar product of a, and
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b is given by
<a,b>=aby+ayby —asbs. (1)

We call (R3,<,>) Minkowski 3-space. It is written [E3
rather than (R, <,>). The non-zero vector a €E; is
called spacelike, lightlike or timelike in case < a,a >>0,
< a,a> =0 or < a,a><0 in the same order. The norm
of the vector a €E is identified to be ||a]| = \/|< a,a >|.

For any two vectors a, ¢ € E3, we define a vector a x ¢ by

€ € —€3
axc=\|ayay as
C1 2 €3

= ((aac3 —azcr), (azc1 —aicz), —(ajcr —ascy)),

)

where e, e, e3 is the canonical basis of IE? We can easily
check the following

det(a,c,b) =<axc,b >, 3)

so a x ¢ is pseudo orthogonal to any b = (by,by,b3) € Ef
Let B = B(s) defines the unit speed spacelike curve,
k(s) and 7(s) define the natural curvature and torsion of
B(s), in the same order. Suppose {T(s), N(s), B(s)} is a
Serret-Frenet frame associated with B(s). In this study,
B(s) will be taken as timelike. In case of spacelike, the
same processes will be used. For every point of B(s), the
corresponding Serret-Frenet formulae reads:

T 0 k(s)0 T T

N |=[-x0 )| [N]=0x[N],

B 0 7(s) O B B
with @(s) = —1T + xB defines Darboux vector of the

Serret-Frenet frame. In this paper, dash defines the
derivation respecting to s the arc-length parameter. It is
easy to see that

<T,T>=<N,N>=1, <B,B>=—1, 5
TxN=-B, TxB=-N,NxB=T. ®)

Definition 2.1. The pseudo orthogonal moving frame {&;,
&3, &}, through the non null space curve o(s), defines
the rotation minimizing frame (RMF) respecting to &; in
case its angular velocity ® insures < @,&, >=0 or as
equivalent, the derivatives of &, and &3 are both parallel to
&i. Analogously, characterization in case & or &3 is
selected to be the reference direction.

As stated in the Definition 2.1 , it is observed that the
Serret—Frenet frame is RMF respecting to the principal
normal N, but not respecting to both the tangent T and
binormal B. Even in case the Serret-Frenet frame is not
RMF respecting to T, it is easy to derive such a RMF

from it. The new normal plane vectors (N1,N,) are given
along the rotation of (N,B) by

T 10 0 T
N; | = | 0cosh®d sinh® N |, (6)
N> 0 sinh¥ cosh® B

with a particular spacelike angle ©¥(s) > 0. Also, the set
{T1, Ni, N, } will be called as RMF or Bishop frame. The
RMF vector satisfies the following

<T;, T >=<N|,)N; >=1, <Np,Np >=—1, %)
T XxN;=—Ny,N; xN, =T, N, xT; =Nj.

Then, the alternative frame equations are

(T}) ( 0 Kl(s)—Kz(S)> (Tl) ) (Tl)
N1 = —K'](S) 0 0 N; =wx | N; |,
N/2 —Kko(s) 0 0 N, N»

®)
where ®(s) = —xN; + kN, is RMF Darboux vector.
Here, the Bishop curvatures are defined by

Kki(s) = xcosh®, and x»(s) = ksinhd. One can show
that

K7 — k3 = k2, and ¥ = tanh ™! (%) ; k1 #£0,

8(s) = — [vds + Do, Dy = B(0).

