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Abstract: The aim of our paper is to introduce the concepts of (L, ®)-fuzzy (S, T)-soft ideal and (L, ®)-fuzzy (S, T)-soft ideal base
and study many of their characteristics. We point out that every (L, ®)-fuzzy (S, T)-soft ideal induces in a natural way an (L, ®)-fuzzy
(S,T)-soft co-topology. We prove the existence of the products of (L,®)-fuzzy (S,T)-soft ideals. Also, we investigate the image of

(L, ®)-fuzzy (S, T)-soft ideals.
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1 Introduction

Molodtsov [1] presented and studied the theory of soft
sets. This theory was deemed as an important
mathematical instrument to work on uncertainty. The
concept of soft sets was applied in several areas such as:
computer science, physics, engineering, medical science,
social science and economics. Molodtsov [1,2]
established the fundamental results of his new theory.
Molodtsov et al. [3], introduced various applications of
soft sets.

The concept of a fuzzy soft set was brought up by Maji
et al. [4,5] and they examined its qualities. In the field of
decision making, Maji et al. [6] and Roy,Maji [7] utilized
soft sets and fuzzy soft sets to solve some obstacles in it.
Many academics repeated their efforts to study the theory
of fuzzy soft sets [8,9,10,11].

The notion of soft topological space was presented by
Shabir and Naz [12] and they investigated many of its
characteristics. Aygiinoglu et al. [13] came up with the
concept of (L,®)-fuzzy (S,T)-soft co-topology in
Sostak’s meaning [14]. Many topological notions are
spread out to the theory of fuzzy soft sets ([15,16,17,18,
19,20,21,22,23]).

Kuratowski [24] innovated the notion of ideal in a
topological space and therefore Jankovic and Hamlet [25]
used it to investigate the properties of ideal topological
spaces. Sarkar [26] extended the idea of ideal to the

theory of fuzzy set. Fuzzy ideal was expanded in many
directions ([27,28,29,30,31,32,33]).

Ideal is considered as one of the most effective
instruments in the theory of fuzzy sets, which inspires us
to broaden the concept of ideal into the theory of fuzzy
soft sets and explore their properties. The followings are
the overall structure of this paper: In section 2, we review
several basic concepts that will be useful in our research.
In section 3, we present the idea of (L,®)-fuzzy
(S,T)-soft ideal and (L,®)-fuzzy (S,T)-soft ideal base
and study many of their characteristics. Also, We infer
that every (L,®)-fuzzy (S,T)-soft ideal induces in a
natural way an (L,®)-fuzzy (S,T)-soft co-topology. In
section 4, we investigate more properties of (L, ®)-fuzzy
(S,T)-soft ideal bases and we define the products of
(L,®)-fuzzy (S,T)-soft ideals. In the last section, we
study the image of (L,®)-fuzzy (S,T)-soft ideals and
examine its characteristics.

2 Preliminaries

Let L = (L,<,V,A,0r,11) be a completely distributive
lattice where O is the least element and 1, is the greatest
element. Throughout this work, the letter X stood for an
initial universe and S, T are the sets of all parameters for
X. LX is the set of all L-fuzzy sets on X[34].

Definition 2.1.[35,36] A tripartite (L, <,®) is said to be
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strictly two-sided commutative quantale (for short,
stsc-quantale) if it fulfills the following criteria:

(L1) L= (L,<,0p,1;) is a complete lattice,

(L2) (L, ®) is a commutative semigroup,

L3)v=v® 1, foreveryv e L,

(L4) (Vieavi) @w = Vjep (vi®w), for each v,w € L,

Definition 2.2.[36] For a stsc-quantale (L,<,®), a
mapping * : L — L is said to be an order-reversing
involution, if it fulfills the following criteria:

(i) (u*)* =u, forevery u € L.

(i) If u < vthen, v <u*, u,v € L.
We suppose that (L, <,®,@®,x*) is a stsc-quantale with an
order-reversing involution * and the binary operation ® is
obtained by u®v = (u* @ v*)*.

Lemma 2.3.[37] For each u,v,w € L the properties listed
below are fulfilled
(i) if v<w, then (u®v) < (u®@w) and (u®v) < (u®
w),
MuRXv<uNAv<uVv<udv.

Definition 2.4.[13] g is called an L-fuzzy soft sets on X,
such that g is mapped each element of a parameter set T’
into element in LX, i.e., g, := g(¢) is an L-fuzzy set on X,
for each t € T. We use the symbol (LX)7 to denote to the
family of all L-fuzzy soft sets on X. Let g1,g2 € (LX)7,
then we have the following properties:

(i) g1 is a subset of g, and write g1 = g2 if (g1); < (g2)r»
VteT. g1=giffgt Egrand go C g1.

