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Abstract: In this paper, three new p—functional equations arising from Cauchy-Jensen functional equations are presented. Their
relations with the additive function are obtained, and these p—functional equations are solved without any regularity assumptions.

Their stability is also carried out in complex Banach spaces.
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1 Introduction

The stability theory of functional equations originated
from a question of Ulam in his famous lecture in 1940 to
the Mathematics Club of the University of Wisconsin.
Such question is related to the stability of group
homomorphisms as follows: Let (G,*1) be a group,
(Hy,*2) a metric group, and f : G — Hy a mapping. For
any € > 0, does there exist a & > 0 such that

d(f(x*1y), f(x) 2 f(y) < &

for all x,y € G implies there is a homomorphism A : G —
H, such that

d(f(x),A(x)) <&

If the answer is affirmative, then we say that the functional

equation

flxx1y) = f(x) %2 f(y)

is stable. This kind of such question forms the basic of
stability theory. In 1941, Hyers [1] obtained the first
important result in this field as follows:

Theorem 1.1 ([1]). Let G and H be Banach spaces and let
f be a 6-linear transformation of G into H, i.e.,

fG+y) = f() = fO) < &

forall x € G?

forallx,y e G

exists for each x € G, ¢ is a linear transformation of G into
H, and the inequality

1F(x) =€) < &

is true for all x € G. Moreover, ¢ is the only linear
transformation satisfying this inequality.

This theorem was generalized by Aoki [2] for additive
mappings, and by Rassias [3] for linear mappings by
considering an unbounded Cauchy difference. Latter, the
Rassias theorem was generalized by replacing the
unbounded Cauchy difference by a general control
function, in the spirit of Rassias’ approach, by Gdvruta

[4].

Recently, a number of papers [5,6,7,8] have been
published dealing with the following p—functional
inequalities:

1f(x+y) = f() = fOI
p(2r(32) - rw-mw)|.

<

for all x,y € G, where 6 > 0. Then the limit x4y
y Fm) Hzf (T) —f(x)—f()’)H
. X
)= Jim = < I (Fx+3) = £ = FODI, @)
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j=1 j=1
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< |p(kf E;xj —;ﬂx;) , ©)
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(ZZ )Zf(xj)
-1 j=1
k k
< (Z)@) Z]f(xj)> : @
1FCr4+3) — ) — £
< [lp (Flx—y) = f&x) = F=)]I. s)
1f Gty +2) = () = ) — £
p(2r (52 +2) -1 - -2 |, ©
o (552 +2) 10509 =260
<[ (2r (M55) - r0-s0-s0) .
1f Gty +2) = () = ) — £

<o (2 (55) - -5 -s0) | @

where p and p are nonzero complex numbers with
|p| < 1and |p| < 1/2, as well as their stability. It is easily
see that the additive mapping satisfies the inequalities (1)
and (2), while the inequalities (3) and (4) are the
generalized forms of (1) and (2), respectively. These first
two functional inequalities are in the forms of Cauchy and
Jensen functional equations. The inequalities (5), (6), (7)
and (8) are related to the additive mapping. Closely
involved to the inequalities (6), (7) and (8) are following
functional equations:

(2 0e) er (P 40) = e, o
f(x%—i—z) —f()ﬂ—i—z):f()’), (10)

2
xX+y
%<?_+>ﬂ)wm+%ﬁb

which were introduced and solved in 2006 by Baak [9];
their stability was also proved in complex Banach spaces.
These equations are called the Cauchy—Jensen functional
equations. Notice that the functional equation (11)
becomes to the Cauchy additive functional equation when
y = x, while when z = 0 it becomes to the Jensen
functional equation.

