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Abstract: The determination of this current paper is to find certain coefficient estimates, Fekete-Szegd inequality results for a
normalized analytic function defined in the open unit disk D= {z:z€ C and |z] < 1} by convolution operator with Bessel function.
In particular, we derived Fekete-Szegt inequality for a class of functions defined through Poisson distribution.The results presented in
this paper would generalize some related works of several earlier authors.
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1 Introduction, Definitions and Preliminary
results

Let o be the set of all analytic functions,comprising of the
functions

f)=z+} and", )
n=2
in the open unit disc

D:={z:2€C and 7] <1}

and . be the subclass of &/ comprising of univalent
functions. Let the functions f and g be analytic in . We
say that the function f is subordinate to g, if there exists a
Schwarz function @, which is analytic in D with

0(0)=0  and lo(z)] <1 (zeD),
such that
f@) =g(0().
This subordination is denoted by
f<g or  f(z)<gz) (zeD).

It is well known that (see [1]), if the function g is univalent
in D, then

f=g (z€D) < f(0)=5(0)
We recall here a Bessel function of the first kind of

order v, denoted by Jy(z), is defined by the infinite series:

> —1)? 2n+v
JD(Z):,;)n!F((n—l-)D—l-l) (%) " @ecven
(2)

which is the particular solution of the second order linear
homogeneous differential equation

and f(D) C g(D).

20" (2) + 20/ (2) + [22 — v w(z) =0, 3)

where v € C, which is the natural Bessel’s equation.
Solutions of (3) are referred to as Bessel function of order
v. Although the series defined in (2) is convergent every
where, in general J;, is not univalent in U. Latterly, Szdsz
and Kupan[2] inspected the univalence of the normalized
Bessel function of the first kind

uy:D—C

given by the transformation (see also[3,4])

uy(z) =2°C(v+1) ' 7 Ty (V2), VI=1.

* Corresponding author e-mail: gmsmoorthy @yahoo.com

© 2022 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/amis/160218

306 NS B

G. M. S. Moorthy, H. Dutta: Fekete-Szego inequality and Application

We can express uy(z) as

& (=14 r(v+1) ,
B Z (n—1!I'(n+0v)

n=1

is analytic on C and satisfies the differential equation
424" (z) +4(v + Dzud' (z) + cu(z) = 0.

Quantum calculus (g-calculus and h-calculus)simply
the study of classical calculus without the notion of
limits. Here, h represents Planckis constant, while ¢
represents quantum. Due to its application in a variety of
branches such as physics, mathematics, the area of
q-calculus has added excessive prominence for
researchers. The first study on g-calculus was
systematically established by Jackson [5]. Recently,
Kanas and Raducanu [6] defined a g— analogue of the
Ruscheweyh differential operator[7] by using the concept
of convolution and then studied some of its properties by
Aldweby and Darus [8]. Now, we give some notational
details of g-calculus which are used in the paper.

For f € o/ the Jackson’s g-derivative (0 < g < 1) is
expressed by

f(z)— f(q2)
—_ 0
D,f(2) (i—gz 7 )
7(0), z=0
and .@qu(z) =9,4(9D4f(2)). Thus, from (5), we presume
that
Dyf(2) =14 Y [ngant""",
n=2
where
p—
nlg =7 .
If ¢ — 17, we get [n], — n. For the function h(z) = 2",
we get Dgh(z) = Dyz" = 1liqq 271 = [n]gz"! and
limg ;- Dghlz) = lim, - ([n]gz"") = n2! = W(2),

where /’ is the usual derivative.
For 0 < g < 1, and f € & of the form (1),the g—
derivative of uy is defined by:

q z+Z

uy(z) — ”v(CIZ)

(1—)
:1+Z

n=1

(—1/4)"'C(v+1) ,
n—1)I'(n+v)

Dty (2) =

(—1/4)" ' (v+1)
(n—1)!I'(n+v)