(ii) g = g1 Mgy is the intersection of g1,g, € (LX)7,
where g, = (g1); A (g2);, foreacht € T.

(iii) g = g1 LI gy is the union of g1,g> € (LX) , where
g =(g1):V(g2), foreachreT.

(iv) For g1,8 € (LX), g = g1 ® g, is defined by g, =
(g1)r®(g2), foreachr e T.

(v) For g1,82 € (L*)T, g = g1 ® g1 is defined by g =
(g1):®(g2);, foreachr € T.

(vi) The complement of g is g*, where g* : T — LX is
amap given by g7 = (g)*, foreachr € T.

(vii) A null L-fuzzy soft set is Ox where, (Ox);(x) =0z,
foreachr € T,x € X.

(viii) An absolute L-fuzzy soft set is lx where,
(Ix)i(x) =1y, foreacht € T,x € X.

Definition 2.5.[13] Let 77 and 7> be parameters sets for
the crisp sets X and Y, respectively and let ¢ : X — Y,
v : Ty — T» be two maps. Then ¢y : (LX)t — (LV)2 is
called a fuzzy soft mapping.

@) For h € (xn,

Oy (h)e(y) = Viey 101 Veey-1({e}) he(¥)),
Vieh,VyeY,
(i) For f € (L%,

Py (f)e(x) = fy(e) (9 (x)),Ve € T1,Vx € X.

(i) ¢y : (LX) — (L)™2 is called injective (resp.
surjective, bijective) if ¢ and y are both injective (resp.
surjective, bijective).

Lemma 2.6.[38] Let ¢y : (LX)T1 — (LY)™2. Then, for
h,h; € (LX) and f, f; € (LY)™2, we have

@) f 3 9y(9y () and £ = 9y (05 (/) if by is
surjective,
) BT 0y (Gy(h) and h = 9y (9y(h)) if 9y is
Injective,

(iii) if @y is injective,

Oy (h)es (v) = {’%(x% it xed () ey (en)

(UR otherwise.

(V) 9y (%) = (3 ()"

(V) ¢y (Uiea fi) = Uiea &y (fi)-

(i) @y (Miea fi) = Niea @y (f1)s

(vii) @y (Uieahi) = Uiea Oy (i),

(viii) @y (Micahi) T Mica Py (ki) the equality holds if
Oy is injective,

(ix) ¢y (f1® f2) = ¢y (/1) ® 0y (f2),

(X) Oy (h1 ®@h2) T @y (h1) @ ¢y (h2) the equality holds
if ¢y is injective.

Definition 2.7.[13] A mapping § : S — L’ (where
Fs :=3(s) : (LX)T — L is a map for each s € S) is called
an (L,®)-fuzzy (S,T)-soft co-topology (for short,
(Lg,St)-fs-co-topology) on X if it fulfills the following
criteria for each s € S:
(SCOD) Fs(0x) = Fs(1x) = 1z,
(SCO2) Fs(g1 @ g2) > Fs(g1) ®@Fs(g2), Veu,82 € (LX),
(SCO3) Fs(Micagi) > Niea Ss(8i),Vgi € (LX) i€ A.
(X,8) is called an (L,®)-fuzzy (S,T)-soft
co-topological space (for short,
(Lg,St)-fs-co-topological space).

3 (L,®)-fuzzy (S,T)-soft ideal

Definition 3.1. A mapping .¥ : § — L’ (where . 1=
F(s) : (LX)T — L is a map for each s € S) is called an
(L,®)-fuzzy (S,T)-soft ideal (for short, (Lg, St )-fs-ideal)
on X is if it fulfills the following criteria for each s € S:

(SI1) c]5(0)() =1, and %(1){) =0y,

S2) A(f @ g) > H(f) ® Flg), for cach
f.e€ @7,

(SI3) If f E g, then Z(f) > F(g).
(X,.#) is called an (L,®)-fuzzy (S,T)-soft idealed set
(for short, (Lg,St)-fs-idealed set).

If 4 and .%, are two (Lg,St)-fs-ideals on X. We
point out that .#| is finer than .%, (or .%, is coarser than
A1), symbolized by % C .7 iff (#)(g) < (#1)s(g),
Vge (LX), ses.

