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1 Introduction

The subject of fractional calculus received a great
attention in the last two decades. Differential equations of
fractional order arise in several research areas of science
and engineering, such as physics, chemistry,
aerodynamics, polymer rheology, economic, control
theory, signal and image processing, and biophysic
[1]-[47]. Also, more different applications in quantum
information may give new features using fractional
calculus [18]-[32]. Recently, many researchers have given
attention to the existence of solutions of the initial and
boundary value problems for fractional differential
equations. Some papers addressed the existence of
solutions to boundary value problems with two-point,
three-point, multi-point or integral boundary conditions
(See for examples [9]-[34]).

An important application of the fractional time quantum
information is non-unitarity of the quantum evolution and
more insights and observations destroy the equivalence
between Schrodinger equation and Heisenberg pictures
[12]. A review of fundamentals and physical applications
of fractional quantum mechanics has been presented [24].
Recently, Tomin [3] discussed the problem of fractional

evolution in quantum mechanics and the results can be
applied in different models [25]-[30].

Xinwei and Landong [40] reviewed the existence of
solutions for the nonlinear fractional differential equation:

D%u(r) = f(t,u(t) S DPu(r)),  (0<tr<1),

with boundary values u(0) = u’'(0) =0 or &/(0) = u(1) =0

oru(0)=u(1)=0,where | < <2,0<f <1,and fis
continuous on [0, 1] x R x R.

Su and Zhang [38] investigated the existence and
uniqueness of solutions for the following nonlinear
two-point fractional boundary value problem

D*u(r) = f(t,u(t) S DPu(r)),  (0<tr<1),

with boundary values aju(0) — au’(0) = A and
biu(1) + bou/ (1) = B, where o, 3,a;,b;(i = 1,2) satisfy
certain conditions.
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Ahmad and Sivasundaram [6] explored the existence of
solutions for the nonlinear fractional integro-differential
equation

DAu(t) = F(t,ult), (9u)(2), (wu)(1)), (0 <1 < 1,1 <
q< 2)7

with  boundary values u'(0) + au(n;) = 0,
bu'(1)4u(n2) =0and 0 < 1y <My < 1, where “D? is the
Caputo  fractional derivative , a,b € (0,1),
F:00,1] x X x X xX — X is continuous and the
mappings ¥,A : [0,1] x [0,1] — [0,e0) with the property

SUP;e(o,1] |fé7L(t,s)ds| < o0 and
SUp; (o, 1] | o ¥(t,5)ds| < oo, the maps ¢ and y are defined
by (¢u)(z) = Jov(t,s)u(s)ds and

(yu)(t) = [ A(t,s)u(s)ds. Here,X is a Banach space (see
[3D.

In this paper, we study the existence and uniqueness
of  solutions for  the nonlinear  fractional
integro-differential equation with m-point multi-term
fractional integral boundary conditions.

(“DI+ kDI Nu(r) = f(t,u(t), (9u) (1), (yu) (1),
DPru(r), ... DPru(r)),
t€10,1]

m—1

_ gy
«0)=0. Tau(s) =B ! %was)ds,
- (1)

where “D? is the standard Caputo fractional derivative of
order g, with 1 < ¢ <2,0< B < Lk>0,0<n <& <
<. <&, 1 <1,B,a;,i=1,...,m are real constants,
f:10,1] x R"3 — R is continuous and for the mappings

Y,A : [0,1] x [0,1] — [0,00) with the property
supyepo,1) | Jo A (t,8)ds| < = and
SUp; (o, 1] | [5¥(t,)ds| < oo, the maps ¢ and y are defined
by (ow) = foyesudds  and

(yu)(r) = o At 5)u(s)ds.

Present paper is arranged as follows : In section 2, we
present a basic result that lays the foundation for defining
a fixed point problem equivalent to the given problem (1).
The main results, based on Banach’s contraction mapping
principal, fixed point and Krasnoselskii’s fixed point
theorem, are presented in section 3. Illustrating examples
are discussed in section 4.

2 Basic Result

For convenience of the reader, we present some necessary
definitions on fractional calculus theory, which can be
found in [1].

Definition 2.1. The Riemann-Liouville fractional integral
of order g for a continuous function f is defined as

110) = o [ =9 s, g0

provided the right-hand side is point-wise defined on
(0,00), where I'(.) is the gamma function, which is

defined by I'(at) = / 1“ e ldr.
JO

Definition 2.2. For a at least n-times continuously
differentiable function f : (0,00) — R, the Caputo
derivative of order ¢ > 0 is defined as

DIf(r) = 1)/bfw““vwwm,

I'(n—q)Jo

n—1<g<nn=|[q]+1,

where [¢] denotes the integer part of the real number q.
Lemma 2.1. Let @ > 0, then the differential equation

‘D%h(t) =0
has solutions h(t) = co+ c1f 4 cot* + ... 4 ¢, 11"~ and

1%D%h(t) = h(t) + co+cit + et + ...+ ¢yt

herec; € R,i=0,1,2,...,n—land n=[a] + 1.