],z " (6)

Let a € R and n € N. The g-generalized Pochhammer
symbol is defined by
lalgla+1]gla+2],...

lasn], = la+n—1], @)

and for a > 0 the g-gamma function is defined by
LO)=1. ®

For f € &/, Kanas and Raducanu [6] defined the
Ruscheweyh g-differential operator as below:

La+1)=[da)  and

Rof(2)=f(2)*Fy5:1(z) (8>-1,z€U) (9
where
i (n+5) 2
& =0 LG )
i 5—|—1 nq 2 (10)

=
using, (9) and (10 Aldweby and Darus[8] defined the

g—analogue of Ruscheweyh operator %5 cof — of as
follows:

S _ ~ (n+5) 2
Ry f(2) =2+ Z T ) (zeU)..
(1
As g — 17, we note that
Zf(2)=fR), R f(2) =zf(2),
It is easy to check that
13} o
Dy(Fy@) = (143 a0 - Fsi0)
(12)

z € U. From (9), (12) and by the concept of Hadamard
product, we have

AR (2)) = (1+8) Ry O f(2) — 8%2f(z), (z€ ).
(13)
From (11),as ¢ — 1~ we note that
limi F, 541 (z) = ﬁ,
Z
qlgil;@éf( 7) = f(@*m

the usual Ruscheweyh derivative [7].
By the description of ¢ — derivative and the perception of
Hadamard product ,we describe the linear operator

W, — o
defined by
P o f(2) = un(2) * (Z2f(2) (14)
- i
Y Do) F]( 1;(61)+6>“"Z"
(15)
:Z+i@nanzn (zeU) (16)

n=2
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where

0, =

(—1/4)" ' (v +1) Fq](n+5) an

(n—=1)!C(n+v) [n—1],T;(1+0)

Ma and Minda[9], unified various subclasses of starlike
and convex functions for which either of the functions

zf'(2) zf"(2)
™ e

is subordinate to a more general superordinate function
and denoted such function classes by ./*(¢) and &' (P),
respectively. For this purpose,they considered an analytic
function @ as below ,

(zeD).

Definition 1./9] Suppose P is an analytic function such
that

IR (®)>0in U

200)=1, @'(0)>0

3.® maps U onto a region starlike with respect to 1 and
symmetric with respect to the real axis.

Further they gave ®(z) in series by
D(2) = 1+ Biz+Bo + B3+, (18)
Bls are real with By > 0;B, = 0.

Fixing ®(z) = % (zeD;0=p <)
we get the well-known classes .*(f) (and € (f)) of
starlike functions (and the class of convex functions) of
order B(0 £ B < 1) respectively. In [10],Guo and Liu
defined a subclass M(u,A,p) as below which unifies
certain subclasses of analytic functions.

Letu=20,A=20and0< p <1and f € o/. We say
that f € M(u,A,p) if it hold the analytic criterion

ER{Zf’(Z) (@)”
fla) \ z
") () (Zf’(Z) >”

# 4| 5R - e (R )] e

In [9], the authors have obtained the Fekete-Szegd
inequality f in .*(®) and €' (®P).For a brief history of
Fekete-Szegd problem various subclasses of analytic
functions, one may refer to [11] and the references cited
there in. Motivated essentially by the aforementioned
works on Fekete-Szego inequality and the definition of
hadamard product we define a more general class of
analytic functions which unifies the class .#*(®) and
C (D), M, (P) based on Bessel function. Also, we give
applications of our results to certain functions defined
through of Poisson distribution series.

where

Definition 2.For 1 = 0, L = 0, let ®(z) be in Definitionl
and f € 4 is in the class gv Eq( D) if

(%‘*qﬂz))' (%siqﬂz))”

w2, f(2) z
) " S /
a1 @) (P f (D)
B B 7 T
(W2, f(2))
+u< 2,/ 1) < P(z), zeD.