We can get (Lg,St)-fs-co-topology on X from an

(Lg,St)-fs-ideal .# : K — L" as illustrated in the
subsequent theorem:
Theorem 3.2. Let (X,.#) be an (Lg,St)-fs-idealed set. If
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we define F, S — L (where
(Fr)s =T (s): (IX)T — Lis amap for each s € S) as:

Gode = { PO 2

Then, (X,§.~) is an (Lg, St)-fs-co-topological space.
Proof. (SCO1) and (SCO2) are unmistakable.

(SCO3) Let {g, i€ A} E (LX)T. Then I_IiGAgi E 8i,
Vi € A. By (SI3), we have

F5(Micagi) > I5(gi), Vie A.

So,
(8.7)s(Miengi) > (8.7)s(8i), Vi € A.
Thus
(30)s(Mieagi) = N\ (B.)s(8i)-
ieA
Hence, every (Lg,St)-fs-idealed set provides an

(Lg,St)-fs-co-topological space.

Theorem 3.3. Let
(Lg,St)-fs-ideals
5 = Ujea S : S —
I = Iy = Viea(A)s + ()
I5(8) = Viea(F1)s(8), Vg € (LX)
(Lg,St)-fs-ideal on X.

Proof. (SI1) For each s € S, we obtain

{F:}ieca be a collection of
in a fixed set X. If a map
Lo, where
— L defined by:
, s €S, then .7 is an

F5(0x) =\ (F)s(0x) = \/ L =1,
ieA ieA
and
Fi(1x) = \/ (F)s(1x) = \/ 0. =0,
ieA ieA

(SI2) For every g1,g> € (LX)T, we have

I5(81) @ FI5(82) = Viea (Fi)s(81) @ Viea (H)
= Viea ((F)s(g1) @ (H)s(g2
< \/ieA (%)S(gl 6982)
= (g1 D g2).

s(g2
)

(SI3) If g1 C go, then we have (.%),(g1) > (#)s(g2),
Vie A,s € S. Thus,

Ii(g1) =\ (H)s(g1) = \/ (H)s(82) =

i€A i€A

I5(82)-

Hence, . is an (L, St)-fs-ideal on X.

Theorem 34. let ¢ : X — Y, yv:T) — T, and
n:8 — 8. If # is an (Lg,S7,)-fs-ideal on X and

Py (S) : AY) — L (where
(Qyn (F))s = Fy-1(5) (95 ) (h) = (L") = L is a map for
each s € S2) defined by
(Py.n (F))s(h) = Fy-1(5)((9y) (1)), then Py (7) is an

(Lg,Sar,)-fs-ideal on Y.
Proof. (SI1) It is obvious.
(SI2) For each hy,hy € (LY)2,5 € S, we have,

(‘Pwn( ))s(h1 @ h2)
() 9y (I ©h2))
—fn o0y (l )@% (ha))
> I 105 (0y (1)) @ I 1) (9, (h2))
:(¢wn( ))s(h1) @ ))s(ha).
(SI3) If Iy C hy, then

(¢wn(

)s(hi) = 16 ((9y) " (1))
2 f 1 ((8y) ™ (2))
= (y.n(F))s(ha).

&) isan (Lg,Sor, )-fs-ideal on Y.

(Oyn (S

Hence, ¢y, (

Theorem 3.5.Let¢ : X =Y, n:S1—=Sandy: 171 =T,
be mappings. If .# is an (Lg,S»7, )-fs-ideal on Y and

05(F) 1 S1 — LI (where (95, (), : (LX) — L

is a map for each s € S;) defined by:

Oy (I5) () = { NS h=95 ()T 7200

Then, ¢y, (%) is an (L, S17; )-fs-ideal on X.
Proof. (SI1) It is easy.
(SI2) For every g,h € (LX)T1, we have

Pyn (F5)(h) @ @y, (F5)(g)

= (M I (1) h= oy (h)}) @ (N s (81)
1g= ¢y (81)})

<M I (M) @ Iy 5)(81) th@g =9y (h1) @ ¢y (g1)}

< /\{f s @g1) hdg= oy (hi®g)}

S%n(%)(h@g)-

(SI3) If h E hy, we have ¢y ,(5)(h) =

IOy (h1)) = I5(Pyn () = by 5 (I5) (h2).

