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Abstract: In this article, we applied two different methods namely as the (1/ G/)-expansion method and the Bernoulli sub-equation
method to investigate the generalized Kadomtsev-Petviashvili modified equal width-Burgers equation, which is designated the
propagation of long-wave with dissipation and dispersion in nonlinear media. To transform the given equation into a nonlinear
ordinary differential equation, a traveling wave transformation has been carried out. As a result, we constructed distinct exact solutions
like complex solutions, singular solutions, and complex singular solutions. Besides, 2D, 3D, and contour surfaces are illustrated to
demonstrate the physical properties of the obtained solutions.
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1 Introduction

Nonlinear evolution equations (NLEEs) have been helpful
to implement for representing the natural phenomena of
sciences and engineering. NLEEs covers several areas of
science, like physics, mathematics, and engineering [1,2,
3]. Recently, research on the propagation of nonlinear
equations among researchers has received a great deal of
attention, such as Alberto et al. have been investigated the
relation between the Langmuir wave field and the
transverse electromagnetic field [1]. The behavior of ion-
solitary waves in plasma was investigated by Pakzad [2].
Salahuddin et al. have been analyzed the ion-acoustic
cover solitons in a collisionless unmagnetized
electron-positron-ion plasma [3]. Various numerical and
computational approaches have been formulated to handle
the solutions of these types of nonlinear models, such as
the exp-function scheme [4], the Homotopy perturbation
scheme [5], the Adomian decomposition scheme [6], the
sin-Gordon scheme [7], the (G/ Gl)-expansion scheme
[8], the Shooting scheme [9], and Hirota’s simple method
[10,11,12,13,14,15]. Many of these methods are
problem-dependent. Some of the methods work well for
some problems but are not suitable for other different
problems [16,17,18,19,20,21,22,23,24,25,26].

The Kadomtsev-Petviashvili (KP) equation was
introduced by two Soviet physicists, Kadomtsev and
Petviashvili in 1970 [27], this model is represented by the
Korteweg-de Vries (KdV) equation. The KP equation was
instantly adopted as a natural amplification of the
classical KdV equation to two locative dimensions and
was subsequently reproduced as a model for surface and
inner water waves [28], and in nonlinear optics in [29].
The exploration of the KP equation occurred nearly
meanwhile with the progress of the inverse scattering
transform (IST) [30,31].

The generalized KP-MEW equation [32] is given by

(qt+a(qn)x+7qxxt)x+5%)y:07 (1)

where o, 7, and § are constants. Recently, many authors
investigated the different types of solutions of generalized
(KP-MEW) equations with the help of different
techniques. Wazwaz [32] explored the exact solutions
with distinct physical structures of generalized
(KP-MEW) equation with the aid of two approaches, the
tanh method, and the sine-cosine method. Saha [33]
discovered the traveling wave solutions of generalized
(KPMEW) equation by using the method of bifurcation
theory. Wei et al. [34] developed the solitary wave
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solutions of generalized (KP-MEW) (2,2) equation by
applying the differential equations qualitative theory. Li
and Song [35] constructed the kink-type wave and
comaction-type wave solutions of generalized KP-MEW
(2,2) equation. The Lie symmetry analysis was carried
out by Adem et al. [36], and the symmetries and adjoint
representations are supplied. Cai et al. [37] investigated
the KP-MEW (3,2) problem and created parametric
representations of periodic peakon and smooth periodic
wave solutions using the approach of bifurcation theory of
dynamical systems. Wei et al. [38] solved the KP-MEW
(2, 2) problem using the qualitative theory of differential
equations and found single peak solitary wave solutions.
Zhong et al. [39] found compacton, peakon, cuspons,
loop solutions and smooth solitons for the generalized
KP-MEW equation. The generalized KP-MEW-Burgers
equation, which was introduced for the first time [40] as

(q,Jr(X(q”)quﬁqxxf}/qm)erﬁqyy:O, 2)

where B is referred to damping parameter, the first term is
represented as an evolution term, the second term
expresses as a nonlinear term, the thirds one is typified as
a dissipative term and the fourth term stands for
dispersion term. Saha [40] obtained the bifurcation
behavior of the KP-MEW-Burgers equation, also he has
presented the stable oscillations of the KP-MEW-Burgers
equation. Seadawy et al. [41] used the modified extended
auxiliary equation mapping method, the single
bright—dark solitons, the double bright—dark solitons, and
traveling wave solutions have obtained. In this study, we
construct distinct exact solutions like complex solutions,
and complex singular solutions in terms of periodic, as
well as singular solutions. These new solutions are
obtained by using two different methods, which are
(1/ G/)-expansion method and the Bernoulli sub-equation
method.