Lemma 22. Let y(t) € C([0,1]) a function
u € C?([0,1,R) be a solution of linear sequential
fractional differential equation

(‘DT + kD Nu(t) = y(),

with boundary values u(0) = 0 and

m—1

—g)a-1
Zaiu(ii) = ﬁ/on %u(s)ds has the unique
i=1

solution given by

u(t) = (e*sz, 1) (ﬁ ./O'n (nr(z)ql (l/:e,k(rx) @)

)
X (/Ox %y(r)dr) dx)ds

i=1

where

m—1 _ —1
A=Y ai(e-1) fﬁ/on %ek% 3)
izl
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Bn?

+1"(q+1)7£0

Proof. For g € (1,2], we consider the following linear
fractional differential equation:

(‘DI kDT () = (1), )
where “D? denotes the Caputo fractional derivative of
order ¢, we can write its solution as
1

T /Ol(t —9)47 Yy (s)ds+ co+c1t,
)

where cp and ¢ are arbitrary constants. Now (5) can be
expressed as

u(t) + kD~ u(r) =

!
k/ ds+—/ (t—5)1""y(s)ds+co+cit.
0
(6)
Differentiating (6), we obtain

u'(t) = —ku(t) + ! )/[(t—s)"*zy(s)ds-i-cl, (7)

Tg—1)Jo
which can alternatively be written as
ke _ ! 2
(u(t)e) = e <m/0 (t—s5)1" y(s)ds+cl> .

®)

Integrating from O to ¢, we have

kt+/

Using the data u(0) =
(9) takes the form

u(t)=A(e™™ 1)+ /

(s—x)7 2
/ Ta-1) y(x)dxds+ B.
)]
01in (9), we find that A = —B. Thus,

(s—x)7?
/ Ta-1 y(x)dxds.

—1)
(10)
m—1 o -1
Using the condition Y’ aju(&;) = B/n (nr(sq))" u(s)ds
i=1 0

in (10), we obtain

_g)a?
A= l(‘3/(:’ (111(51_):)

A
" X (y— )92
(/0 eik(“x)</0 %y(r)dr)dx)ds)

m=| Gi S (s —x)472
T /0 e Ha /O %y(x)dx)ds,

where A is given by (3). Substituting the value of A in
(10), we get the solution (2). The converse follows by
direct computation. This completes the proof.

In the next lemma, we present some estimates that we need
in the sequel.

Lemma 2.3.Fory € C([0,1],R

) with [[y]| = sup,cfo 11 [¥(7))
we have

. —s) s
(i y_/o"("FT’;(/Oek( )

¥ (x— 742
(/0 %y(w)dr)dx)ds’
22

n

< a0l

i) ‘r:i;lai./()'éi ek(gis)</os%y(x)dx) ds

5 et (1 e L
X lai i

4 s (s —x)q72
(iii) ‘ /0 e*"“*”(/o %y(x)dx)ds‘

1
<—(1—e Ml
Proof. (i) Obviously,

"X (xfT)q*Z B (x—f)qfl x xa—1
f Fane=-

C(g) lo I'(q)
and
s xqfl
7k(v7x)_d
e
/o I'(g)
a1 /s k(s )d a1 (] k)
< 67 S—X x< —KS
“I'(q) Jo ~ kI'(q)
Hence

/OT (I{TT_)ql)zy(T)dT) dx) ds

K (77 75)(]71 sqil —ks
<ol [ e (g ) - s
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2g—-2
< Il (1= s

2g—2

n —k
= Wl (kn + e = 1).

(k*(q))
The proofs of (ii) and (iii) are similar. The proof is
complete.

3 Existence and uniqueness results

This section is devoted to the main results concerning the
existence and uniqueness of solution for the problem (1).
First of all, we fix our terminology.

Let C be the space of all continuous real-valued functions
on/=1[0,1] and

X={u:uecC(,R)
(0< Bi < 1),for

and °DPiucC(IR),
i=1,...,n}
denote the space equipped with the norm

([uel = lull  + X DB
max;er |u(t)| + YL | maxes |CDﬁiu(t)|.

It is known that (X, ||.||) is a Banach space.