50

©)

Comparing Eq. 4 with Eq. 8 we observe that the relative
velocity is
o(s) — o(s)=1T. (10)

It is clear that the Serret-Frenet frame includes the
additional rotation around the tangent, where the speed is
the same as the torsion 7(s). This note clarifies the
integration form of Eq. 9 to compute the RMF using the
correction of the unwanted rotation of the Serret—Frenet
frame. Thus, the Serret—Frenet frame coincides with the
RMF of a planar curve, where 7 = 0. It is fully
compatible with Klok’s result [8].
A surface M in E? is denoted as

M : Y (s,u) = (x1((s,u) ,x2((s,u), (x3((s,u0)), (s,u) € D C R,

(11
Suppose U is the standard unit normal vector field at the
surface M determined as U:H?’iigu’ where, 1; = %.
Therefore the metric (first fundamental form) I of the

surface M is given as

I = g1ds* +2g12dsdu+ grdu?, (12)

where g1 = <T13,1,>, g = <71 T,> and
, 802 =<T1,,T, >. The second fundamental form // of
M is

11 = hyds® + 2hiadsdu + hodu®, (13)
where hy; =< Ty, N >,
hop =< T, N >.

hi, =< X,N > and
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Definition 2.2. The sweeping surface through f(s) is
the surface given by

MY (s,u) = B(s)+ T (s)x(u)
= ou(s) +x1 ()N (s) +x2(u)Na(s), (14)

where B(s) named the (at least C'-continuous) spine
curve, 0 < s < T, s indicates the arc length parameter.
x(u) indicates the planar profile (cross-section) curve
defined as the parametric presentation x(u) = (0,
x1(u), xo(u))", the symbol ’t’ indicates the transposition,
in addition to other u € I C R. A semi orthogonal matrix
T(s) ={Tj, Ny, N} defines the RMF through 3 (s).
Kinematically, the sweeping surface M is created by the
movement of the profile curve x(u) through the spine
curve f3(s) with the orientation of F(s). The profile curve
x(u) is in 2D or 3D space that passes along the spine
curve 3(s) through sweeping. Interestingly, RMF allows
for a simple characterization of spine curve.

Definition 2.3. The surface at Minkowski 3-space E?
is called the timelike surface in case an induced metric at
the surface is the Lorentz metric and is called the
spacelike surface in case an induced metric at the surface
is the positive definite Riemannian metric, which means
the normal vector oat spacelike (timelike) surface is the
timelike (spacelike) vector.

3 Spacelike sweeping surface

We investigate the spacelike sweeping surface at
Minkowski 3-space IE? in addition to consider the planar
profile spacelike curve as x(u) = (0,sinhu, coshu). Using
Eq. 11, we have

M : Y (s,u) = B(s)+sinhuN; 4 coshuN,. (15)
Using Eq. 8, it is calculated that

Y;(s,u) = (1 — xy sinhu — ky coshu) T, (16)
Y, (s,u) = coshuN; + sinhuN,.

In consequence of Eqgs. 15 and 16 we got:

Proposition 3.1. Considering the point x in a normal
plane of the spine curve B(s), tangent vector of its
trajectory fB(s) + T(s)x(u), which is generated by the
RME, is usually parallel to the tangent vector of the spine
curve.

By simple calculations, we have the following:

It is noted that |[U(s,u)||> = —1 which means M is the

spacelike surface. Furthermore, we got:

Y= — (K‘; sinhu + K;coshu) T

(171(‘1 Sinhungcoshu) (K‘[N] 7K2N2), (19)
Y5 = —(xj coshu + Ky sinhu) Ty,

Y,u = sinhuN; + coshuN,.

I+

Thus, we arrive by means of Egs. 18 , and 19, at

h11 = (1 — K sinhu — & coshu) (k; sinhu + k» coshu),
hip =0, hyp =—1.

(20)
Thus, the parametric curves of M are lines of curvature,
that is, g;» = h12 = 0. Furthermore, the isoparametric
curve

Y(u) :=T(u,s0) = B(so) + sinhulN (s9) + coshuN; (sp),
(2D
defines the planar unit speed spacelike line of curvature.
The spacelike unit tangent vector to y(u) is given here by

ty(u) = coshuNj (so) + sinhuNs(so), (22)

and then the unit principal normal vector of y(u) is given
by
ny(u) =Ty (s0) x ty(u) = Ul(so,u). (23)

Consequently, surface normal U and normal ny(u) of y(u)
are identical, the curve 7y(u) is the planar geodesic
spacelike line of curvature and can’t be asymptotic curve.