By specializing the parameters, suitably we deduce
the following new subclasses based on Bessel functions ,
which are not yet been studied.

Definition 3.For = 0, A = 0 and let ®(z) be given in
Definitionl and f € o/ is in the class

Gy (P) = MO (@) if

Note that
M D) =SV (D) and )0 (D)=CV(D).

Definition 4.For 1 = 0,A = 0 and let P(z) be in

Definitionl  and f € o is in the class
G (D) =By (D) if
W £(z -l
(¥, f(2) (7”{( )> < ®(z),z€D.

Definition 5.For © = 1,A = 0 and let ®(z) be in
Definitionl and f € o/ is in the class

G (@) = RV OU(D) if

(B () <

To prove our main result, we need the following
lemmas:

Lemma 1./12] If ® € & and given by

P(z),z€D.

O(z) =1+ciz+c?+ - (19)

then |cj| < 2f0r all j > 1, and the result is best possible
—|— nz
for ¢1(z) = nl=

Lemma 2./9] Ifﬁf(z) € Z and given by (19) then

4942, if 00,

2 N
Now, we define the following new function class e =Dl = 4 2, fosv=1,
8, . .
G (@) 49 -2, if 921
®© 2022 NSP
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When © < 0 or & > 1, the equality holds if and only
if pi(z) =

+z . .
or one of its rotations. If 0 < & < 1, then
-z

2

‘ or one
— ZZ

of its rotations. If ¥ = 0,the above upper bound is sharp,

for

_ (L Itz (1 m\1-z . _
na=(3+3) 1=+ (3-3) 15 ©=nsn

or one of its rotations. If 0 = 1, the equality holds if and
only if p1 is the reciprocal of one of the functions such that
the equality holds in the case of ¥ = 0.

the above upper bound is sharp,for p2(z) =

Although the above upper bound is sharp, when 0 <
¥ < 1, it can be improved as follows:

2= Oci[+Bler]” £2 (0< D £1/2)
and
2 =Bt + (1=’ 2 (1/2<8 1),
We also need the following:

Lemma 3./13] If©(z) = 14+ciz+ 2+ is a member
of &, then

e — 9t < 2max(1, 28 — 1]).

The result is sharp for the functions

1422 14z
l—ZZ, p

p(z) = (zeD).

2 Coefficient Estimates and Fekete-Szego
inequality

To start with in this section we determine the initial
Coefficient estimates a, andaj. Unless otherwise stated,
we let the following in our study:

where A = 2 (4 + 1) ~ (i + 3)A -

T:=(1+p)(1+A1), and &:=(u+2)(1+21). 21)
These results are sharp.
ProofIf f € g v 5’q( @), then there is a Schwarz function

o(z), analytlc in D with @(0) =0 and |®(z)| < 1 in D
such that

(W, F) ()"

0,1 (2) z
AW, f(2) AW, f(2)
(qlvé f(Z))/

+N<U€J@)l>

1+

¥y qf(Z)
(22)
Define the function p;(z) by
1+ 0(z) 2
S e S e 23
p1(2) o) +e1z+ez + (23)

Since o(z) is a Schwarz function, we see that R(p; (z)) >
0 and p;(0) = 1. Let us define the function p(z) by

(¥, 1)) (W)
vaa,qf (Z) z

) " ) ’
2 Z(lPu,qf(Z)) Z(va,qf(Z))
' ll ! (Faf(2)) w2, f(2)

2, f(2))
+ —— 1
“(*@J@
= ltbiztbd . 24)
In view of (22), (23), (24), we have

_ pi(z) —1
pz) =@ (m) (25)

p(2)