The outlines of the paper are designed as follows: In
Section 2, fundamental concepts of the (1/ G/)-expansion
method are presented, and the Bernoulli sub-equation
method are presented. In Section 3, the mathematical
calculation of the given equation is addressed as well as
the implementation of both methods to the governing
equation is presented, and eventually, results are
concluded in Section 4.

2 Methodology

In the current section, the main concepts of the (1/ G/)-
expansion method and the Bernoulli sub-equation method
(BSEM) are addressed in this section.

2.1 The (1/ G )-expansion scheme

The main steps of the (1/ Gl)-expansion method are
presented in this portion [42,43]:

Step 1. Consider the following nonlinear partial
differential equation (NPDE):

P(Qaq17qx7qxlaqx)ﬁ“'):0' (3)

Step 2. Let the following wave transform

q(x,t):H(é),éza(xfbt), 4)

where a, and b are non zero constants.
Inserting Eq. (4) into Eq. (3), we get the nonlinear
ordinary differential equation (NODE)

NH H' H",.)=0. 5)

Step 3. Let the solution of Eq. (5) could be specified
as a polynomial in (1/Gl) as

e -ya(s). ©

where Ag, Ay, As,...,A; are constants to be announced
later, and k is a balance terms, and G = G(§) satisfy the
following second order linear ordinary differential
equation:

G +AG +u=o0, (7)

where A and p are constants to be announced later.
Plugging Eq. (6) with Eq. (7) into Eq. (5), one may
acquire a polynomial of (). Setting the coefficients of
(&) with likely order to zero, one cane obtained a system
of equations. Solving the obtained system, we get the value
of A;,i > 0 and A, u scalars and then putting the founded
values into Eq. (6), one can easily get the solutions of Eq.

(3).
2.2 The BSEM

In the current subsection, the main concepts of the BSEM
are presented [20].
Step 1. Let the NPDE

P(QX;CII;CIxHQan ) =0. (8)
Consider the following wave transformation
Q(xvt):H(g)aé::ax_ﬁta (9)

where o, 3 are nonzero scalars.
Plugging Eq. (9) into Eq. (8), we obtain the NODE as
follows:
N (H,H',H", ...)=0. (10)

Step 2. Take the solution of Eq. (10) of the form:

H =

k
AF = Ag+A\F+AF>+ .. +AF*,  (11)

i=0
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and
F':bF+dFM,b7é0,d7éO, MceR—-{0,1,2}, (12)

where F = F (&) is the Bernoulli differential polynomial,
putting Eq. (11) along with Eq. (12) in Eq. (10), one can
obtain an equation of polynomial @ (F (&§)) of F (&) as
follows:

P(F)=pF +...4+p1F+py=0. (13)

By using the balance principle, the relationships among k
and M will be found.

Step 3. Let the coefficients of @ (F) all be zero,
obtaining a system of equations as follows:

p1=0,i=0,...,r (14)

solving the obtained system, the values of Ay, ...,A, will
be found.

Step 4. By solving Eq. (12), two situations are
obtained as

d E 1w
F(é)z[j‘f’m} , b#d,  (15)

(E—1)+(E+1)tan (%)

1 —tan (—b“;M)é)
(16)

where E is a constant of integration, with the assist of
computational computer packets, the solutions of Eq. (10)
can be achieved.

F(S)=

1-M
] yb=d, ECR,

3 Mathematical calculation

In this portion, we try to find some distinct wave solutions
of the generalized KP-MEW-B equation via applying two
recent analytical schemes, which is given by [38]

(qr+a(q”)x"’ﬁ%:x_7‘]xxt)x+551yy:Oa (17)
Consider n = 2, then Eq. (17) takes the form

(g + 0 (%) X+ Bgax = Ydxr), + 843y = 0. (18)

Let the following wave transformation
q(x,y,t)=H(E), & =kx+ly—ot. (19)
Plugging Eq. (19) into Eq. (18), we get

—okH'" + 201 <HH> o BIcH" +yoldH" +126H =0.

