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Abstract: In this paper, a one-dimensional third-order p-Laplacian boundary value problem at resonance on the half-line is studied.
We apply the extension of Mawhin’s coincidence degree theory due to Ge and Ren to obtain the existence of solutions. The results do
not only generalize but also improve some known results on third-order p-Laplacian boundary value problems at resonance.
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1 Introduction

In this paper, we study the third-order nonlinear boundary
value problem with a p-Laplacian of the form:

(d(0)@p(u (1)) = h(t,u(t),u'(t),u" (1)) a.et € (0,00),

(H
satisfying
1 Ni
W (0) =Y B [ ult)dr,u(0) =0, Jim (d(e) g, (" (1)) =0.
=1 70 “
(2)
Where the right hand side of (1) satisfies the

Carathéodory condition with respect to

L'[0,0),0 < Bi < oo, B € R,i=1,2...,n, Y1, Binf =2.
d € [C[0,00) N C?(0,00)],d(t) > OVt > 0.
@p(s)=|s|P2s,p>1land0<m; <oo,i=12...n
Boundary value problems on the half-line have various
applications in plasma physics and the theory of drain
flows. Integral boundary conditions, on the other hand
exist in applications such as, population dynamics, blood
flow models, heat conduction, underground water flow,
etc. The boundary value problem

(q(0)u" (1)) = g(t,u(t),u' (1),u"(¢)) 1 € (0,e0)

W (0) = g o /0 ¥ ()t u(0) = 0, lim g(1)u'"(1) = 0

was studied by Iyase [6] when p =2 using the Mawhin’s
coincidence degree arguments. However, when p # 2 ,

¢p(u) is no longer linear with respect to u. In this case,
Mawhin’s continuation theorem cannot be applied
directly as the case in [6]. From the existing results in the
literature for the resonance cases, some results on second
order boundary value problems with a p-Laplacian have
been established. On the other hand, third-order boundary
value problems with a p-Laplacian satisfying integral
boundary conditions on the half-line have not received
much attention. However, there have been some studies
on higher order boundary value problems with a
p-laplacian, on bounded domains. For some results on
boundary value problems with a p-Laplacian, see,
[2,4,8,10,12,13,14,15] and the references therein.

The boundary value problem (1)-(2) is called a
problem at resonance if
Tu = (d(t)@,(u"(r)))" = 0 has nontrivial solutions under
the boundary conditions (2), i.e when dimker7 > 1.
When kerT = 0, the differential operator is invertible. In
this case, the problem is said to be at non-resonance. The
rest of this paper is organized as follows: ~ In Section 2,
we recall some background definitions and technical
results. Section 3 is devoted to proving the main existence
results. In Section 4 an example is presented to illustrate
our result.
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2 Some definitions and Technical results

In this section, we introduce some definitions and lemmas
that will be used in the subsequent sections which include
Ge-Ren’s continuation theorem.

Lemma 2.1 [5] Let @,(s) =| s |[P=%s. Then @, has the
following properties
()@, is continuous, monotonically increasing and
inveriiblelwith (pp’1 = @y4,q > 1 a real constant such
that —+ — =1.
- P q
(i)] @) |= @ (| u ),y (1) > 0, for u € K.
(iii)@p(u+v) < (@p(u) + @p(v)), I <p<2
()9p(u+v) <2072y () + @p(v)),p = 2.

Definition 2.2 The map h : [0,00) x R" — R is L'-
Carathéodory if the following conditions hold
(i)for each u € R", the mapping t — f(t,u) is Lebesgue
measurable.
(ii)for a.et € [0,00), the mapping u — f(t,u) is continuous
on R".
(iii)for each r > 0, there exists an o, € L']0,0) such that
fora.et €0,00) and every u such that | u|< r, we have
| f(t,u) |< o (0).
Definition 2.3 Let X and Z be Banach Spaces. A
continuous operator
T:XN domT — Z is called quasi-linear if and only if
ImT is a closed subset of Z and kerT is linearly
homeomorphic to R".

Definition 2.4 Let X be a Banach space with X; C X a
subspace. A mapping Q : X — X is called a
semi-projector if Q satisfies

(i)Q*u = Qu,u € X.