In the present work,
equations:

f(x;y )+f(—+z) F®)-2£(2)
:m(f(;y+) f(?}Ha)—ﬂw),mm
TN

pa (2 (22 +2) ~ gt -0 - m) (13
h( ;y+) < t+2) —h(x) —2h(z)

= (20 (%52 42) ) o) - @) (14

are derived via their inequality forms (in Section 2),
without any regularity assumptions, where py,pz,p3 are
fixed nonzero complex numbers with |p;| < 1 and
Ip2l,lp3] < 1/2. An analysis of their stability is
investigated in complex Banach spaces (in Section 3).
These equations arised from the regarding Cauchy-Jensen
functional equations. In Section 4, the isomorphisms
between unital Banach algebras are here also carried out.
As this section is related to the multiplicative equation,
the readers can be read the following works [10,11,12,
13] for more details involving multiplicative inverse
functional equations which were published recently. For
the last section, we give some remarks related to the
duality of some theorems.

the following p—functional

2 Additive p—Functional Inequalities and
Equations

Throughout this paper, denote generalically, unless
otherwise specified, by X a complex normed space, and
denote by Y a complex Banach space. Let pi,p2,p3 be
fixed nonzero complex numbers with |p;| < 1 and
P2, |pal < 1/2.

The solutions of our results involve the use of Cauchy
additive and Jensen functional equations ([14, Chapter 1]),
which are the functional equations of the following forms,
respectively,

J)+f()
o

fla+y) = f&x)+f(), f(x;—y) -

The function solutions of these equations are called
Cauchy additive mapping and Jensen mapping,
respectively. This section shows the relation between
three focussed p-functional equations with the additive
functional equation. We begin with the following lemma.

Lemma 2.1. Let X and Y be real or complex vector spaces.
Then the mappings f,g,h : X — Y satisfy the following
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functional inequalities
r(532 ) +r (52 +2) - 121
() (54 )]

(15)
e (55 e (5 ) o]
pa (2 (52 +2) a0 -s0) -2 ) | 19

Hh (x;y )+h(T+z) h(x) — 2h(z)
< ’ P3 (Zh( —2Fy+ ) h(x)—h(y)_zh(z))H (17

for all x,y,z € X if and only if f,g,h: X — Y are additive.

Proof. As the proofs of (15), (16), and (17) are similar, we
here show only that of (17). Taking y = x in (17), we have

h(x) = h(z))ll

for all x,y,z € X. Since |ps| < 3, the result follows. The
converse is obviously holds.
Immediate from Lemma 2.1 is:

S ‘

[[A(x+2) = h(x) = h(2)|| < [|2p3 (R(x+2) —

Corollary 2.1. Let X and Y be real or complex vector
spaces. Then the mappings f,g,h : X — Y satisfy the
following functional equations

£ 42) s (52 42) - - 20

—p <f< ;Ly+z> f<¥+z> f(y)),

for all x,y,z € X if and only if f,g,h: X — Y are additive.

3 Stability Results

In this section, we investigate the stability of the
functional equations (12), (13), and (14). The results so
obtained can be applied to the next section. We now first
prove the stability of the p—functional equation (12) as
follows:

Theorem 3.1. Let ¢ : X3 — [0,
satisfying

B(x,7,2) ;,Z 29(F5355) <= (18
Jj=

o) be a fixed function

for all x,y,z € X. Assume that f: X — Y is a function
satisfying the following inequality

Hf(“y )+ (52 42) ~ s -2
RIEENES

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

*f(y)) H < ¢(xy,2)
(19)

170 -0l < (5751 ) e 20)

forall x € X.

Proof. Letting x = y =z in (19), we get

Ir20-27 = (o ) olann) @D

and so

b2 () (G32) e

for all x € X. Triangle inequality and (22) yield

s ()13
1(3) (58]
z<.l_p|) (350 35025

1 m=1 i1 X X X
<z|1_p1|>22’ ‘P(ziﬂ’ﬁ’ﬁ) 23)
=n
=Sm-1—Sn1, (24)

where

1 L X X X
Spi= =—— 2+l ( — ) o
o= (g 52 () <=

and so there exists s > 0 such that Sy — s as n — oo. Taking
limit as n,m — oo in (24), we have
X

s (ge) 27 (5) [ =0 mm=e

showing that the sequence {2"f(s:)} is a Cauchy
sequence in Y. By the completeness of Y, one can define a
mapping A : X — Y by