3.1 Local singularities and convexity

At this section, singularities and principal curvatures of M
are investigated. The point of the spacelike surface M is
named singular if and only if

IIT; x X;|| =1 — Ky sinhu — kycoshu = 0,

which implies that

K1 £ Ko/ 1+ K — K3
sinhu = 5 5
Ki—K
and
—Kk FKiy/1+ k2 — K2
coshu = > 5 s
K — K

with Klz - Kzz # 0. Hence, the singular point of M is the
image of the curve

+10\/1+ K — K3
als) = Bls)+ VTR TR Y

gn=(1-x sinhuchoshu)z,} (17)
g12=0,gn=1 KK
The surface M has the unit normal vector as i F ki1 + 2 — k2
—R2 1 1 %2
Y, xY; . + N». (24)
U(s,u) = —————=coshuN» + sinhuNj. (18) K2 — k2
R TS H] e
@© 2021 NSP
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with K.]Z — Kzz # (. Consequently, the next corollary will be
given:

Corollary 3.1. The spacelike sweeping surface as defined
in Eq. 15 has no singular point if following equation holds

1 — Ky sinhu — k; coshu # 0, (25)
for every s and u.

To study the shape of M, the distribution of the
Gaussian curvature K(s,u) = —x;x2 will be examined.
Here, the J;(s,u) (i = 1,2) are the principal curvatures of
the sweeping surface. In view of Eqs. 6 and 18 , the
normal

U(s,u)=sinh yN+coshyB; (y =u+0), (26)
lies at the normal plane of the spine curve P(s). The
principal curvature x is

2 12 d

— =cosh“u—sinh“u=1;(.=— ). (27)
du

Furthermore, the curvature of the isoparametric curves

u=const is

_xn 3

x(s,u):
15|

= . (28
1 — xy sinhu — K> coshu (28)

At the same time, the relation between the principal
curvature ¥, and the curvature y(s,u) via Meusnier’s
formula [3] is

X2 = X (s,u)sinhy, (29)
Using Eqgs. 27 and 29, we get

K(s,u) = —x(s,u)sinhy (30)

For the shape characterization of M, we tried finding
curves at M which resulted from using the parabolic
points, points that have zero Gaussian curvature. These
kinds of curves divide the surface to elliptic parts (K > 0,
locally convex) and hyperbolic parts (K < 0, thus
nonconvex). Under Eq. 30 , there are two potential
situations that cause parabolic points:

—Case (1) occurs where ) (s,u) =0, k¥ = 0. In this case,
if the spine curve f3(s) is degenerate to the straight line.
Therefore, flat or an infection point of 3 (s) leads to the
isoparametric parabolic curve u=constant at M.

—Case (2) occurs when y = 0, N(s,u) || B. Therefore,
the curve B(s) is both the line of curvature and
asymptotic of the sweeping surface.

Corollary 3.2. A spacelike sweeping surface defined
as in Eq. 15 has no singular points in case the spine curve
is the non-asymptotic curve.

4 Developable surfaces

Developable surfaces may be presented as specific cases
of ruled surfaces. Such surfaces are used widely, for
example, in the manufacture of automobile body parts,
airplane wings, and ship hulls ([16], [17],[18],[19], [20]).
Then, we analyze this case that a profile curve x(u)
degenerates to the line. Therefore, a timelike developable
surface is written as

QL P(s,u) = B(s) + uNy(s), u € R, (31)
We also have
Q:Q(s,u) =B(s)+uNi(s), ue R, (32)

spacelike surface. It is possible to show P(s,0) = S(s)
(resp. Q(s,0) = B(s)), such that this surface Q (resp.
Q1) interpolates the curve f3(s). Furthermore, since