Notation 3.6. Let % : S — LI  (where

By = B(s) : (LX) — L is a map for each s € §) and

he (LX)T. For s € S, the term (%) (h) is defined by:
hef

Definition 3.7. A mapping % : § — L(© (Where By =
HA(s) : (IX)T — L is a map for each s € S) is called an
(L,®)-fuzzy (S,T)-soft ideal base (for short, (Lg,St)-fs-
ideal base ) on X if it fulfills the following criteria for each
ses:

(SIB1) 2,(0x) = 1, and B (1x) = 0,
(SIB2) §<%’s>(g1 D g) > Zig) @ Bi(g)

Vgl,gz S (LX) .
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Theorem 3.8. Let % : S — L)" be an (L, Sy)-fs-ideal
base. Then, () is the coarsest (Lg,S7)-fs-ideal fulfills
By(f) < (B5)(f),Vf € (LX) s €S.

Proof. The condition (SI1) and (SI2) are easily
checked.
(SI3) Let s € S and suppose that there exist f,g € (LX)T
such that:

(Bs)(f @ 8) 2 (Bs)(f) @ (HBs)(8)-

By the definition of (%) and (L4) of Definition 2.1, there
exist f1,g1 € (LX)T with f C f1, g C g1 such that:

(Bs)(fo8) 2 Bs(fi) ® Bs(81)- (D
Since (#) is an (Lg,St)-fs-ideal base, we have
(Bs)(hr ©81) = Bs(f1) © Bs(81)-
Since f @ g C f1 ® g1, we have
(Bs)(f@8) = (%) (1 Dg1) = Bs(f1) @ HBs(g1).
It is a contradiction for (1). Thus for every f,g € (L*X)7,
(B)(f 8) = (%) (f) @ (H5) (8)-
Thus, (%) is an (L, St)-fs-ideal base.

If .7 is an (Lg,St)-fs-ideal fulfills %,(f) <
(LX)T s € S. Thus,

N =\ %2 <\ (e) = %)

fCg fEg

I(f), Vf e

Definition 3.9. Let ¢ : X — Y, n:S — S and
v : Ty - T» be mappings. If (X,.#) is an
(Lg,S17,)-fs-idealed  set and (Y,.#) is an
(L, Sor, )-fs-idealed set, then the map
Oy : (X, 7) — (Y, ) is called:

(i) an L-fuzzy soft ideal map if Z5(¢y, (g)) > 3 (5)(8)-
foreach g € (LY)2, s € §).

(i) an L-fuzzy soft ideal preserving map if
F(f) < Hio(9y (f)) - for each f € (LX)T1, s € 8.

Theorem 3.10. Let % be an (Lg, Si7, )-fs-ideal base on X
and % be an (Lg, S, )-fs-ideal baseon Y. If ¢ : X — Y,
y: Ty — T, and n : S — S, are mappings, then we have
the following properties:

() ¢ : (X,(B)) — (Y,(X)) is an L-fuzzy soft ideal
map iff 7775 (8) < (%s)(y, (g)). foreach g € (L"), s €
S

1-

(ii) ¢ : (X,(#)) = (¥
preservmgmaplf B (f) < (A,
(LX)T1 sES.

(i) If 755 (g) < HBs(o
s € Sy, then ¢ (X,(A)) —
ideal map.

, () is an L-fuzzy soft ideal
(5))(9y’ (f)), for each f €

, for each g € (LY)%,
() is an L-fuzzy soft

9y (8))
(¥

(iv) If By(f) < A (¢y (f)), for each f e (LX)N,
s €8y, then ¢ : (X,(HB)) = (Y,(X)) is an L-fuzzy soft
ideal preserving map.
Proof. (i) Since ¢ : (X,(B)) — (Y,()) is an L-fuzzy
soft ideal map, then for each g € (L¥)™, s € S| we have,
()85 () = (Hai)(8) > Hg (o).
Conversely, suppose that there exists g € (LY)™2, s € §;

such that
(B5)(0y (8)) 2 (Hn(5))(8)-

By definition of (%7 (5))(g), there exists g; with g C g
such that:
(Hn(s))(8) > Ky (s)(81)-

%s) 0y (1)) =

On the other hand, since (
have

Hns)(&1), we

Itis a contradiction. Thus, (%) (¢y, (g)) > < 1(s)) (8), for
each g € (L), s € ;. Hence, ¢ (X, (B)) — (Y, (H))
is an L-fuzzy soft ideal map.

(i), (iii) and (iv) are similarly proved.