To define a fixed point problem equivalent to (1), we make
use of the lemma (2.2) to define an operator F' : X — X as

okt _ . _ gyl
F”(t)%(ﬁ./on(an))q 11

s X (x — )42
(/o efk(‘s'ﬁ)(/o (F(qr)ql)
X f(7,u(1), (¢u)(7), (yu)(7),
CDﬁ‘u(T),...,CDB"M(T))dT)dx)dS

m—1 . s _
_ Z a,'/(:l e*k(éiﬂ')(/ (s,x)q 2
= oo o I'(¢—1)

X [ u(x), (9u) (x), (yu) (x),
‘DPru(x),. .. ,CDﬁ"u(x))dx) ds)

. t—s N (six)qu
+/oe ! )(/o I'(g—1)
X f(xu(x), (9u) (w), (wu)(w),
‘pPru(x),... ¢ Dﬁ”u(x))dx) ds.

Observe that problem (1) has solutions if
the operator defined by (11) has fixed point.

For computational convenience, we set

P [ |
P = sup = , (12)
o] |4 Al
- lke | ke *
P = sup =—.
A A
(1) S L 2=
A} = PA + , M =PA+—=. (13)
kI (q) I'(q)
o =§(1+ 2+ ) (14)

ot t
w=suwl [ es)asl, do=sup| [ 205)as. (15)
tel JO tel JO

n2q72
Ay :|3|W(kn +e F—1) (16)
1

+ y a; A=l ok
$lalgr -

~—

In this section, our first result is based on the Banach fixed
point theorem (see [17]).

Theorem 3.1. Assume that f : [0,1] x R™3 = R is a
continuous function satisfying the assumption

(Hl) |f(t,X,y,W,M],M2,...,Mn) -
f(taxlvylvwlvvlv‘}Qv"';vn)|

< L]|xfx'| +L2|yfy'| +L3|W*W/| +d||u| 7V]| +
dy|lug —va| + ...+ dp|un — val,

for all t € [0,1] and
x,y,w,x’,y',w',ul,uz,... s Uns V1, V2,3 Vn € R.

where L;,d; > 0,Vi=1,2,3,Vj=1,2,...,n are Lipschitz
constants.
Then problem (1) has a unique solution if
4 1

Al+Ay) ———F | o < 1, where Aj,Ay,w are
< 1 ZiZ,F(2—ﬁi)> 1,2
given by (13), (14), & = sup{Ly,dy,da,...,dy},(p =
sup{Ls, L3}, = sup{Ci, o}

Proof. Let us fix

1l 1
AM+AMY —m—
‘ Zizzlr(z—ﬁ»
r> m 1 )
1—-Ao—-—MNHOY ———
: zizzlr(zfﬁi)

where A1, Ay, ® are given by (13), (14), respectively and
M= Supte[oyl] |f(t,0, e ,0)|
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Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 15, No. 3, 271-284 (2021) / www.naturalspublishing.com/Journals.asp N S 275

As the first step, we show that FB, C B,
where B, ={ueX: |u|lx <r}.

For u € B,, using (H, ), we have

|Fu(t)] < sup
t€[0,1]

- §—X X(x_T)q72
(/oe ! )/o T(g—1)
x(1f(z,u(t), (pu)(7), (yu)(7),
DPru(r),... *DPru(t))

—f(z 0)[+M) dr)dx)
(

m—1 s (g — x)
+Z'a"/ (et
X (| f O u(x), (@u)(x), (yu) (),
‘DPru(x),....c DPru(x))

—f(x,0,...,0) | +M)dxds

. /" o k1=9) /‘S (s X)q])z
x(1f (x,ulx), (pu)(w), (yu)(w)
DPru(x),....c DPru(x)

—flx 0) | +M) dx) ds

2g—2

n
<Pl gy

(kn+e 1 —1)

m—1

+ L lalg! -t )

X (sup{Ly,dy,...,d,}(|u|+|*DPru| + ...+ |°DPru))

+sup{La, L3} (Y0 + Ao)|u| + M)

—k
gy o)
Laplu()]+ Lo ()|

+dy|*DPu(x)|
+ .o 4 dy | DPru(x) |+ M)
<PA(Cir+ G(+ Ao)r+M)

(1-e®

TP

(Cir+&(nw+Ao)r+M)

(1-¢™
S (PAl + T(q))g(] +70+)-0)r

(1-eb)

+(PA1+T(q)

M
<Aor+AM.