A(x) = lim 2" f (%) (25)

n—so0
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for all x € X. Putting n = 0 and also taking limit as m — oo
in (23), and using (25) we get
1
x)—AX)|| < | =——— | D(x,x,x (26)
170 =A< (57 ) @)

for all x € X, as desired. To show that A is an additive,
consider

HA <x;y >+A <T+z) — A(x) - 2A(2)
—pi (A (% +z) —A (’% —|—z) —A(y)) H
f(x+y 2n)+-f(2,12 ;)—f(;)

2n.2
2r(50) - (33 5) 7 (5 + )
()]

. X y Z
< Jim 26 (55 55050) =
S 20z an) =0

and the result follows from Corollary 2.1.

It now remains to verify the uniqueness of a mapping
A. Indeed, assume that there exists another additive
mapping A : X — Y satisfying the inequality (20). Since
the mappings A and A are additive, we see that

2a(3)-24(3)|
<ra(z) -2 )l

£5(2)-24(3)|
()53

— 0 (t—oo).

= lim 2"
n—eo

@ —Aw] = |

y

This proves the uniqueness of A, and the proof of this
theorem is completed.

Immediate from Theorem 3.1 are the following, which
illustrate some examples of functions ¢ satisfying (18).
Corollary 3.1. Let p > 1 and 6 be positive real numbers,
and let f : X — Y be a mapping satisfying the following
inequality

Ir(532+ )w(——+§ 1 -21()
() () )

< O ([Ixll”+ Iy l1” + l1z117) 27)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

wu>A@n§Q§f§%;ﬂ)ww 28)

forall x € X.

Proof. Substituting ¢(x,y,z) :=
into (19), the result follows.

Corollary 3.2. Let pi,p2,p3 and 6 be positive real
numbers with p;+py+p3 < 1l,and let f : X — Y be a
mapping satisfying the following inequality

(52 42) 4 (52 42) - s - 210
(13 A5 1)

<0 ([P MIyl1P2 - fl2]17) (29)

O (Il + [Iy11” + l1=11”)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

0
Hf(X) _A(X)H = ((2P1+P2+P3 — 2)|1 — Py |) Hmeerer
(30)

for all x € X.
Proof. Substituting @ (x,y,2) := 0 - ([Jx[|”" - [ - ]2 )
into (19), the result follows.

The same conclusion as Therem 3.1 remains holds
when the function ¢ satisfies the condition that similar to
(18).

Theorem 3.2. Let ¢ : X3 — [0,
satisfying

o) be a fixed function

D(xy,2) = ), 579 (2/%273,277) <= (D)

j=0

for all x,y,z € X. Assume that f : X — Y be a function
satisfying the following inequality

W(“” )+ (5 42) ~sw -2
A0 A5

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

M)H§¢@%d
(32)

10 - A0l < (575 ) e 33)

forall x € X.

Proof. Letting x = y = z in (32), we get

720 - 27 < (o ) olnn) G0

and so

|- 3729

1
§<5ﬁjgﬂ>¢@wﬂ) (35)
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for all x € X. By using the same arguments as in the proof
of Theorem 3.1, one can shows that

1 1

1 m— l] ; ;
(2|1p1 ) Y 21¢> 2/x,2'x,2'x) , (36)

i=n

7 (2")

yielding that the sequence {f(2"x)} is a Cauchy
sequence in Y. By the completeness of Y, one can define a
mapping A : X — Y by

A(x) = lim —£(2") (37)

n—yoo QN
for all x € X. Using (36) and (37), we get

L
2[1—=pi]

for all x € X, which is the desired assertion. The rest of the
proof is similar to that of Theorem 3.1.

Similar to Corollaries 3.1 and 3.2 are the following
results whose analogous proofs are omitted.