4 More properties of (Lg, St )-fs-ideal bases

Notation 4.1. Let .# be an (Lg,St)-fs-ideal and 2 be an
(Lg,St)-fs-ideal ~ base on  X. We  denote
IV ={ge (L) : #(g) >0.} and B’ = {ge (LX) :
#s(g) > 0L}
Theorem 4.2.Let ¢;: X — X;, y;: T — Tyand 1; : S — S;
be mappings for every i € A. Let {%;}ica be a family of
(Lg,Sit;)-fs-ideal bases on X; fulfill the following
condition:

O Ifg € (%’)77 (s forevery i € A, s € §, we have

@ig@; (gi) # 1x for each finite subset J C A . We define

a map |lica ¢f ( Bi) S — L (where
(Uies By, (): 2 Ui 8, (BD)6) : @ — D
(L6, (B(f) =
icA
VA®ier(Bin) (8)} i f = Sies 95, (81),
gi € (‘%}i)%i(s)’s es
(UR otherwise

where \/ is applied to each finite subset J C A such
that: f = ics @7, (8i)-

Suppose that Z = | |jca i;-n,- (%) is obtained, then:

(i) A is an (Lg, St)-fs-ideal base on X.

(ii) (A) is the coarsest (Lg, St)-fs-ideal on X such that
each mapping ¢y, : (X,(%)) — (X, (%)) is an L-fuzzy
soft ideal map.

(iii) A map @y : (Y,2) — (X, (%)) is an L-fuzzy soft
ideal map if and only if forevery i € A, ¢, 09y : (Y, Z) —
(Xi, (%)) is an L-fuzzy soft ideal map.
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@) Uien 05, , () = Uiea 05, ((80).
Proof. (i) We will prove that, = | |;cx q)l-; (%) is an

(Lg,St)-fs-ideal base on X. Since Z%; is a nonzero

function, there exists g; € (%i)?”[-(s) such that
B ";n,- (8i) = (Bi)n(s)(8i) > 0. Thus Z is nonzero
function.

(SIB1) It is insignificant that %(0x) = 1. and
PBi(1x) =0r.

(SIB2) For each finite index subsets M,N C A with
f= @mGMd)r{rTW (fm), 8 = @nGNd)rE,n (gn) we get,

fog= (EBmeMﬁb;;W (fm)) ® (@nENﬁbrE,,, (gn))-
Put j € MUN such that:

fi, if jeM—(MNN)
hj= 1< gj, if jeEN—(MNN)
fi®gj,if jeMNN

For each j e MNN,s € S we have:

((B)n;))(fi ©87) = (B)n;5)(fi) © (B))n;5)(8)-
From the definition of ((%;)y.()(f; ® &), there exists
W; € (L%)7 with f; ® g; < W; such that:

((B))n;) ([ ©81) = (B))n;(5)(W))-
Since,

F @8 = @mendiy, () & (Encrdly, (8n)
= @jeMuNd’j;j (hj)
< (@jGMUNfMﬁN¢j:j (hj))® (@jGMﬂN‘PjT,j (wj)),

there exists a finite index M U N such that:

(%s)(fog) > (®jemun—monBj(h;)) @ (@ jemnBj(w))).

By Definition 2.1(L4), we get

(Bs)(f D 8) = Bs(f) ® HBi(g)-

(ii)) From Theorem 3.10(iii) we only show that
#5(9;,, (8i)) = (PBi)n,(s)(8), foreach i € A.
If (’%)i)n,-(s) (g,') =0, it is trivial.
If (%) n,(s)(8) > OL. for one family {g; € ((%;)n,(s))"}
we have Z,(9; (8i)) = (%i)n,(s)(&)-

Let .7 be another (Lg, St )-fs-ideal on X such that Vi €
A, the map ¢;,, : (X,.%) — (X;,(%;)) is an L-fuzzy soft
ideal map. Then,

I5(5y, (81)) = ((Bi))y(s) (1), for each g € (LX) i s € S.

For every finite subset J C A with f < ®je j(P;; (gi), and
for each s € S we have:

%(f) > «ﬂs(@ieJq)i; (gi))
> @iesIs($i, (8i)
> ®ies((Bi))ni(s)(8i)
> Ries(Bi)ni(s) (8i)-

By definition of (%) we get (%) C .7.

(iii)) Because the composition of L-fuzzy soft ideal
maps is an L-fuzzy soft ideal map, the composition
condition is obvious.