Also, we have

/ | — ke H| n(n—s)7!
)< sup = (181 s

¥ —k(s—x X(x_T)q72
(/o e )(/o I'(g—1)
x| f(z,u(t), (9u)(7), (wu)(7)," DPru(z), .. DPru(t))
—£(1,0,...,0) | +M)|dr)dx)ds
m—1 s (S x)q 2
+Z|a’|/ / T'(g—1)
(| (e u(x), (9u) (x), (wu) (x), DPru(x), ... < DPru(x))
t(t—s5)172
,f(x,o,...,O)|+M)dx)ds)+/o Ta T
X (|£(s,u(s), (9u)(s), (wu)(s), DPru(s), ...  DPru(s))
s s (S_x)qu
)(/o I'(g—1)
(| (e, u(x), (9u)(x), (wu) (x), DPru(x), .. DPru(x))
—f(x,0,...,0) | +M)|dx)ds

1
ff(s,O,...,O)|+M)|ds+k/ e ki
0

< PA(Gir+&(0+A0)r+ M)

(2-e™

* I'(g)

(Gir+ & (w+Ao)r+M)

< Aor+ AM.

By the definition of the Caputo fractional derivative with
0<Bi<1,weget

( DB (Fu)( ﬁ,
(t S) A
m(/\zﬂ)r-ﬁ-/\zM)ds
1
< 1_‘7(2 — ﬁl) (Aza)r+A2M).
Hence,

@© 2021 NSP
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[F @)l = [|F(u H+ZHCD[3’
</\160V+/\1M
+ Z 2 B) Aza)r-i-/\zM)
i

<r

Thus, FB, C B,. Now, for any u,v € X and for each
t € [0, 1], we obtain

|(Fu)(r) = (Fv)(1)]

- le M 1
< sup ———
o] 1Al

s 1
(g1 [

s w)d—2
e
<[ f(wu(w), (9u) (w), (yu) (w),
PP u(w), ... .  DPru(w))
—f(w,v(w), (o) (w), (wv)(w),
DPry(w),... ¢ Dﬁ"v(w))|dw) dr) ds

+Z|al|/ - /OY(qu)

(
< |f (e, u(x), (9u) (x), (wu) (x),
‘DPtu(x),....  DPru(x))
—f(x,v(x), (9v)(x), (wv)(x),
CDﬁlv(x), s ,CDﬁ” |dx))

wf e ([ ety

<1, u(x), (9) (), (ya) (x),
‘DPru(x),....  DPru(x))
=[x, v(x), (¢v)(x), (yv) (x),
pPiy(x),... . DPry(x)) |dx) ds

< (PA + N L u—v]

1
F(q)(] —e
+Lo|ou— ¢v| + Ls|yu — yv|
+d,[*DPru—DPry| 4 ...
+dy|°DPru—¢ DPry))

< (P4 +kr+q)(1fe*k))

(Sup{Lladlv- .- ,d,,}||u7v||
+sup{La, L3} (% + Ao)[|u —vI|)

1 _
< (PA; +F(q)(l —e ")
sup{ &1, & }(1+ v+ o) [lu—v||
1 _
m(l —e N +90+20)||u—v

<A o|u—v|.

< (PA +

Also, we have

|(Fu)'(t) = (Fv) (1)] < Aq@fJu—v]].

Which implies that

From the above inequalities, we have

[F(u) = FW)I| = [|F () = F(v)]]
+ ; IDPF (u) — DPF (v)|

< A1w||u—v||

—|—Z To_B) ——Ayolu—v|.

< (Al Jr/\zzn:l ﬁ) o||lu—v|.

As : | Ay +AZZ o < 1, F is a contraction.

(2 Bi)
Thus the conclusmn of the theorem follows by the
contraction mapping principle. This completes the proof.

Now, we prove the existence of solutions of (1) by
applying Krasnoselskii’s fixed point theorem [1].

Theorem 3.2. Let M be a closed, convex, bounded and
nonempty subset of a Banach space X. Let A,B be the
operators such that : (i) Ax 4+ By € M whenever x,y € M;
(i) A is compcat and continuous; and (iii) B is a
contraction mapping. Then, there exists z € M such that :
z=Az+Bz.

Theorem 3.3. Let f : [0,1] x R"*3 — R be a continuous
function satisfying the assumptions (H;) and

@© 2021 NSP
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“n)| <

(H2)|f(t,X,y,w,u],...,
p) € [0,1] x R"™3 where

“(t)7 v(tvxayawvulv---
e C([0,1],RT).

Then, the boundary value problem (1) has at least one
solution on [0, 1].

It <P+p,i1ﬁ)mw< 1.

Proof. Let [|it|| = sup;c[g 1) [1(2)[, and consider
Bg = {u € X : |u| < R}, we fix

re-p)

operators Fi and F> on Bg as

(Fiu)(t) = /0’ o k(t=s) (/Os %f(x,u

! 1
R > (AH—AZZ >||[,L| We define the

(%), (@) (x),

From the above inequalities, we get

n
|Fiu+Fov|| = [|Fiu+F| + Y |DP Fuu+° DPiFy|
i=1
n

< Ml A Y g

< (mmilﬁ) Iull <.