(ii)Q(Au) = AQu,u € X,A €R.
Definition 2.5 N, :Q — Z,A €0,1] is said to be
T-compact in Q if there exists a subspace Z\ C Z with
dimZ\ = dimkerT and an operator

§:Q x[0,1] = X continuous and compact such that for
A e[0,1]

(I=QN)\(Q) CImT C (I-Q)Z (€)
ONu=0,A€(0,1) iff ONu=0,u € Q 4)
S(.,0) is the zero operator 5)

S(,A) [a,= (I =P) |a, whereA; ={u € Q:Tu=Nyu}
(6)

T[P+S(,A)] = —Q)Ny ©)

Where P : X — X is a projector and Q is a Semi-projector
such that
ImP=XerT and Im Q =7,

Theorem 1. [4] Let X and Z be two Banach spaces with
norms || . ||x and || . ||z respectively and Q C X be an open
and bounded set.

Suppose T : X N dom T — Z is a quasi-linear operator
and Ny, : Q — Z, A € [0,1] is T-Compact. In addition if
(1)Tu # Nyu, for 2 € (0,1),u € domTNIQ.

(2)deg {JON,QNkerT,0} #0.

Where J : Im Q — kerT is a homeomorphism with
J(0) = 6, where 0 is the origin and N; = N. Then the
abstract equation Tu = Nu has at least one solution in Q.

Let AC[0,00) be the space of absolutely continuous
Sunctions on [0,00). We shall use the following spaces
X ={u:[0,00) = R| uvdgop(””) € AC[0,00),limy e |
u(r) |

exists ,0<i<2,(d,(u")) € L'[0,) and ¢, (é) e L'[0,0)}

(8)
With the norm

|| || = max [ sup e ' |u(t)|, sup e |/ (t)],
1€[0,00) 1€[0,00)

9)

sup ¢! 140 |

t€[0,00)

Then Xis a Banach Space. We let Z = L'[0,0) endowed
with the norm

Iylh=[ 13 |dryez

To prove the compactness of the operator T we use the
following compactness criterion.

Theorem 2. [l1] Let X be the space of all bounded
continuous vector valued functions on [0,) and V C X.
Then V is relatively compact in X if the following
conditions hold:

(i)V is bounded in X ;
(ii)the functions from V are equicontinuous on any
compact interval of [0,0);
(iii)the functions from V are equiconvergent at infinity.

We introduce the mapping T : domT C X — Z defined by
Tu=(d()@p(u"(1)))',1 € [0,%°) (10)

where

domT = {u €EX:u(0)= z”:ﬁifomu(t)dt, u(0) =0,
i=1

lim (10,0 (1) =0}
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We  define the operator N : X — Z by Proof Define the continuous operator Q : Z — Z by
Nyu(t) = Ah(t,u(t),u (t),u" (1))
Then (1.1) - ( 1.2) takes the form Tu = Nyu when A = 1

Lemma 2.6 IfY" | Bin? =2 then Xn" /m// ( )

(14)
(i)kerT = {u € domT : u(t )—ct cER,t€[0,00)}. (/ )drdsdt
(i)Im T ={y e Z: X1 Bi Jo" Jo Jo @4
1
— | @, ([ y(t)d7)drdsdt = 0}.
) oo here
(iii)T : domT — Z is a quasi-linear operator.
proof: It is easily verified that (i) holds. et
To prove (ii), Let y € Z and consider the equation p(t)= P (15)
b Yie lﬁzfolfofo%( ())drdsdt
(d(1)@p(u” (1)) = y(r) (1D
Then using (1.2) we obtain It is easily deduced that Q*y = Qy and Q(Ay) = AQy for
o y € ZA € R Thus, Q is a semi-projector with
d(1) gy (" (1)) = / v(z)dr. dimker T = dimImQ = 1.
! From the definition of Q we can derive (3), (4) and (5). To
Thus establish conditions (6) and (7), define
u'(t) =—¢ ( : ) ¢ (/wy(r)df)
\d(r)) ™\ i S(u)(1) =
or - [ [oge [ atieute).u @)
t S o
- [, (L) %% ( / y(m) drds+ 1 (0) —(on)(x >>dr>]drds.
0 JO d(l’) r (16)
(12)
In view of (2) and Y} ﬁ,nl 2 we obtain
Let P: X — kerT be defined by
n nl )
Z / / / ®y < a0 > </ y(r)dr) drdsdt =0
=1 ' (13) Pu(t) =u'(0) t,t € [0,0). (17)
if (11) holds, then
) = o = o (g ) @U@ aednas is a Foramu = {u eV Tu=Nuu]
solution of (11), where ¢ € R.
Thus Ah(t,u(t),u' (t),u" (t)) = (d(t)@,(u" (1)) €Im T C kerQ.