Conversely, assume that ¢y, : (Y,2) — (X, (Z)) is not
an L-fuzzy soft ideal map. Then for s € S, there exists f €
(LX)T and r € Ly with

(Bs)(f) > Zs(9y (f)) 2

By definition of (), there exists a finite index subset J C
A with [ C @jejd)j:_ (gj) such that
J

(Bs5)(f) = ®jes(Bi)n;()(85), Vi €T 3)
On the other hand, since Vi € A,

By, © 0y = (Y,7) = (Xi, (%)) is an L-fuzzy soft ideal
map we have

(B)ni(5)) (81) < Ds(Piy, 0 Oy) ™ (80) = Zs(0y, (95, (81)))-
Then,

‘@S((Pl?(qu:j (87))) = ((Bj)n;(5))(8)),VJ €.
Since ¢y, (f) & Djesdy (95, (8))), we have

D9y () = Zu(@jes6y (9, (8))
> 0,176 (6, (7))

> ®ies((Bi)ni(s)) (8i)
> Rics(Bi)ny(s) (&)

By using (3) and (L4), we obtain

Ds(9y () = (Z5)(f)-

Itis a contradiction with (2). Hence (%) (f) < Zs(¢y, (f))
and therefore ¢y, is an L-fuzzy soft ideal map.

(iv) Since (%i)n,(5)(8i) < %’S(gbi‘l;i (i), By Theorem
3.10Gii), we have ¢y, : (X,(#)) — (Xi,(%)) is an
L-fuzzy soft ideal map. Let . = (| |;ca ¢";i‘m ((Ai))).
From (iii), the identity map idy : (X, (%)) — (X,.#) is an
L-fuzzy soft ideal map. Thus

T(f) <(Bs)(1dy ) (f) = (Bo)(f), Vfe () seS.
From the definition of .7, ((,%’i)ni(s)>(gi) < fs(d)i;i (&),

thatis ¢;,, : (X,.%) — (X;,(%)) is an L-fuzzy soft ideal
map. From (ii), we get

(Z)(f) < I(f), Vfe X)) ses.

Thus, .7 = (£).

Theorem 4.3. Let {.%}ica be a family of

(Lg,St)-fs-ideals on X fulfilling the following condition:
(C)If g € () forevery i € A, s € S, then ®jcyg; #

1x for every finite subset J C A.
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Define the map |lics & @ S — LE" (where

(Uiea #)s = (Uiea £ (s) : (LX) — L)as:
(L] #0s(9)
icA
VA{®ies(F)s(gi)}, if  f=Dicsgis
g€ (A ses
0z, otherwise

where \/ is applied to any finite subset / C A with f =
®icsgi- Then, .7 is the coarsest (Lg, St)-fs-ideal finer than
¥ foreachic A.

Proof. By Theorem 4.2, put (X;,%;) = (X,-%;) and
gi = idx, where idy is an identity map Vi € A. Suppose
that . = | |;c4 % is given. It suffices to demonstrate that
I =(S7
It is trivially show that:

S E(S). “)

Assume that there is f € (LX) with:
I5(f) < (I (f)- ®)
From definition of (.%)(f), there is g € (LX)T with fC g

such that
() > Fs(g).

From the definition of .#, there is a finite index subset J C
A with g = @jcyg; such that:

I5(8) = @jes(F))s(8))-
On the other hand, we have g = g® f = @ics(g; @ f), then
I5(8) = ®jes(I))s(g; @ f)
> ®jer(F)s(8)-

By Definition 2.1(L4), we have % > (.%). It is a
contradiction for (5). Thus,

F (). (6)
From (4) and (6) we have . = (.¥).

Theorem 4.4. Let {%}ica be a collection of
(Lg,Sit;)-fs-ideal bases on X;. Let X = ITcpX; be a
product set and 7w : X — X; be a projection map,
y;: E — E; and 17,- 1§ — S; be maps for every i € A. The

map I_ltGA IW n; (’@) S — L(LX)T (Where

(Uiea s, (#)s == (Urea s, ())(s) 2 (1) = D)
is define by:

|_| 1,,,11 ):

where \/ is applied to any finite subset / C A with f =
Dics T}, (g,) Let B = |licp 7; n.(c%’,-) be given. Then:

(1) ( ) is the coarsest (L®,ST)-fs-ideal on X such that
each projection ;. : (X, (%)) — (Xi, (%)) is an L-fuzzy
soft ideal map.

(i) A map ¢y : (Y, 2) —
ideal map iff Vi € A, m;, o ¢y : (¥, 7) — (X;
L-fuzzy soft ideal map.

Proof. By Theorem 4.2, we only prove that a
collection {Z;}ica satisfies the condition (C). Let
gi € (%,')%i(s) for each i € J C A, J is finite. Since
(%i)n:(5)(8i) > O, for each i € J, we have g; # 1x. For
every i € J, there is x; € X; such that g;(x;) < 1r. Let
x € X such that m;(x) = x; for each i € J. Then,
@,gjﬂ.' (gl) = @,’gjgi(ﬂ.',’(x)) < 1z. Thus

@tGJ(P,Wi (gt) 7£ Iy.