Thus, Fiu + F>v € Bg, we prove that F> is a contraction
mapping.

Let u,v € Bg, we have

(y/u)(x),cDﬁ]u(x),...,CDﬁ"u(x))dx)ds, \Bu(t) — Fv(t)] < sup e —1] - |ﬁ|/
r€(0,1] |A|
s efk(sfx) a (xi T)q72
() = o (g [T e o
=R o I(q) x| f(z,u(), (9u)(7), (wu)(7),
. S—X x(xff)qiz ¢ ﬁ‘u ¢ ﬁnl/l
(/Oe k( ></O ST (DPru)(1),...,(<DPru)(T)
< f(,u(t), (¢u)(z), (yu)(t), —f(z,v(7), (pv)(7), (Wv)(7),
“DPiu(e)..... ¢ DPu())de ) dx)ds (DP)(2),...,(DPv)(2)de ) dx ) ds
Y ke [ s—x)? = (s—x)72
I S L 1) Y ;
i:Zl /o k </o I'(g—1) Z| |/ —k(&i— / I'(g—1)
e, (). ) <0, (00 () (W) (0. DP (). DPr)
DPtu(x),.... D)) dx)ds ) (), (99) (), (y0) ),
For u,v € B, using the notation (13), we have “pPi v(x),....° Dﬁ"v(x)) |dx) ds)
] <PAC(1+9+ o) ||u—v|
|Fru)(0) + (Fw)(0)] < (PA+ s (1 —e ) ul < PAO||u—v|.
< Al
Also,
Also |Fau(t) = Fav(t)| < PAIG(1+ %+ Ao)||u—v]|
[(Fi) () + (Fov) (1)] < (P, +ﬁ<zfﬂ»nuu < PArou—v],
< A|lul, which implies that
which implies that |CDﬁiF2”(t) — DPF(r)] <
|CDﬁ"(F|u+F2v)|§/ (t(s)ﬁl)|F,u+F2v|ds /F PAlwllufvllds
< ﬁllul\- < mﬁmwﬂu—vl\-
© 2021 NSP
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From the above inequalities, we have

Hqu—szH = Hqu—szH
n
+ Y |[DPiFou —< DPiFyy |

i=1
< PA](DHM VH

+ Z 2B PA@|lu—v||

1
re-p)

< (P—Hf’i
i=1

As: <P+PZ ro- ﬁ))A1w<1,

Fis contractlon mapping.

We prove the continuity of Fi. Let {u,}; , C M
and u € M such that u,, —> u as n — oo,
so continuity of f implies that

im £ (2, un(2), (@un) (1), (Wun) (1),

n—y+oo

DPUu(1),... S DPruy (1))

YA o)lu—v|.

PP (1), DPruy (1))
—f(t,u(t), (u)(1), (yu)(t)
DPru(r), ... .  DPru(r))|

—f(s,u(s), (Pu)(s), (wu)(s),
DPru(s),... c DPru(s))ds|

k/ *kls /Ss xqz
-1

X (f(s,un(s), (Pun)(5), (Wun)(s),
‘DPruy(s),.... DPruy(s))
—f(s,u(s), (pu)(s), (yu)(s),
DPru(s), ..., CDﬁnu(s)))dx)ds}

(2-eh)
< e 9, (09, (w9,

DPru,(s),....c DPru,(s))

DPru(r),....  DPru(r))
—f(s,u(s), (ou)(s), (wu)(s),
Then,
’Flun(t) —Flu(t)’ = ‘DPrus),.... DPru(s))
/Ot T ( /Os (Ii(_qx)ql )2 By t\;l;?t}?%ﬁzl%?ll Olf,tl\:,i ?gzltauto fractional derivative
X (f(t,un(t), (Qun) (1), (Wun)(1), “DPiFyu, (1) —CDﬁ"Flu(t)\ <
DPruy(r), ... DPruy (1)) C(r—s) B (2 ek
= f(t,u(t), (gu)(r), (wu)(1), o I'(1-pB) I'(q)
DPru(r),. .., ¢ pPry ) ‘ X|f(s,un(s), (Pun)(s5), (Wun)(s),
. s (5 )2 DPruy(s),... C DPruy(s))
S/o efk(H’(/o (F(q) ) —f(s,u(s), (@u)(s), (yu)(s),
X| £t un(t), (Pun) (1), (Wun) (), DPru(s),... . DPru(s))|ds
DPU(1), ... DPruy (1)) (2—e¥)
—f(t,u(t), (gu)(r), (wu)(1), L)l (2-Bi)
DPru(r), ... chnu(Wx)ds XIf(s,un(s),(dmn)( ) (wun)(s),
| DPruy(s),... n(s))
gt — f(s.u(s). (pu)(s >,< ) (o)
X|f(t,un(t), (Guun) (1), (Wun)(2) ‘DPru(s),.... DPru(s))|.
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Hence,
[Frun(t) = Fru(t)|| = || Frun(t) — Fuu(1)]]
+ Z °DPi Fyu, (1) — DPFLu(r) |
i=1
1 _
< kF—(q)(l — e ) | £(s,n(s), (Pun) (s), (Wuen) (s),

