Appl. Math. Inf. Sci. 16, No. 2, 243-248 (2022)

= Y

http://dx.doi.org/10.18576/amis/16021 1

Approximation of Functions belonging to Zygmund
Class Associated with Hardy-Littlewood Series using

Riesz Mean

B. P. Padhy', P. Baliarsingh>*, L. Nayak' and H. Dutta’®

Kalinga Institute of Industrial Technology, Deemed to be University, Bhubaneswar-751024, India
’Institute of Mathematics and Applications, Bhubaneswar-751029, India
3Departrnent of Mathematics, Guahati University, Guwahati-781014, India

Received: 23 May. 2020, Revised: 8 Oct. 2021, Accepted: 17 Nov. 2021

Published online: 1 Mar. 2022

Abstract: Approximations of functions in the generalized Zygmund class associated with Fourier series have been studied by various
researchers. In the present article, we have estimated the degree of approximation of functions of generalized Zygmund class associated
with Hardy-Littlewood series using Riesz mean. Our result generalizes the result of Das et al.[2].
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1 Introduction

Now-a-days the approximation of functions is a
fundamental problem for engineers and scientists. The
concept of approximating a function was first introduced
by the great mathematician Weierstrass. Since then, a lot
of results on degree of approximation of functions
associated with Fourier series and conjugate Fourier
series were studied by using different summability
methods. The degree of approximation of functions
belonging to Zygmund class (see, [1] and [4,5,6,7,8,9,
10]) have been studied by many researchers but we didn’t
find any one who has studied the the approximation of
functions in  Zygmund class associated  with
Hardy-Littlewood series (HL-series). In 1998, Das et
al.[2] have proved a result on degree of approximation of
functions associated with HL-series in Holder metric by
using Borel’s exponential mean. This motivated us to
study the degree of approximation of functions of
generalized Zygmund class associated with HL-series
using Riesz mean.

2 Definitions and Notations

Let h(x) be a periodic function of period 27, which is
Lebesgue integrable in [—m, 7| and the Fourier series

associated with A(x) is given by

oo

ap o .
U,(x)=—+ (a cosnx—+ b smnx). 1
,;) n(¥) =3 n; n n (1

Let S¥(x) denote the nth modified partial sum of (1) given
by

n—1 X
SHERS WACELIUY
k=0

Then the HL-series associated with A(x) is

Co v Si(x)—h(x)
> +n; - @)
where
2 (" u_ u
Co= ;/0 O (x,u) ECOtE du
and
O (x,u) = h(x+u)+h(x—u) —2h(x).
Let
n(u):/uﬂ(p(x,w) %cot%dw. 3)

Clearly, m(u) is an even function and Lebesgue
integrable. Also, the HL-series (2) is the Fourier series of
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n(u) at u = 0. We denote

Li-7,7] = {n -7, 7] %R:/On|n(u)|ldu<oo},12 1.

Let us write
sm ;)
d 4
/ 77 2s1n2 " )

which represents the n-th partial sum of 1 (). We define

1z L oNT
== < =)
Il = (5 [ Mm@ )" 1<1<
and

Il =ess sup [n(u)], I =o.

—n<u<m
Then the Zygmund modulus of continuity of 1(u) (see
[11]) is defined as

m(n;r) = sup [N(u+w)+n(u—w)—
0<ru€cR

21 (u)].

Let B represents the Banach space of all 2z periodic
functions which are continuous and defined over [—7, 7]
under the supremum norm. We define

Z(q)

={n EB:n(utw)+nu—w) —2nw),0<a< 1}.

Clearly,
Zig) = 0(|W|a)
and is a Banach space under the norm ||. || defined by
Mll@="sup_|n(u)l
—n<u<m
+ up M) ) 20
u,w#0 |V|
Forn € L;[—=, x],(I > 1), the integral Zygmund modulus
of continuity is defined by
my(1:7)
1 /7 LT
= sup {= ["InGutw)+m(u—w) 20 ()] du
0<w<r L JO

and forn € B, [ = oo,

Meo(1;r) = sup max [0 (u+w)+n(u—w)—21(u).
O<w<r “
Clearly,
my(n;r) =0 as [—0.
Suppose
L)1 =

{n el (/On\n(u+w)+n(u—w)—2n(u)\l du>%.