1F() — AW < < ) Plexx)  (38)

Corollary 3.3. Let p > 1 and 6 be positive real numbers,
and let f : X — Y be a mapping satisfying the following
inequality

(5524 )+f(—+z) 1) -21(2)
(150 o (550 4) )|

< O ([Ix[1”+[Iyll” +1lzl1”) (39)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

170 -0l < (Gmgyri—gy ) W17 @0

forall x € X.

Corollary 3.4. Let p;,ps,p3 and 6 be positive real
numbers with p; +pr+p3 < 1,and let f : X — Y be a
mapping satisfying the following inequality

(52 42) 40 (52 +2) - 0210
o (57 e) s () 0|

< 0 ([P - llyllP= - N1zl17) 1

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

0
1/ (x) — A < ((2 —2P1tp2tps) |1

> Hx”mﬂ?zﬂ?z
—pi
(42)

forall x € X.
We now move on to the proof of stability of the p—
functional equation (13).

Theorem 3.3. Let ¢ : X3 — [0,
satisfying

o) be a fixed function

B(x,y,2) = Z 29(55555) <= @3
Jj=

for all x,y,z € X. Assume that g: X — Y be a function
satisfying the following inequality

Hg <x;y + > g (? +Z> —8)
(26 (52 +2) -6 - 6002600 )| < 0l
(44)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

le) -0 < (52500 ) ) 69

forall x € X.

Proof. Letting x = y = z in (44), we get

o2 ~26001 = (5 ) O0x) @)

since |s;| < 1, and so

s -22(3)] < (ulm) 0(333) @

for all x € X. The rest of the proof is similar to that of the
Theorem 3.1.
Immediate from Theorem 3.3 are the following:

Corollary 3.5. Let p > 1 and 6 be positive real numbers,
and let g : X — Y be a mapping satisfying the following
inequality

fr(55 )¢ (557 e) o0
—p2 (2g (% +Z) —g(x)—g(y) - 2g(Z)) H
<

< 0 (Jlxll” + 117 + lz117) 48)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

o) -0 < (Grmgi—gs ) 17 @)

forall x € X.
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Corollary 3.6. Let p,p>,p3 and 6 be positive real
numbers with p; +p+p3 < 1,and let g: X — Y be a
mapping satisfying the following inequality

Hg <x;y+ > g (% +Z> -30)
—p2 (2g (x—;ry +Z) —g(x)—g(y) — 28(1)) H

< 0 (IIxlP! - MIyll™= - flz17) (50)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

llg(x) —A(x)|| < ((2p|+pz+m f

) HXHP1+P2+P3
2)[1-2p,]
(51

forall x € X.
If the function ¢ satisfies the condition that similar to
(43), the same conclusion as Therem 3.1 then still holds.

Theorem 3.4. Let ¢ : X3 — [0,
satisfying

o) be a fixed function

1 . . .
D(xy,2) = ), 579 (2%,27,277) <= (52)

j=0

for all x,y,z € X. Assume that g : X — Y be a function
satisfying the following inequality

() o (50

—P2 (Zg ()% +Z) —g(x) —g(y) —2g(Z)) H < 0(x,y2)
(53)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

o) - A0l < (3755 ) P0G

forallx € X.

Proof. Letting x = y = z in (53), we get

o2 ~20] < (=5 ) 00x)  59)

and so

st - 3220 <

1
G

for all x € X. The rest of the proof is similar to that of the
former.

Corollary 3.7. Let p > 1 and 0 be positive real numbers,
and let g : X — Y be a mapping satisfying the following

inequality

o (552 e () e
(26 (52 42) -6 - 40 - 260 )|
<

< O (IIxll”+ Iy l1” +1=117) (57)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

30

le) -0 < (Gmgmi—gor ) 117 )

forall x € X.

Corollary 3.8. Let p;,p>,p3 and 6 be positive real
numbers with p; +pr+p3 < 1,and let g: X — Y be a
mapping satisfying the following inequality

o (4572 e (57 ) e
(26 (52 42) -6 - 40~ 2600 )|

< 0 (IIx”" - MIyll™= - flz17) (59)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

0
lg() =A< <(2 —2P1+p2+p3)|1 —2P2|> H’CHPHLPPLP3
(60)

forallx € X.