DPru(s), ... .C DPruy(s))
—f(s,u(s), (Pu)(s), (Wu)(s),
pPru(s), ... CDﬁ"u(s))|
f et
=L@ 2-p)
x| f(s,un(s), (‘P”n)(s)v (wun)(s),
DPuy(s),.... DPruy(s))
—f(s,u(s), (9u)(s), (yu)(s), DPru(s),
.,CDﬁ”u(s))| —0,
it follows that ||Fiuy,(t) — Flu(t)|| — 0 as n — oo,

which implies the continuity of Fj.
Also, F is uniformly bounded on By as

—k
IFial < Sl
ek
Il < 25wl
cnBi u 1 (Zieik)
D% Rl < g el
and
1l < L=+ B i Sl
kF( ) 1111“ 2 ﬁ,

Now, we prove the compactness of the operator Fi,
we define

Co =

1), ..,CD%(;)|.

For0 <t <1, <1, we have

(Fiu)(t) — (Flu)(tl)‘ _ ‘/Otz e”‘(’f“')(/os %

X f(xu(x), (9u) (x), (yu)(x),
CDﬁlu( ). CDﬁn )

no t—s S(s—x)qu
_/O e >(/O P
X f (ru(x), ($u) (x), (yu) (x), DPlu(x),
o Dﬁ"u(x)dx) ds}

s -2
< /" oK) _ gkl 7s)|/ (s —x)?
0 o I'(g—1)

x| f (e u(x), (9u) (x), (yu) (x), DP (),
- CDPru(x)|dxds

k) [* (s—x)72
A e}
x| u(x), (9u) (x), (yu) (x), DPL (),
- CDPru(x)|dxds

< s (1=l + e it )
and :
|0DﬁiF] M(l‘z) —CDﬁiF] I/l(l‘] )| <
() — s)*ﬁi —(t1 — s)*ﬁi )
/o r(1-B) |(Fiu)'(s)|ds
't (tz — S)fﬁ,-
—’—./l1 F(lfﬁi) |(F114 ( |ds
Go (2 - eik) gl |(t1 —s)ﬁf — (tz — S)ﬁi|
“Ir(1-p) I'(q) {/O (11— )Pt — )P ds
+‘/tt2(t2_s)fﬁids}
Clearly, \Fu(b) — Fu(h)] — 0 and

|*DPi Fyu(ty) —¢ DPiFyu(t)] — 0 independent of u as
tp — t1. Thus, Fj is relatively compact on Bg. Hence, by
the Arzela-Ascoli theorem, F] is compact on Bg. Thus all
the assumptions of theorem (3.2) are satisfied and the
conclusion of theorem (3.2) implies that the boundary
value problem (1) has at least one solution on [0, 1]. This
completes the proof.

Our next existence result is based on the following fixed
point theorem [1].

Theorem 3.4. Let £ be a Banach space. Assume that
F : E — E is completely continuous operator and the set
Q={ucE:u=uFu, 0<pu<1}isbounded. ThenF
has a fixed point in E.

Theorem 3.5. Assume that there exists C > 0 such that
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m—1 f o -2
+y |al.|/5 efk(éﬂ)(/sw
= o I'(g—1)
£ (2 ,u(t), (9u) (1), (yu) (1), DP1u(1), ... DPru(t))| < C,

vt € [0,1], (u, ou, wu,  DPru, ... ¢ DPry) e R"3.

Then the problem (1) has at least one solution on [0, 1].

Proof. We show that the operator F' is completely
continuous. Let B be a bounded set in X. Then, there
exists C > 0 such that
(o), (§u) (1), (wu) (1) £ DPru(r), .. S DPur)| <
C,Vt € 10,1],u € B, we get:

1 _
|(Fu)(1)] < (PA +kr—(q)(1fe )
< AC.
Also
/ 5 1 _
|(Fu)'(t)] < (PA1+W(2% “)c

< A2C7

which implies that

CDﬁ' Fu)( ‘ = ’/ t_liBll u)(s)ds

(2 - ﬁi)

From the above inequalities, we get

| Fulx <A1C—|—Z ——— A C < oo,

(2 Bi)

which implies that ||Fu|| < . Hence F(B) is uniformly
bounded.