(20)
Integrating Eq. (20) twice with respect to &, and letting the
integration constants to be zero, then Eq. (20) reduces to
the following form

(128 — k) H+ ak’H? + B°H +yok’H =0. (1)

3.1 Application of the (1/ G )-expansion method

In this portion, implementation of the (1/ G/)-expansion
method to the generalized KP-MEW-B equation is
presented. Balancing H' and H? in Eq. (21), we get
k = 2. With k = 2 Eq. (6) reduces to the form

1 1)\?
H=A)+A (a) +Az (a) ; (22)
o MCEAG) MG o
(G") (G")
and
y 224 (—u—AG) AlA(—pu—AG)
H =
(@)’ (@)
, , (24
6A2(—p— AG')?  2A1(—p—AG)
(G (@)

Plugging Eq. (22), Eq. (23) and Eq. (24) into Eq. (21), we
get a polynomial in powers of (é) as follows:

ako  bakyute

a(z)kzoc + apl?8 — agko +

@* (@
2ok’ 2a0k3Bu 10akPyAuw
@)} (@) (@)’
2aiPypute ko 2apmkia alS
(@) (G Gy (@)
2ok BA alkPBu arke  4arkP YA’
@y (@7 (@7 (@)
3aikyAue  2apaik’o a1l*’S  aikPBA
(G,)Z G’ G’ + G

B al(l;c/a) N a|k3(};//7L2a) o,

Combining the coefficients of (&) with the same powers,
and setting each collection to zero, gives a system of
equations as follows:

Constants : A%kza +Apl?8 — Agkw = 0,

1
el S2A0A1 K0+ A PSS A BA —Ako +A 1K yA 20 =0,
1

(@)

AR 0+ 2A0A0K? O+ AQ P8 4+ 240k BA 4+ ALK Bu—

Ark® + 44213 YA 0 + 34 KB yA o = 0,
1
(oK
1
(@)

C A ARKP oL+ 240K B 4+ 10423 YA e + 24 Ky o = 0,

A3k a4 642k yutw = 0.

To achieve the solutions of Eq. (21), we solve the above
system of equations.

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

Iy
T

252 N

K. Ali et al.: New wave behaviours of the gKP modified equal...

Set 1. When
B 120Dy
T sayy T 50 ’
6(-11/BVS | ()i Vs
= - 1/4 5k: bl (25)
5y VB
4o 36lyep? . (=1)"/B
2 = 50 [ R4 61’)/3/4\/5 )

we get the following complex periodic solutions (as seen
in figure 1):

(ent) —iB 36125 u?
q\x,y, = -
Sa (1/4 /B 2
v Sa| be T 4 S e
VB
- 12(—1)"41/By /s
nl/4y/Be
50| be” 6‘1};‘/4\/5 +6(*1)3/41Y3/4\/3H
VB
(26)
x10°®
1
05 ®
Z o
&
0.5
: < \\:\\:;\ N
05 NN . 20
N S 10
’ 05 = a0 0
y 120 5

Fig. 1: The sketch of Eq. (26) where A = 0.2, u =2, b =
0.02, 1=0.01, y=0.9, § =5, ¢ =0.5,and B = 0.06.

Set 2. When
Az),z 2474 ,LLZ (7126 +k(l))
A(): 7 1= ) = 2172 ’
u u ark*A @7
_ 128 — ko B = 5128 — 5k
"o P T e

we have the following singular solution (see figure 2):

AsA? A

u? * —Alkxtly—or) _ H\2
(be =y
2Aa,A

q (xayvt) =
(28)
4

u (befl(k)H»lyfa)z) _ %) ’

2000

1500

¥))

1000

Re (g(x

500

Fig. 2: The sketch of Eq. (28) where A = 2.5, u = 0.3, b =
5,k=1.5,1=0.2,a,=0.6,and ® =0.9.