(X,(%)) is an L-fuzzy soft
(%)) is an

From Theorem 4.4, we can define the product of
(Lg,St)-fs-ideal spaces as:

Definition 4.5. Let {.%},ca be a family of
(Lg,Sit;)-fs-ideals on X;. Let X = IL,c A X; be a product set
and m; : X — X; be a projection map, y; : T — T; and
n S —> S; be maps Vi € A. The structure
(Uiea ©& oo (%)) is said to be a product

(Lg,St)-fs-ideals on X.

5 The image of (Ly, S7)-fs-ideals

Theorem S5.1.Let ¢; : X; = X, y;: T, - T andn; : S; = S
be mappings for every i € A. Let {.#;};cx be a family of
(Lg, Sit;)-fs-ideals on X; fulfill the following condition:

(O Ifgi € (’ﬂ")?r‘(s) for every i € A, s € S, we have
@ieﬂbﬁ (gi) # 1x for every finite subset J C A. The map
|_|1€A ¢z ( ) S — L (Where (l—llGA ¢z ( )S =

(Uiea %,-‘n,-( ))(s) : (LX> — L) define by:

(L] 93y, (FNsl) =

icA
\/{®ieJ(<ﬂi)n;1(S)(gi)}v if f:@ield)ﬁ( i)
gi € (f,)?’ 1) es

0z, otherwise

where \/ is applied to any finite subset J C A with f =
Bics9y, (81)- Let 7 = Llica 9;,, () be given, Then:

(i) .# is the coarsest (L®,ST) fs-ideal on X such that
each mapping ¢, : (X;,.%;) — (X,.#) is an L-fuzzy soft
ideal preserving map.

i€EA
VA®ies (B o) (&)}, if = EBieJﬂiT,_ (), (i) A map gy : X,7) = (Y,5€) is an L-fu.zzy soft
e (B i S ideal preserving map iff for every i € A,
8i € ( .l)ni(XVSE Oy o Oy, : (Xi,Fh) — (Y,2) is an L-fuzzy soft ideal
Oz, otherwise preserving map.
®© 2022 NSP
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Proof. (i) Firstly, we will show that .# is an (Lg,S7)-
fs-ideal on X. Since .¢%; is nonzero function, there exists

. \0 .
g € (j’)nfl(S) such that:

26, (80) > (),

Thus, .# is nonzero function.
(SI1) It is easy.
(SI2) For each finite index subsets M,N C A with

f= @mGMd)rZ,,m (fm) 8= @"GNd)’an (gn) we get,

Is (f) 2 ®m€M( ) (fm)

Is(g) > ®n€N(fn)n;1(s) (8n)
Put j € MUN such that:
fi if jeM—(MNN)
hj=1< gj, if jeEN—(MNN)
fi®g;,if jeMNN
Since
fog= (@meMﬁbrr?W (fm)) & (@neN‘Pﬁ,n (gn))

= @jeMqu’ﬁ,j (h)),

there exist a finite subset M UN C A with :

(®m€M( ) (fm))
(®n€N(fn)n;1(s)(gn))-
By Definition 2.1(L4), we have
I(f@g) > ()@ Ii(g).

(SI3) Assume that there exist f,g € (L), s € S with f C
g. There exist a finite subset J/ C A with g = ®;cyg; such
that:

Is(fog) >

Fi(g) > ®ie1(fi)ni—l(s) (8i)-
On the other hand, since f = fR f C f@g = Dics(f @ &)

we have
I5(f) 2 @ies(Fi) 1 (f @ 8i)
> @ie(Fi)p-1 () (&)-

By Definition 2.1(L4), we get 7 (f) > Z(g)

We will show that .7(¢; " (8i)) > (S1),,-1(,)(8i)» for
eachi€ A, ge (LX) s€ 8.
If (%)nl—l(s) (gi) = 0y, it is trivial.
If (eﬂi)nlfl(s) (gi) > 0y, for one family {gi € (('ﬂi)nlfl(s))o},
we have J5(¢;, " (8)) = (1)1, (80)-

Let %" be another (Lg,St)-fs-ideal on X such that for
every i € A, the map ¢y, : (X;, #;) = (X,.#) is an L-fuzzy
soft ideal preserving map. Then,

%/s(@; (&) > ('ﬂi)nlfl(s)(gi)vfor each g € (LXi)TiaS €S

By the definition of .#, for every finite subset / C A with
f= @jeJ‘Pﬁ,}, (gj), we have:

I5(f) 2 Gies(Ii)p-1 () (&i)-
On the other hand, since
H(855,(8) = ()1, (8)):for each j €
we have
H() 2 Hi(@jes9y, (81)
> ®jejf%/s(¢j7,j (gj))
> ®jej(fj)n;1(s)(gj)-

(By (S12))

From the definition of .# and Definition 2.1(LL4) we have
JLCH.