ImT{yGZ: Thus

lzn:lﬁi/om /Ot /Os(p" <$> (pq(/rmy(f)dr)drdsdt. SA)(r) =
o} [ e () o ([ 2000000 0)

)dt ]drds

L w(32) vt

Hence, we have dimkerT =1 < oo, InT C Z is —(Qh)(7
closed. Therefore, T is a quasi-linear operator.

Lemma 2.7 If h is a L'-Carathéodory function then Ny, : . / / " . ren

V — Zis T-compact in V for V. C X an open and bounded “Jo Jo ¥ (v)dtds = u(t) — 1 (0) = (I - P)ult).

subset with the origin 6 € V (18)
© 2021 NSP
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Also,

T [Pu—+ S(u,A)] (1)

faomston- [z}

| izt (0. @) —th)(r))dT)) asdr)"}

N
aQ
<

=

_ [—d(t)gop(pq (%) 0 ( [ " (h(z,u(t), i (), 4" (7))
)

19)

This verifies (6) and (7). Next, we show that S is relatively
compact for any A € [0,1]. Let V C X be bounded, that
is there exists an r > 0 such that r = sup{||u|:u € V}.
Since h : [0,00) x R3 — R is L' Caratheodory, there exits
o, € L'[0,0) such that for allu € V and a.e t € [0,).

| At u(e),u(6),u” (1)) | < au(t) (20)

ForueVv

1
e [SwA) | < sup 't | @ (—) I oalll o I
1€ [0.50) \d 1 @1

+ QR ]

_ _ 1
e 15Ga) < s o (5) hedle

t€[0,00)

+ 1 Oni]

1
o, (3) e lloli+lenl] @

- _ 1
15" |< sup (5 ) ol

1€[0,00)

+1 Q1]

1
oy () I oyl ol + 10 )
(23)

Therefore, from (2.19), (2.20) and (2.21) we obtain

_ 1
I500) | <max{ sup el (5 ) I

t€[0,00)

o () I boulllor i+ @i

1
EACIE
d
—t
sup e t,],i1
05 e () 0

1
o (3 ) ol B+ 1 2 1)

= max

1
—arhon(5) I fou o410

=1,
(24)

S(.,A) is therefore uniformly bounded in X .
Now foranyt;,t; € [0,B].B € (0,00) witht; <tp, u €V, we
have

le 28 (u,A)(t2)—e 1S (u, 1) (11)|
/ ? [ S A) ()] de

1
<2k —n) [ S(u,A) |
< 2([27[])[4 —0ast) — 1y,

le 28" (u,A)(ty) — e 1S (u, 1) (1)
/ ? [ TS ) ()] de

|

/ ® e S (u,2)(7) + e S (u, A) (7)) d7

n

<20t —n) || S(u,A) |
< 2(l2 —t)Ly —0ast) — 1,
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|72 @p(S" (u,A)(12) — e " @p(S" (u, 1)) (11)]

_ ’ ;Z; /tz " AlA(Tu(z), i (2), 0 (x))
~ (on(e)dt
2 a0 )
- (on(o)]ar
< ;(;:)—;(:) /2 T h(Tu(e), ol (1), (7))
~ (on(®))dz
2 [ bt (0).4()
~ (o) |z
<l Il dne ™~ (e | [ [a,@

lon O dst 1 g 1 [ 1 [ats) + 0nts)| 1

1
1 _ -
<Il 5 2l d(t)e™ —d(m)e™ [ [l o 1 + [ Q% |1]

1 "2
2l [+ | 0h | (9]ds > 0ast e
3|

This implies that
e 28" (u,A) () —e S " (u,A)(t1) | = O0asty — 1
Therefore, S(u,A)(V) is equicontinuous on every compact

subset of [0,00).
Next, we establish that S(.,A1)(V) is equiconvergent at

infinity.