Set 3. When
e 5128 + /v (—24k*B% +2514y52)

0= 10k2 o0y ’

3 (512y5 + /7 (24K B+ 2514y52)) w2

Ay =—

2 50 )
4o —51298 + \/y (—24k* B2 +2514y52)

N 12i3By ’
o 5125 +\/y (—24k* B2 +25[4y52)

N 10ky '
P 12143”’
S5a

(29)
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we construct the following singular solution (as shown in
figure 3):

3Dp?

1) =
Q(x,y, ) 10k2ay+ (D) o 5

12kBu
1;,(0—3)5 12k3 Byu
S50 | be By +T

Y

(30)

where D = —512y8 + /v (—24k* B2 + 2514y52).

Re (a(x.y))

Fig. 3: The sketch of Eq. (30) usingA =2.5, u=0.3, b=5, k=
1.5,1=0.2, a = 0.6, and w =0.9.

Set 4. When
6128 12i%, /78 1 61%ydu?
A():_Skz y A1 = 5A2:75
o Ska Sa 31
b= i%,/y6 PYE S i
I S V. T

we obtain the following complex periodic solutions (as
seen in figure 4):

6125 6/2y5u*
Q(x’y’t):_Skz(x ié 2
5a<bekﬂ +ikﬂy>
(32)
12il% /75

_ g ’
Ska (be Ky +ik\/77u>

-0.1 H
012+
0.14
0.16

-0.18

Re (q(x.y))

-02 4

022 /)

Im (q(x.y))

Fig. 4: The sketch of Eq. (32) using A = 0.2, u = 0.3, b =
0.5,k=0.5,1=0.2,y=0.5,6=0.3, and a =0.4.

3.2 Implementation of the BSEM

In this portion, application of the BSEM to the generalized
KP-MEW-B equation is presented.

Balancing H' and H? in Eq. (21), yields the relation M =
% + 1, by choosing k = 4, we get M = 3. With k = 4 Eq.
(11) takes the form

H=A)+AF+AF? + AsF3 + A4F*, (33)

H' = A, (bF +dF®) +2A5F (bF +dF°) +

34
3A3F? (bF 4+ dF°*) +4A4F° (bF +dF?), oY
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and

H" =245 (bF +dF®)’ +6A3F (bF +dF>)’+
Ay (b (bF +dF?) +3dF* (bF + dF°))
+2A5F (b (bF +dF’) + 3dF* (bF +dF?))
+3A3F? (b (bF +dF*) + 3dF* (bF +dF?))
+ 4A4F? (b (bF + dF*) + 3dF* (bF + dF?))
+1244F2 (bF +dF®)”.
(35)
Plugging Eq. (33), Eq. (34) and Eq. (35) into Eq. (21), we
have the following polynomial in powers of F:
A3 0+ Agl28 — Agk +2A0A | K> UF + A1 bl BF + A1 8F
— A k@F + A b* I yoF + ATk aF? +2A0A k> aF? +
2803 BF? + Ay P 8F? — AskF? + 4A,b° k3 Yo F >+
2A1A2k2 aF? 4+ 2A0A3k> F > + 3430k BF3 + A dik> BF3 +
A31P8F3 — Ask@F3 + 9A3b% 13 Yo F + 4A bdk3 yo F3 +
ASKPQUF Y+ 2A1A3K2 O F* 4+ 2A0A4k> aF * + 4A4bI3 BFA+
20dI3 BF* + Agl>SF* — AskoF* + 16A40°K> yoF 4+
124,bdI3 YOF* 4+ 2A,A3k> aF +2A1A4k” 0F> + 3A3dk> BF?
+24A3bdi> YOF 4 3A1d* 3 yoF + A3k aF® 4 2A,A 4k o F©
+4A4dk> BF® + 40A4bdk> Yy F® + 8A2d* k> yoF® + 2A3A4k> aF
+ 15A3d* K3 yoF T + A3k aF® 4+ 24A4d° K yoF® = 0.
Summing the coefficients of F with like powers, then

equating each summation to zero, yields the following
system of equations:

Constant : A3kt 4 Agl%8 — Aok,

F:2A0A 1K +ADIPB +A 128 —A1ko + A VK yo,

F2: AP 004 2A0A2k% 00+ 2A0bKk> B + Ay 17§ — Askoo+
44,0k yo,

F3 1241 A)k® o0+ 2A0A3k% 0+ 3A3bk> B + A dk> B + A3 8
— Azkw +9A3b% K3 Yo + 4A 1 bdi Yo,