Then Z(4) ; is a Banach space under the norm ||. ||, ; for
O0<a<land! > 1. Clearly,

[m(+w)+n(—w)=2n0)ll

Imll@). : = lInll+ sup
W0

For the Zygmund modulus of continuity m satisfying
(a)ym(0)=0
(b) m(wi +w2) <m(wi) +m(wa),
we write
zm = {n EB:N(utw)+nu—w)—2nw)| = 0<m(w))}
and

7™

~{netin <t com s MW ) Z2000
w#0 m(w)
As L;, (I > 1) is complete, Zl(m) is complete.

Clearly, Zl(m)

where

is a Banach space under the norm ||.H,(m),

InC+w)+n(—w)—=2n0)

m(w)

1™ = [In]l; + sup >,
w#£0

Let m(w) and p(w) represent the Zygmund moduli of

I m(w) .
continuity such that u(W)) is

positive  and
non-decreasing then

m(27‘£) (m —
) Il < )

il < max. (1,

Clearly,
zZmczM =)
Let } U, be an infinite series with sequence of partial sums

{sn} and {g,} be the sequence of non-negative numbers
such that

n
:qu—>oo as n—»oo. (6)
k=0

Let us write
n

— Y qisk, n=0,1,2,... . (7)
=0

Then, ¢ represents the (N, g,) mean of {s,} generated by
the sequence {g,}. If

lim t — S,
n—soo

then the series ¥ u,, is said to be summable (N, g,).
We know, (N, g,) method is regular [3].
The following notations are used in the rest part of our

paper:
Q(u,w) =n(u+w)+n(u—w)—2n(u) ®)
1 x sin (k+%)w
Y a——F——

T On =0 sin (%)

K (w) = )
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3 Known Result Proof of Lemma 5.1

ForO0<w< +1’ we have sinnw < nsinw. Then

1 Xn:qk sin(k—i—%)w

Using Borel’s exponential mean, Das et al.[2] proved the
following theorem: 5
Theorem 3.1 If &7 (x) is the nth partial sum of the HL- K, (w)| =

T in %
series (2) and B, (T;x) is the Borel’s exponential mean of = 2
{EX(x)} thenfor0 < B < o < 1andh € Hy, 1 & (2k+1)sin¥
. 5 LB T T On S Uk sin 5
B0 =n((), = o(r" “on)' ).
H p(T)=n ()|, =" “(logp) 2n+1‘ ’
0.
=0(n) (1)

. This completes the proof of (i).
4 Main Theorem For - <w < 7, using Jordan’s lemma
In the present article, we establish the following theorem sin ( K) S W
on the degree of approximation of the HL-series of a -

function using (N, ¢g,) mean. .
Theorem 4.1 Let &7 (x) be the nth partial sum of the — Since, sinnw < 1 for all w,

HL-series (2) and t," be the (N,q,) mean of {&F (x)}. If
(m) 1 & sin (k+ %) w

N €Z; " then degree of approximation is given by | KN( )= Z
" 70, =T T 2siny
. N T m(w
En(n)=mf||TnN—n|5‘=0</l ) dw>. (10) ey
7,V ()TI)WIJ'(W) < 7'EQ ZQQ](
k=0
where m(w) and Ww(w) are the Zygmund moduli of 1 &
continuity and wmp(tv(vv)v) is positive and non-decreasing. - ’ w Oy l;)%’
1
- 0(—). (12)
w

5 Lemmas This completes the proof of (ii).

In order to establish the main theorem, we require  Proof of Main Theorem

following lemmas. Let 7, denote the (N, ¢,) mean of {&7(x)} then
Lemma 5.1 If kY (w) is as defined in (9), then
ﬁ
. N 1 T, = Z qk ‘gk
(i) [ (w)| = 0(n) for 0<w< nr )
N _ l 1 and hence
(i) |x, (w)| = O(w) for CEs)) <w<m.
¥ n  sin (k—b—%)w
Lemma 5.2 [4]Ifn € Z" then for0 < w <, o () = _/ Q(”’W){@Hq" 2siny } dw
” Q(u, Knﬁ
D120 = 0(m(w). = J) otun) o av
=0p(u) (say).
(i) Q41 w) + (. —t,w) —2Q(,w)]; :0(m(w)>
or 0<m(t)) Then,
(@i))If m(w) and p(w) are as defined in the Theorem 4.1, then Gn(u+1)+ 0, (u—1) — 20, ()
120 +10)+ 20 ~t0) ~20( )]s = 0 () 2T = [M{uttm @1 -206m)} K () dw
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Using Minkowski’s inequality, we have