It is easy to verify that the operator F' is continuous since
f is continuous. Next, we show that F' is equicontinuous
on bounded subsets of X.

Now, let 71,6, € [0,1],f; < f;u € B, we have the
following facts:

e k2 g n(n—s)d!
|Fu(t2)*F“(tl)|§T(|ﬁ|/o W
(x—7)"?

(/Osefk(H) (/0 Tlq—1)
x|f(,u(7), (9u)(7), (yu)(7),
<pPiy(z), ... ,CDﬁ"u(r)|d7:) dx) ds

X|f(x, u(x), (@) (x), (yu) (x),

“pPru(x),. .. ,CDﬁ”u(x)|dx)ds

—k(tp—s) k(t;—s N (S _x)qu
+/ e ki2=8) _ o~ )|(./0 Ta-1)
x| (e, u(x), (9u) (x), (wu) (x),

DPru(x),... . DPru(x)|dx ds)

1 (s—x)7?
x| f(x,u(x), (¢u)( ), (v )(X),
<DBiu(x),... ,CDﬁnu(x)wx) ds

na-2
(kI'(q))?

_ e*kéi)m

|efkt2 —e

kty |
<y 1Bl

(kn +e7¥1 1)
m—1

+ Y Jal€f (1 e
i=1

+ e*kn |)

¢ ki

g(le

—kty _

Al

e*kﬂ |

A+ I -+

-
k[ (q)""*
e — e c.
Also, we have

[DP!(Fu)(12) = DY (Fu)()] =

B
. Qmjﬁ>
-

(11 — S)fﬁ"
r-g)
(i —9) P (0 —s) B
<), gy
+/lz (n—s)P
CAy

r(-g
(0 =9~ (0 o)
= F(l—ﬁ,»){/
+ [tz |(t2—s)7ﬁ"|ds}.

(Fu)'(s)ds

(Fu)'(s)ds|

u)'(s)lds

|(Fu)/(s)|ds

(tl — S)ﬁi (t2 — S)ﬁi

From the above inequalities, we get
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—kty __ eszl |

Al

e
IFul < (* A+ = (I =1+

kI'(q)

e —rfe ) )
n CAy (= s)P = (b —s)P
*,;(r(lfﬁi){/o (t1 — 5)Bi(2 — 5P
[t

th — 1.

— 0 as

Thus, the operator F' is equicontinuous. Hence, by Arzela-
Ascoli theorem,
F : X — X is completely continuous.

Now, considerthe set Q ={u € X :u=puFu, 0<pu<
1}. In order to show that Q is bounded, let u € Q, then
u=uFu,0<u<1,forte€[0,1], we have

< (a +A2i;)c<w.

It follows that the set © is bounded independently of u.
From theorem (3.4), the operator F' has at least a fixed
point, which implies that the problem (1) has at least one
solution on [0, 1].

4 Examples

Example 1.Consider the four-point problem

(cD7 + %CD%)u(t) =, te[0,1]
u(0) =0,
11, 1,2 1 3 b (5 —s)3
— R — —_— —_ —_— = d
6"(10) T 3430 T 5155 /0 () s
Where ] 5
] = f(tvu(t)a(¢u)(t)7(W“)(t)aCDju(t)chju(t))a
SRR IS VS (R SN
q747747]73,273,17672737375,
i B 1
éi = m;l - 152535B - 17” - 205
[efz(sfl)
(ou)t) = / u(s)ds and
0 2
.

t ,—3(s—t) e2—1
(yu)(t) = / —u(s)ds with 1 = and
0

4
Ao =

solution on [0, 1], we choose

e’ —1

, with the given value of f has at least one

Ftue), (9u) (1), (yu) (1), D3u(r) S D3 u(r))

Ju()]
36(1 + |u(1)])

e 5 sin(Zr) (( (1) +

D3 u(r)|
i 64(1+13) )|)

1+ |CD%u(t

G )
we have that
|£(t,u(e), (9u) (1), (wu) (1), D3 u(r) £ DI u(r))
Fv(0).(99)(1). (W) (1).£ D3v(1) £ D3v())|
<

) = (1) |+ 71 9ute) — 0v(0)|

-

2| —
o)

bz lyu(t) — (o)