F*: A3 004241 A3k? 00+ 2A0A4k> o + 4A4bK> B 4 24, dK> B
+A4l%8 — Agko + 16A46°K> Yo + 12A,bdK> Yo,

F> : 2A0A3k% 0t + 241 Agk® 00+ 3A3dK> B + 24A3bdI> Yo+
3A1d°Kyo,

FO: A2 o4 240 A4 k% 00 + 4A4dK3 B + 40A4bdk> Yo +
8Ard’ K yo,

FT 24344k o0+ 15A3d% 1P yo,

F8: AJP a4 24444 yo,

To achieve the solutions of Eq. (21), we solve the
above system of equations.

Set 1. When
12 24
Aoz—ﬂ,z‘h =0, Azz—ﬂ, A3 =0,
S5a S5a
g 2B B VRVBVI+240%RY
4 Sha 106y’ VI0Vby7V'8

(36)

we gain the following singular solution (as shown in figure
5):

[ 126kPB 12d%kp
ot = (-5 - (m)
24dkB
5(—4+eBE)a )’

_ B Vi/By/ 1424022y
where B = —2b< X—W—W>.

(37)

-500

-1000

Re (q(x.y))

-1500

-2000 ..

0.5 45

-0.5 35

Fig. 5: The sketch of Eq. 37) using k=03, E =2, a =4,b =
0.5,d=04,3=04,and § =2.5.

Set 2. When

6128 24idlz\/376 ilz\/775

An=——— A1 =0.A = — V'° B—_
0 5k2a7 1 07 2 5kot ) ﬁ kz )

24, 272 : 2

Ay—0 A=A, i FS

Sa 2k\/Y Sk
(38)
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we get the following complex periodic singular solutions Set 3. When
(see figure 0): 24b%1%y8 48bd1?ys
Y Y
Ay = A1 =04, = A3 =0
0 5a s 4] s 412 5a y A3 )
24d°1?ys 2 i (40)
Ag="——"" 0=—Zibl* /75, k= ———
T S 5IPIVTe. 267

6125 24idI? /78
q(x,y,t) h (Skzoc) + i kx+1y+l§—j(5
Ska|e W7 E+2idk\¥

244%1%yS

i(kx+l}'+ ’é—ﬁf)
S5ae W

+

2
E+ 2idkﬂ)

(39)

Re (a(x.y))

Im (q(x.y))

Fig. 6: The sketch of Eq. (39) where k = 0.3, E =4, o0 =
03,d=3,=05,86=2,y=4,and [ =0.5.

B = —4ib?1>y*/?§,

we construct the following periodic singular solution (as
shown in figure 7):

24p*1%y8 24d%1%y§
Q(x7y7t) = 5 + d 2 +
o 5(*; + CAE) o
48bdI*ys
5(-4+e*E)a )’

where A = ~2b Iy — it + 3ibl?1 /75 )

(41)

Re {(a(x.y))

Im (ax.y))

Fig. 7: The sketch of Eq. (41) using £ =2, a =2, b=2,d =
3,1=0.1,y=1.2, and 6 =6.
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4 Conclusion

This study developed a new technique to investigate the
generalized Kadomtsev—Petviashvili modified equal
width-Burgers equation that describes the propagation of
long-wave with dissipation and dispersion in nonlinear

media. The (1/ G/)-expansion method and the Bernoulli
sub-equation method. Several new distinct analytical
solutions have been obtained, such as complex periodic
solutions as presented in figures 1, 4, singular solutions
are addressed in figures 2, 3, and 5, as well as complex
periodic singular solutions as shown in figures 6 and 7. In
order to understand the physical properties of the
obtained solutions, all of them are drawn in 2D, 3D, and
contour plots according to the convenient values of the
parameters. Both methods are efficient in achieving
analytical solutions for nonlinear partial differential
equations. All results are new when compared to other
soliton solutions reported in refs [34,35] and also all
solutions satisfy the main generalized KP-MEW-B
equation. We think these results can help to explain the
dynamic behaviors of the studied equation.
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