Foru eV, we have
150 A)()
1 o) o[ 2hceatea e
- (Qh)(r)]dr)} drds |

_ 1
<eilo (7)ol i+ Qn] »0asr -

]
— 1 () oAbzt (0.0 5)
- (@n)(®)delds |
<oy (5 ) I allen 110811

—0ast— oo,

e |8"(u, ) (1)]

_ 1
<oy () I oull arli+ 1 0n 1
—0ast— oo,

This shows that S(u,A)(V) is equiconvergent at infinity.
Since all the conditions of theorem 2.2 are satisfied, the
set S(u,A)(V) is relatively compact. The continuity of the
mapping S(u,A) follows from the Lebesgue dominated
convergence theorem.

3 Main Result

Theorem 3. Let h be a L' - Carathéodory function.
Assume that the following conditions hold.
. . e’

NOIEL Bin? =2, 1 B S 15 00 (7 ) s 7
0.

(Al)There exists My > 0 such that for u € domT /KerT
satisfying | u'(t) |> My for t € [0,00) we have
QN;LM 75 0.

(A2)There exist positive
ai,az,ay,r € L'[0,00)such that.

functions

(e, iz, 3)| < 0= [am L |
Fan(e) | w2 [P (o) | us [P ] )
(25)

(A3)There exists My > 0 such that for every ¢ € R with |
¢ |> M, we have either

1 N [t s 1
6L L)l
i=1 /000/0 /0 d(r) (26)
/ lh(T,cT,c,O)dT) drdsdt > 0

or

n "N rtors 1
b [ o () ol
' . (27)
/ lh(r,cr,c,O)dr) drdsdt < 0.

Then the BVP (1)- (2) has at least one solution
provided

1 3 ,
2242 || g, (E) A Y | ai |l “lfori<p<2
i=1
(28)
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or

1 _
lo(3) ha X el <1porp=2. @
To prove theorem 3.1, we first derive some Lemmas.

Lemma 3.1Let
= {u € domT /KerT : Tu = Ny u for some A € (0,1].}
Then W is a bounded set.
proof:Let u € Wy. Assume that Tu = Ny u. Then ONju = 0.
Therefore, from (Al) there exists ty € [0,00) such that

| u/(t()) |§ M. (30)

Then
10
[4(0) =1 (0) = [ (9)ds |< My [ [y B1)

Foru e Wy, (I —P)u € domT (\KerP. Thus, from (18) and
(24)

we have,

(1= Pu[[=] S(u,2) ||< Ly

where Ly is defined in (24).
From the definition of P we have

Pu(t) = u'(0)t,(Pu)'(t) = u' (0),t € [0,00)

Hence, from (31) we obtain

|, (0) I}

:max{ sup e’t,l} | u'(0) |[< Ay | (0) |

1€[0,00)
<A [M]+ ” u” ||]}

| Pul| = max{ sup e 't |u'(0)

t€[0,00)

=A | d" ||| +AIM;  (32)

lwll =l Pu+ (I = Pu |
< Pufl+ (7= Pu |
<[|u" ||y A1+ Li + M A,
:H u” || A1+ L. (33)

where Ly =Ly +MA;.
If p < 2 then from (12), (25) and Lemma 2.1 we get

1= o (755 ) oo

/ Ah(t,u(t),u (r),u”(r))dr)
<

< <pq( )H ol an Inllu P!

1 1
Hlaa [l wll”" + Fas [l [P~ 4[] r L]

dt

IN

2772l ax il u |7

1
®g(=)
q d |
+lax Wl wlP~" T+ g [l az [l w P~ 4 [ 1]

1 B -
<o (3)] 22 L vt
1 i=1

~1
e }

Using (28) and (33) we derive
[122<”> Loy I s el ‘Al] Al

<Il oy (7 Ly [l 226 [Z lai {7 Lo [ 11 Z]

1

From (28) we conclude that there exists Lz > 0 such that
lu" 1< La (34)
Therefore, from (33) we obtain
|l u||< Lyg,Lyq > 0. (35)
Similarly, if p > 2

1 3 1
lu” 11 <]l <Pq< (F lZ a1 w4+ 1 1] ]
i=1
3

)

oo(3)] {Z et o
|
i)

i=1

or

1 _ _
<o, (7)1 [Z i 19 Lot | 9 ]
i=1

From (29) we conclude that there exists Ls > 0 such that
|« ||1< Ls. (36)

Using (33) we again obtain L > 0 such that || u | < Le
Therefore, W is bounded.
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Lemma 3.2 Let W, =
is bounded.