1.1 el 1.2 ¢ 2
— 3 — 3 —_— 3 —_ 3
+64| D3u(t)—°D v(t)|+8]|D u(t) —“D3v(t)|,

with the given values, it is found that

1
4 & A~ —3.4808 x 10720,

1 1
_%7 _6_47C_%
A} ~2.5495 x 1072,

Ay~ 11247, Ay ~ 1.4714, 0 ~ 0.16051,

finally we have that

2
1
A +A) =
,; re-p)
all the conditions of theorem (3.1), we conclude that there
exists a unique solution for the problem (1) on [0, 1].

o = 0.70663 < 1. According to

Example 2.Consider the problem

(D5 + %CD%)M(I) =, 1€[0,1]

u(0) =0,

1 (l) ! (l)+l (l)_/'310 (5= 9)° (5)d

L R L I L T N
where |
0 = f(tau(t)v(qbu)(t)a(W”)(I)vcDiu(t)ch“"(t))aq =
LI e R s s
?a 7]],0176,1“2737‘137571747273, 3;
Ean = %7[3] = Evﬁz = Za

672(sfl)

B = Liewr) = [y 5 u(s)ds and
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t 873“70 6‘2 1
(yu)(t) = / u(s)ds with 7y — and
0 2 4
3
-1
Ao = ¢ . Now we illustrate the obtained results by
choosing different values of

Fltue), (9u)(t), (wu) (1), D2u(r)  Diu(r)). Let us first
consider
F(t,u(t), (9u) (), (yu) (1), D2 u(t)S Diu(r))

e (1 +sin?(nr))u(?)|
6(t+6)3(1+ |u(®)])

+e’msin(m) ((¢u)(t)+ |CD7L¢l(t |)|)

)

7(1+1%) 1+[D2u(t

1+ sin®(rt) |CD%u(t)|
e (0o

Then,

+5[D2u(t) = D2v(1)]
.3 3
+3[Drult) =“Div(1)]
1

Finally, we have that { = — A &~ —2.2581 x 1072, A ~

6
6.0286 x 1072,P ~ 3.8483,P ~ 3.6761,0 ~ 0.96303

Q

2

Th,(PP 7)A ~0. 1. Hen
us, (P+ ;F(Z*ﬁi) 1® = 0.69970 < 1. Hence

by theorem (3.3), the problem (1) has at least one solution

on [0, 1].

Next, we show the applicability of theorem (3.3) with the

nonlinear function f given by

Flrue), (9u)(e), (wu) (1), D2u(e). D ur))
MR+ u()]) 5

It is easy to see that
|£(tu(e), (9u) (1), (wu) (1), D2u(r)  DRu(r))| < T =
(t). Then, by the condition (H,) with u(t) = 7¢¥. In
consequence, the conclusion of theorem (3.3) implies that
the problem (1) has at least one solution on [0, 1].

Example 3.Consider the following fractional four-point
boundary problem

(°Ds + 11—1€D%)u(t) =3, 1€[0,1]

u(0) =0,

L1 1 1 11, (s

3 (Z) 3 (g) g”(g)—/o Q) u(s)ds,
where | ,
w3 = f(t,u(t),(Qu)(t), (yu)(t),D2u(t), Dru(t)),q =
PRI D A W B
?7 — 1]17a1_6]7a2_%aa3_55 1_4; 2_37 3 =
§7n:%7ﬁ1:§aﬁ2215ﬁ:]7

which follows that

Fleu@), ($u)(e), (wu) (1), D2u(t). D3u(r))
efcoszu(t)

:3+cosu(t)

[(9u)(1)]

T+ [(9u) (0)]

4 DRl )

L+ [eD3u(r)|

e ™sin(mr) (
2+ cos(7t)

1 | (yu) ()]
2 Y sin(m) (; | (ya) (1))

Diu(r)| )
1+ [Diu(r)|’’
we have that

1 3 9
£ (t,u(t), (9u) (2), (yu) (1), D3u(t) " Diu(t)| < 5.
Therefore, by theorem (3.5), the problem (1) has at least
one solution on [0, 1].

5 Conclusion

We have presented some new treatments non-local
multi-point boundary value problems of Caputo type
sequential fractional integro-differential equations. the
fixed point theory has been used to examine the existence
and uniqueness results. We presented some applications
to illustrate the power of the obtained results on quantum
information theory is discussed. Also, to catch more
interesting applications of the present research work, new
examinations and applications can be investigated using
master equation of more complicated quantum systems.
These new discussions will be presented in a future
research conducted by the author of the present paper.

24 20u(r)]
e tsin(m) ¢ |(0u))] D)
e <1+|(¢>u)(t)| 1+|CD%u(t)|)
1+sin2t< ()@, _["Diu(r)| )
L2 N+ [(wu) ()] 1+ |epiu()|))
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