10n(-+1) + 0(. —1) =26, ()

= {%/Oﬂ|o-n(u+t)+6n(u—t)—26,[(14)‘[ du}%

i

< [T

/On {Q(u+t,w)+.o(u—t,w)—2Q(u,w)}

x i (w

n

1
dw‘ du] !
1 T
f/ 1Qut1,w) + Qu—1,w)
wJo
1
—2Q(u,w)|ldu}l dw

= [T120+ 10+ 00 —1w) =200 W (0] v

:/(i (4 1,w) + (. —1,w) =22, w) 1| kY ()| dw

+/T 1R +1,w) +Q( =1, w) =22 (ow) 1| K (w)] dw

1
=L +I3, (say) (13)
Using Lemma 5.1(i), Lemma 5.2 and monotonicity of

(’:83) with respect to ’

I

w', we have

- [ o+ +0(.- tw) =20 Y ()]

—/ O(n) dw

By using the second mean value theorem of integral, we

have
m((n+1)71) L
7< ) /0 dw)

u()r)

- 0<n+1 uit)

m((n+ 1)*]>
=0 ult) ——= (14)
u(+1)1)
Again, by using Lemma 5.1(ii) and Lemma 5.2, we get
I;

_/ 120 +1,w) +Q(—1,w) —29(.,

Yol

< /i o(u(z)%ﬁ dw

S|

( /;W” dw) (15)

n+l

By (13), (14) and (15), we have
lon(.+1)+0,(.—1)—20,()|

m<(n+1)71) T m(W)
ol u((H))) ol [ )

I < 0<n u(t)

m((n+1)1>>

u(+1))

w1y (w)| dw

Therefore, we have
up lon(-+1)+0u(.—1) —
170 u()

(=) T m(w)
(o) rolfsise) oo

Applying Minkowski’s inequality to (8), we get
(192, w)lle = (|1 (4 w) +11(u—w) =20 (u)[;
- o(m(w)) (17)

Also, by using Lemma 5.1 and (17), we have

|amms(éﬁ+

1

:O(n /o”] m(w) dw) +0</::

de)

- o(m((n+ 1)*1)) +0(/i @dw) (18)

From (16) and (18), we have

G (. 41) + 0u(. — 1) —
u(r)

ofm(in ) of [} "an)

m(+n) s m(w)
+0<u(<n+1>1)> it ™)

Gj

20,()|li

JIRCwll 1 (w)] dw

L
et

20'n(~)”l

low ()} = llon ()l +sup
t#0

™-

1

J

In view of monotonicity of pt(w) for 0 < w < 7, we have

) < M) ()
) = Gy A < im0 = 0 (55
Therefore,

Gi = 0(Gy).

Again, by using monotonicity of u(w),

Gzz/ﬂ @dv

* miw)
=/ v

pEe
Since, “(( g is positive and increasing

w(w)dw < p(r) /ﬂ M)~ 0(Ga)

Low p(w)

[T m(w)

= uw)
(@) s (1)
u((nJrl)*l) AT v u((n+1)*1)
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Therefore,

Gz = O(Gy).

Thus,

loa ()" = 0(Ga) = O(ﬁ w"ii?»lﬂw)
Hence,

E,(n) = il;llfHGn(-)H;L = 0(/: Wm‘yg;) dw)

This completes the proof of the Main Theorem.

6 Conclusion

It can be seen that our main theorem is the generalization
of the result due to Das et al.[2]. The result obtained by us
is clearly the best approximation even though our result
seems to be similar with the results obtained earlier by
many researchers, as we have used the HL-series instead
of Fourier series and single mean instead of product
mean. Our result can be further generalized by taking
product summability mean, which can be treated as the
future scope for the researchers.
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