(iii) Since the composition of L-fuzzy soft ideal
preserving maps is an L-fuzzy soft ideal preserving map,
the composition condition is obvious.

Conversely, suppose that ¢y, : (X,.#) — (¥, ) is not
an L-fuzzy soft preserving map. Then for s € S, there exists
€ (LX)7 such that

I(f) > 79y (f)) )

From the definition of .#, there is a finite index subset J C

A with f = @qu&ﬁ,. (g;) such that
J

I(f) = ®j€J(<ﬂj)an'(s) (gj)- (8)
On the other hand, since for every i € A,
Oy o ¢,-Wi C (X, ) — (Y, ) is an L-fuzzy soft ideal

preserving map, we get
(S 10 (80) < A0y b1, ) (81) =
Then,

K9y (955, (8) = (),

A7 (93, (8)).

1(S)(gj),Vj€J.

Since ¢,/ (f) = ©jes 9y’ (¢ﬁ,}. (8;)), we have
Hs(0y' () = H(Djesdy’ (0], (85))
> ®jes s (9 (9 7, (87))

2 ®j€f(<ﬂj)nj s )(gj)'
By using (8) and Definition 2.1(L4), we obtain
K59y (f)) = I5(f)-
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It is a contradiction with ). Hence
0y () = F(f),Vf € (LX) and therefore ¢y, is an
L-fuzzy soft ideal preserving map.

Corollary 5.2. Let ¢; : X; — X, y; : T; =— T and
i = S; — S be mappings for every i € A. Let {%;}ica be a
collection of (Lg,Sir;)-fs-ideal bases on X; fulfill the
following condition:

©1fge(#)
@iej(l)i; (gi) # 1x for every finite subset J C A.

Define the map | J;cy ¢, (%) : S — LED" (where

Ty ;i
(Urea 93, (Bi)s = (Uiea 93y, (%)) () : (LX) — Lyas

iWi-Tli

forevery i € A, s € S, we have

(L1657, (2)s(F) =
icA

\/{®ieJ(%i)nif1(x)(gi)}v it f= @iej‘l’i;, (&)

gi € (%i)%fl(s)’s S

(UR otherwise

where \/ is applied to any finite subset J C A with f =
Dies P, (81)-

Assume that Z = | |;cp ¢i7,un,- (%) is obtained, then:

(i) A is an (Lg,St)-fs-ideal base on X for which each
mapping @i, : (Xi, (%)) = (X,(#)) is an L-fuzzy soft
ideal preserving map.

(i) A map ¢y : (X,(#)) — (Y,5€) is an L-fuzzy soft
ideal preserving map iff for every i € A,
Py o 9iy, 1 (Xi, (%)) — (Y, ) is an L-fuzzy soft ideal
preserving map.

(i) () = Uiea 07, (%),
Proof. (i) and (ii) are similarly proved as Theorem 5.1.
@) Let F = Llica ¢i;n- ((%)).  Since

(c%’,-)n;l(s)(gi) < B( ivi(gi))’ by Theorem 3.10(iv),
O, © (Xi, (i) — (X,(#)) is an L-fuzzy soft ideal
preserving map. Since idy o ¢, : (X, (%;)) — (X,(%))
is an L-fuzzy soft ideal preserving map, by Theorem
5.1(ii), the identity map idx : (X,.#) — (X,(£)) is an
L-fuzzy soft ideal preserving map. Thus

I C(B).
Since
{gie () g e (f%’i)%;n(s)} c
{sie(W):ge ((ﬁ))?’;]m},
we have .# 1 %. By Theorem 3.8, we obtain
S J(B).

Thus, .7 = (A).

6 Conclusion

In our study, we presented the notions of
(Lg,KEg)-fs-ideal, (Lg,Kg)-fs-ideal bases, L-fuzzy soft
ideal map and L-fuzzy soft ideal preserving map and
illustrated several of their properties. We showed that
every (L,®)-fuzzy (S,T)-soft ideal induced an
(L,®)-fuzzy (S, T)-soft co-topology. Also, we defined the
products of (L,®)-fuzzy (S,T)-soft ideals. In the final,
we examined the image of (L,®)-fuzzy (S, T)-soft ideals
and studied its properties.
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