PSXPM 2:7(17MK2)N|(S), (33)

then Q' is the normal developable surface of ©Q along
B (s). Therefore, the surface Q- (resp. Q) interpolates the
curve B(s), where B(s) is the spacelike line of curvature.
Under the above notations, we have the following
theories:

Theorem 4.1. Suppose M is a spacelike sweeping surface
defined using Eq. 31. Then we have:
(1) developable surfaces
orthogonally along f3(s),

(2) spacelike curve B(s) is a line of curvature on Q and
Q-+

Theorem 4.2. (Existence and uniqueness). Considering
the previous notations there is a unique timelike
developable surface presented using Eq.31.

Proof. For the existence, we have the developable
represented by Eq. 31. Moreover, because 2 is the ruled
surface, it is assumed that

and Q71 intersect

QL P(s,u) = B(s) +ur(s), u € R,

r(s) =r1(s)Nj+r2(s)Ny +r3(s)T, (34)

Ir(©)|*=rf =3 +r3=—1,1r(s) #0,
where the components r; = ri(s) (i=1, 2, 3) are scalar
functions of the arc length parameter s of the base curve
B(s). It can be immediately seen that Q- is developable

if and only if

det(B r,r) =0«

r r/z — rzr/l — k73 (rpcosh® + rysinh ) = 0.
(35)

On the other hand, in view of Eq. 33, we have

(Py x Py) (s,u) = —¢ (s,u) Ny, (36)
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where ¢ (s, u) is a differentiable function. Furthermore, the
normal vector Py x P, about the point (s,0) is

(PS X Pu) (S,O) = _”ZNI — I’1N2. (37)
Thus, from Eqgs. 35 and 37, one finds that:

¢ (5,0), (38)

which follows from Eq. 35 that k7,73 cosh?® = 0, which
leads to rpr3 = 0, with k¥ # 0. In case (s,0) defines the
regular point (which means ¢ (s,0) # 0), r2(s) # 0, and
r3 = 0. Then, r(s) = N,. In other words, the direction of
r(s) equals the direction of Ny (s).

Moreover, consider Q' has the singular point at
(50,0). Therefore ¢ (s9,0) = r2(s0) = r1(so) = 0, and we
have r(sg) = r3(so)T(so). In case 2+ is developable
along f(s) that is regular, if the singular point
B(so) € 2+ , then there is a point B(s) in any
neighborhood of B(sg) that is the uniqueness of the Q-+
holds at 3 (s). Passing to the limit s — 5o, uniqueness of
the developable at so. Consider there is an open interval J
C I such that Q* is singular at B(s) for all s € J.
Therefore P(s,u) = B(s) + ur3(s)T(s) for all s € J. In
other words, 71 (s) = r2(s) =0 for s € J. Then, we have

(PyxP,) (s,u) =

r1 =0,and rn, =

—xur3 (cosh®¥N, — sinh N .

Hence the previous vector is directed to N, which means
P, x P, || Na(s) if and only if & = 0 for all s € J. Here,
r(s) = +N,. In other words, uniqueness holds .
We can classify singularities of the timelike developable
surface Q-+ using k> ([20][21],[22]):
Theorem 4.3. Suppose Q' is the timelike developable
described using Eq. 31, Then
(1) Q1 is locally diffeomorphic to Cuspidal edge at
(s0,u0) if and only if K (so) = 0 and K, (so) # 0;
(2) Q% is locally diffeomorphic to Swallowtail at (s, ug)
if and only if k»(so) # 0, and ’;g‘(‘;; £0

2
Proof. If there is a parameter s such that x»(sg) = 0, and

uy = Kz 50 40 (5(s0) # 0), then QL is locally

dlffeomorphlc to Cuspidal edge at (sg,up). Then,
assertion (1) holds. In Addition, if there is a parameter sg