We now arrive at the last results whose analogous
proofs are omitted.
Theorem 3.5. Let ¢ : X3 — [0,
satisfying

o) be a fixed function

Plry)i= Z 29 (2] 2/’ 221) <o (6D
Jj=

for all x,y,z € X. Assume that 4 : X — Y be a function
satisfying the following inequality

Hh (J% +z) +h (T +z) h(x) —2h(z)

s (20 (%57 ) 040 209 )| < 0050

(62)
for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

Ih) - A0 < (57755 ) P (6

forall x € X.
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Proof. The proof is similar to that of Theorem 3.3.

Corollary 3.9. Let p > 1 and 6 be positive real numbers,
and let & : X — Y be a mapping satisfying the following
inequality

Hh<x;y >+h<7“> h(x) —2h(z)
—ps (Zh( 42ry+) h(x)—h(y)_Zh(Z))H
<

< 6 (llxll”+ 117 + ll2ll™) (64)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

30

4 -0 < (g =g ) 417 6)

forall x € X.

Corollary 3.10. Let pi,ps2,p3 and 6 be positive real
numbers with p; +pr+p3 < 1l,andlet h: X — Y be a
mapping satisfying the following inequality

Hh<x;y >+h<7“> h(x) —2h(z)
—p3 <2h< ;y+ ) h(x)h(y)Zh(Z)>H

< 0 ([P - lIyllP= - flz117) (66)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

Hh(x) _A(X)H < ((2P1+P2+P3 f

) HXHPIJFPZJFP3

(67)

2)—

forall x € X.

Similar to Theorems 3.2 and 3.4 are the following
results.
Theorem 3.6. Let ¢ : X3 — [0,
satisfying

o) be a fixed function

1 S
(p(xvyvz) = Z E‘P (ZJX,ij,ZjZ) < oo

j=0

(68)

for all x,y,z € X. Assume that & : X — Y be a function
satisfying the following inequality

H (Hy )+”(Ty+z) h(x) — 2h(2)

o (20 (552 ) -0 -h) - 2400 | < 0012
(69)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

Ihx) - A@I < (37755 ) @) (0

for all x € X.
Proof. The proof is similar to that of Theorem 3.4.

Corollary 3.11. Let p > 1 and 6 be positive real numbers,
and let 4 : X — Y be a mapping satisfying the following
inequality

Hh <x;y > h (T “) h(x) —2h(z)
—ps (2h (x—;ry +z) ~h(x) — h(y) — 2h(z)) H
<

< 6 ([Ixl1” + 17 + =117 (71)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

30

1) -0l < (G=gryi—zpg ) PIP )

forall x € X.

Corollary 3.12. Let py,p>,p3 and 6 be positive real
numbers with p;+pr+p3 < l,andlet h: X — Y be a
mapping satisfying the following inequality

Hh<x;y >+h<T+z> h(x) — 2h(2)

—p3 <2h <X—J2ry +z) —h(x)—h(y)— 2h(z)> H

< 0 (IIxlP! - lIyllP= - flz17) (73)

for all x,y,z € X. Then there exists the unique additive
mapping A : X — Y such that

_ 6 pP1+p2t+p3
I463) - A0 < (Gg=grrrmmemy =3y )

(74)
for all x € X.
4 Applications

In this section, we show only the application of Theorem
3.1 as that of the rest are similar. We now investigate the
isomorphisms between unital Banach algebras. Our results
involve the use of multiplicative function ([14, Chapter 1]),
which is the function satisfying the functional equation

fly) =) f ().