Proof: We have for ¢ € R and t € [0,
Nyu € ImT implies Nyu € kerQ.
Hence,

li /m//%( )(qulgg(

/ h(‘L’,c‘L’,c,O)d‘L’) drdsdt = 0.

{uckerT :NyucImT}. Then W,

o), u(t) = ct and

By (A3) we obtain
| c |< Mz

Therefore, for u € W,

|| u||=max< sup e't,1 ¢ |c|<AM,
t€[0c0)

We therefore conclude that W5 is bounded.
Define J : ImQ — kerT by
J(ep(t)) =ct or I (ct) = cp(r)
If (26) holds, let

Ws={ueKerT : Au+ (1 —A)JONu=0,A € [0,1]}

Then
~AJ = (1-1)ON;u

oxef [ [ o (25

< ¢, ( / h(r,cr,c,O)dr) drdsds

or

—Acp(t) =

if A =1 then ¢ =0 and if | ¢ |> My then from (26) we have

o o ()

X @y (/ h(T,cT,c,O)dr) drdsdt >0
r

0> 26*17

which is a contradiction. Therefore, W3 is bounded. If
(27) holds we set
={uekerT: —Au+(1—A)JONu=0,A €[0,1]}

Using the same arguments as above we obtain that W5 is
bounded.

Let W be open and bounded such that Wy UW, UWs C W.
Then from the above Lemmas, we can deduce that

Tu# Nyu,(u,A) €
Let H(u,A) =

[domT NAW] x (0,1)
Au+ (1 —=A)JONu.

It is easily checked that H(u,A) # 0 for U € dWNkerT.
Hence,

deg(JON |kerr, W NKerT,0) = deg(H(.,0),W N KerT,0)
=deg(H(.,1),WNKerT,0)
=deg(+l,WNKerT,0) # 0.

From theorem 2.1 we can conclude that Tu = Nu has a

solution in
domT NW. Therefore, (1)- (2) has at least one solution.

4 Example

Consider the boundary value problem

/

[d()@p(u”(1))] =

3 L u(t) P
3 [1+4(1+t)2+

| u'(r) [° o, |u'(1) P
ti
T ERATI T

(37)

i
u(t)dt,u(0) =0, tle (d(t)pp(u”

Here,

4
d(t):€3t,p:4,q:§,ﬁl 4B2

h(t,u,u’ u'") =

3
WP o

u(t) P [u" P ]
8(1+1)3 16(1+4)4

4(1+1)?

e [1 + +

Y7 | Bin? = 2. It is easily checked that h : [0,00) x R3 — R

is an L'- Carathéodory function

lf: /n'//<pq< >drdsdt
:izz‘iﬁi/om/(:/ose‘”drdsdt#o

Assumption(AO0) is satisfied.

Clearly, (h(t,x,y,z) > 0 for all (t,x,y,7) € [0,00) x R>.
Thus, ONju # 0 on [0,%) forall u € domT/kerT
Assumption (Al) is verlﬁed

| ul®
4(1+1)3

|MII |3
N 16(1+t)4>

1 1 1
4(IT)Q,az(t) = ma%(ﬂ = Te(i 1

| 2

8(1+1)3

| h(t,u,u u" | < e (1 + +

Here
a(t) =

@© 2021 NSP
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This verifies assumption (A2). To verify (A3) we have
1/2 rt ps 1
<o)
b JoJo P\
3t et le|?
X(pq(/ [1+4(1+1)2+8(1+‘L’)3 dt | drdsdt
13
+%/(//%( )

3 et |? [P
X(pq(/r e [1+4(1+T) +8(1+1)3 dt | drdsdt
1/2 pt ps
caof [ [
Jo Jo Jo
1/3
+%/ // (

4 an
31/3 0
Assumption (26) or (27) are satzsﬁed respectively if ¢ > 1
orc< —l,ieif|c|>1.

drdsdt

drdsdt)

11

1
TIPS

Bl—

Finally, we have Y3, || a; ||i=

()] =t lm ()],

Therefore, for p > 2, we have from (29)

|<pq( )|1)2 i Ay =

Thus from theorem 3.1 we conclude that the BVP (37)-
(38) has at least one solution.

=1

1
3 <1 whereA; =1
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