# 0, ME)ZM:O, and

K3 (s0)

that is ugp %00 50
4

(;) # 0, then Q1 is locally diffeomorphic to

K2 (s0)
Swallowtail at (so,up), assertion (2) holds.
Example 4.1. Given the spacelike helix

s bs N
ﬁ = \a h—-, — inh —
(S) ( COS C, C,as1 C),

where a > 0, b # 0, and b* — a*> = ¢*. Clearly,
T(s) = (¢sinh 2,2, % cosh?),

c’c’

N(s) = (cosh O sinh 2 )
B(s) = (— bsnh— -4 —cosh%)
K(s) = %,and T( ) f%

Then 3 (s) = C%er %. If we choose ¥ = 0, a = /2, and
b= \/§ for example, we have

K1 (s) = v2cosh/3s, and K (s) = v/2sinh/3s.
We also have that
T 10 0 T
N; | = [ 0 coshy/3s sinh+/3s N |,
N> 0 sinhv/3s cosh+/3s B

Then, we have that

Ni1 cosh (\/_s coshs —v/3sinh (\/gs) sinhs
N, = (le) = ( 2smh( ) ) ,
Ni3 cosh ( 3s) sinhs — 3 sinh (\/gs) coshs
Noy sinh (\/_s) coshs — /3 cosh (\/gs) sinhs
N2 = (sz) = (—\/Ecosh (\/gs) ) .
N3 sinh (\/gs) sinhs —v/3 cosh (\/gs) coshs

(1) If 5o = 0, then Ky(so) = 0, and Ky(sp) # 0. The
spacelike developable surface

P(s,u) = (\/Ecoshs + uNa1,V/3s + uN2y, /2 sinhs + uN23) ,

ueR,
is locally diffeomorphic to Cuspidal edge, ( Figure 1);
—2<s<2,and -1 <u<l.

(2) If 5o = 0, then «j(so) # 0, and Ky(sp) = 0. The
timelike developable surface

Q(s,u)= (\/ECOShS+ uNpy, V3s+ uN», V/2sinhs + uN13) ,

uck,

is locally diffeomorphic to Swallowtail,
—4<s<4,and —-3<u<J3

( Figure 2);

Fig. 1: Locally diffeomorphic to Cuspidal edge
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Fig. 2: Locally diffeomorphic to Swallowtail

Now, we the conditions in case the developable surface
Q2 defines cylinder, cone or tangent surface, in the same
order. Since Q' is a developable surface, then

det(B',Ny,Ny) =0< B/ Ny x N, >=0.  (39)
The first case when,
N, x N, = 0 < ksinhON; =0. (40)

Here, M is specified as the cylindrical surface. Because
N; is not zero spacelike unit vector, O+ is the timelike
cylindrical surface if and only if sinhd = 0 < 9¥(s) = 0.
In this case, ¥ = 0, therefore T = 0. Specifically, the
curve is the planar spacelike curve and the corresponding
surface is the binormal timelike surface.

Corollary 4.1. A timelike developable surface Q-+
defines the cylinder surface if and only if ¥ (s) = 0.

Using similar procedure, we have:
N, x N, # 0. (41)

It leads to 2 is non-cylindrical surface. Then, the first
derivative of the directrix is

B'(s) = C(s) + 1(s)Ny(s) + 1 (5)Na(s),  (42)

above C’ defines first derivative of the striction curve fi(s)
defines the smooth function [3]. Using Eq. 42 and Eq. 39
results in: o,

<Ny xN,,C >=0. (43)

Similarly, the two possible cases that satisfy Eq. 43 are:

first, when the first derivative of the striction curve is C =
0. In geometry, it means the striction curve degenerates to
the point, and 2 is the cone. In this case, from Eq. 42,

we get UK, = —1, /.1, = 0, which imply that

u=const. = — & Kksinh ¥ = kpsinh ¥y, (44)

K sinh ¥
where % = ©¥(0), and ky = k(0). Then, in case ¥ is a
constant, T = 0, the curve is the planar curve with the
constant curvature. Similarly, in case k is constant, we
have 7 =0 and 6 is a constant. Therefore the curve o(s)

defines arc of a spacelike circle.