From now on, assume that B; is a unital Banach
algebra over a field F (R or C) with the unit e, and that B,
is a unital Banach algebra over a field F with the unit ¢'.
Theorem 4.1. Let ¢ : B — [0,) be a fixed
positive—valued function satisfying

Pl3,7) Zz’ Grarzs) <= @9

@© 2022 NSP
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for all x,y,z € By. Assume that f : B — B» is a bijective
multiplicative mapping satisfying

Hf(“”ymz) +/If<¥ +z> CAf(x) =22 £(2)

) (f(kx;xy—i—lz) _Af (x—zy —|—z) —xf(y))H
< 0(x,3,2) (76)

for all x,y,z € By and all A € IF with the condition that

o€
Jim 2'f (57) = ¢ @

Then a mapping f : By — B is an isomorphism between
unital Banach algebras B and B».

Proof. Putting A = 1 into (76), Theorem 3.1 then implies
that there exists a unique additive mapping A : By — B»,
which is defined as

A(x) := lim 2" f (in) (78)

n—yoo 2

for all x € By, satisfying

176 -4 < (5= 1o

for all x € B;. By (76) and (78), we see that

) D(x,x,x) (79)

[1=p1[[|A (24%) = 22A ()|
. on 2Ax X
~tm |7 (5) -2 ()

0 (1(5)-(3))]
< 1lim 2"¢ (i X i) -0 (80)

n—so0 on’on’on

forall x € By and all A € FF. Since |p;| < 1, we must have
A(2Ax) = 2AA(x) yielding that

A(Ax) = AA(x) 81)

for all x € By and all A € F. By (81) and the additivity of
A, we conclude that A : B; — Bj is an F-linear mapping.

To show that A is an isomorphism, by (78) and the
multiplicity of f, we have

Al) = lim 2'f (55) = lim 2'f (37) 70) =A@ )
(82)

for all x,y € By. By (77) and (78), we have

()_hmz"f( )ze’

n—oo

A(x) =A(ex) = A(e) f(x) = ¢ f(x) = f(x) (83)

for all x € B;. Using (82) and (83), the result follows.
Immediate from Theorem 4.1 are the following:

Corollary 4.1. Let p > 1 and 6 be positive real numbers,
and let f : Bj — B; be a bijective multiplicative mapping
satisfying the following inequality

Hf(’“‘”y i) +ar (52 42) - s - 2400

() () )

< 0 ([Ixll” + llxll” + [lx[1)

for all x,y,z € By and all A € [F with the condition that

g€ ) _
Jim 2°f (2n -
Then a mapping f : By — B is an isomorphism between
unital Banach algebras B and B».

Proof. Substituting ¢ (x,y,z) := 0 (||x[|” + [|x[|” + []x]|”)
into (76) and applying Theorem 4.1, the result follows.
Corollary 4.2. Let pi,p2,p3 and 6 be positive real
numbers with p; +p>+p3 < 1, and let f : By — B, be a
bijective multiplicative mapping satisfying the following
inequality

Hf <7Lx+7ty +7LZ) TAf <¥ +Z> —Af(x) —2Af(z)

(2 () o)

< 0l - [1xllP= - flxcl1”)

with the condition that
. n e ) o
im2 () =

for all x,y,z € By and all A € F. Then a mapping f : B —
B5 is an isomorphism between unital Banach algebras B
and B».

Proof. Substituting ¢ (x,y,z) := 0 - (||x||"" - [|x]|> - ||x||”?)
into (20) and applying Theorem 4.1, the result follows.

5 Final Remarks

Note from the conditions (18) and (31) of Theorems 3.1
and 3.2, respectively, that they are dual of each other.
Thus, we can say that Theorem 3.1 and Theorem 3.2 are
dual of each other. Similarly, Theorems 3.3 and 3.4 as
well as their corresponding corollaries are dual of each
other. From this we can combine them, say (18) and (31),
into single condition of the theorem as follows:

=Y 2%¢ (2%x,2%7y,2%z) < o, (84)
j=1

D(x,,2)
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where o € {—1, 1} for a fixed function &, so that to prove
the stabilities of these two theorems, for instance, it suffic
to consider one only one condition, say (84). As the proof
may not be straightforward, to obtain the stability result it
requires some more steps which is worthy to present the
future researches.
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