Corollary 4.2. A timelike developable surface Q-
defines the cone if and only if ksinh?®d = kpsinhdy;
Yo = 9(0), and xp = x(0).

The second case is C # 0, which means
ksinh ¥ # ko sinh ¢¥%. From Eq. 43, C s perpendicular to
N, x N/z, then C’ is at the plane generated by N, and N;.

The condition of C to be striction curve is when C’ and
N/2 are perpendicular to each other. Then, it is concluded
that the ruling is parallel to the first derivative of the
striction curve, that is tangent of the striction curve. This
ruled surface is defined as the tangent ruled surface.
Corollary 4.3. A timelike developable surface Q- is the
tangent surface if and only if xsinh® # xjsinhdy;
Y = 9¥(0), and xp = x(0).

4.1 The spacelike developable surface €2

We consider the case of the spacelike developable surface
Q. In similar arguments, we have

det(B’,N|,N])=0< B Ny xN; >=0.  (45)
The first case when,
N x N} =0 <kcoshdN; =0 < kcoshd =0.  (46)

In the equation above, since cosh ¥ # 0, we get k = 0.
Consequently, there is no spacelike cylindrical ruled
surface as defined by Eq. 32. Indeed, we can also have the
following:
Corollary 4.4. Let Q the spacelike developable surface
defined using Eq. 32. Therefore
(1) Q is the cone if and only if xKcosh?® = Kpcosh dy;
¥ = 9(0), and xp = k(0),
2) Q is the tangent surface if and only if
Kk cosh ¥ # Ky cosh ¥y; ¥y = ¥(0), and xp = x(0).

Thus, it is associated with the difference at some signs
of equations and previous results.

4.2 Examples

The construction of timelike developable surfaces will be
discussed with the given curve as the spacelike line of
curvature.

Example 4.2. Using Example 4.1, we have the following:
If we choose ¥ = —1 , we have xsinh® # kjsinh ¥.
According to Corollary 4.3, the surface

b
QL :P(s,u) = (acosh E, , —s,asinh E) +uNa(s),
¢’ c c
is a timelike tangent developable surface, where
sinh (%) cosh? — £ cosh (%) sinh 2
C C c C C
—%cosh i—’z’)

sinh (%) sinh & — & cosh (%) cosh?
C C C C C

Nz (S) =

@© 2021 NSP
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Choosing a = \/§, b= \/5, the surface Q1 as shown in
Figure 3. Figure 4 presents the surface with ¥ = —0.7
Example 4.3. Let

B(s) = (sins,coss,0),
be a spacelike curve. Clearly,

T(s) = (coss,sins,0),
N(s) = (—sins,coss,0),
B(S) - (070771)7
k(s) =1, 7(s) =0, and ¥(s) = .

Therefore, the timelike surface family is written as
Q1 P(s,u) = (sins— usinh %, cos s+ usinh ¥, —ucosh dp).

If we choose ¥y =0, and —1 < s <1 then we have a
timelike cylinder (Figure 5). Figure 6 shows the timelike
cone with 9p =1, and 0 < s < 2m.

Fig. 3: Q1 with 99 = —1.

Fig. 4: Q1 with ¥y = —0.7.

Fig. 5: Timelike cylinder

Fig. 6: Timelike cone.

5 Conclusion

We introduced the spacelike sweeping surface with
rotation minimizing frames (RMF) at Minkowski
3—Space E% We also showed that parametric curves on
these surfaces are lines of curvature. Then, we derived the
necessary and sufficient condition of this spacelike
sweeping surface to become a spacelike/timelike
developable ruled surface. Moreover, we analyzed
necessary and sufficient conditions in case the resulting
spacelike/timelike developable surface is the cylinder,
cone or tangent surface.
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