@ — (-1/4r(v+1) I3(2+96) Using (23) in (25), we get,
r'2+v) [l I5(1+9) | | | |
and b= EBICI and by = EBI (Cz — ECI> + 4BZC1
O — (=1/4)’T"(v+1) I;(3+96) 0
T 2I'34+v) 20, I;(1+06) 20 A computation shows that
z(‘I’quf(z))’ 2 2\.2
Theorem 1.Let 1 = Oand A = 0 and U a real number w3 f(2) = 1+ a2+ (20303 — 03a3)z
and P(z) be given by (18). If f(z) given by (1) belongs to v 3 4 5
gv.gﬂ(@) then + (304a4 + O5a5 — 30:0,a3a,)z
u, ’
4o,
ap| < Similarly we have
|z @
T
z .{/6 2))"
a3 < 2?(19 ‘ % bal 1+% 1120212+ (60303 — 402a2) 2+
1 T v,q) \K
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An easy computation shows that

2, f(2) <%iqf<z>>”
Z

¥4/ (2)
f@)" 2R, fR)

+ A1+

(P,
(P f(2)) w2, f(2)
(W, f(2)
“( V3,1 1)]

=1+ (1+u)(1+1)@arz+ (u+2)(1+21)Osa32>

yd
V,q
(72
)

2
+
+ (% —(u+3)A— 1)@§a§z2+

In prospect of (24), we see that

by = (1+u)(1+21)6a
by = (u+2)(1+2}i)@3a3
2
+ (#(;ﬁ%)ll) 02
=  (u+2)(1+21)0sa3 +AB5a3
where A = %(/.12 + ) — (u+3)A — 1. Equivalently, we
have
Bicy Bic
= = 2
2T 20w+ 48 216y (26)
B
ay =
2(L+2)(1421)05
X |lep—=(1-24+——22
{” z( B (0 +u><1+x>12>c'
B 1 By  BiA\ ,
= ——|1- — . 2
2806; {Cz 2< B, T >Cl] 0
From(26) and applying Lemma 1,, we get
1
< | 2L
|Clz|_ 760,

From (27), by using the estimate

ey — Ocf| £ 2max{1,|20 — 1|}

whereﬁ:%( +Bl"),giveninLemma3wehave
B,
a <
sl = Eaees
1 B, BjA
s ) !
Xz( )
B Bz BlA
= ——max{l
£os 1= }}

where 7,& are as assumed in (21) and A = 1(u*>+p) —

(L+3)A —

Using Lemma 2, we prove the following:

Theorem 2.Let it = 0 and A = 0 and v a real number and
. 10,
D(z) be given by (18). If f € 54:’1 (@) (z), then

B, (By BiA VEB6s .
== vZo
5@3< 72 720} Vo
2 B <v<
a3—vg2| g O, 55 lfG[ V = 0y,
B BQ B]A V&B[@g, .
- — \e
5@3< B 1 7203 gy,

where, for convenience,

20?2
e B, BiA
o1 i= g2 <1+—2—' )

$B10s B, 12
202
T @2 B> B|A
o) = 1
? 531@3( +Bl 2 )’
7202 B, BiA
O3 (= )
§B|@3 B[ ‘L'z

also T, are as defined in (21) and A = $(u*+ p) — (1 +
A —1.
Further, if 61 < v < 03, then

2@2
> T @2 B> BIA V&B[@3 >
—V 1—-= I
|a3 a2| * 531@3 ( Bl 72 TZ@ZZ |02|
< B
S
If o3 § v § O, then
2@2
> T @2 B> BIA V&B[@3 2
—V 1 -
|a3 a2| * 531@3 ( Bl 72 TZ@ZZ |02|
B,

:@'

These results are sharp.

Proof.From (26) and (27),we have

B c? B, BiA
2 1 1 2 1
_ — Bl N O T Ot Sl
asz—\va; 226, [cz > ( B, + P )]
B ﬁ vB?
4 (T@z)z
_ B o a | _ B BA vEB,O;
26@ 2 B] 72 (T@Q)z '
Therefore, we have
B

as — Va% = T(l’% (Cz — VC%)

VgBl
- (T@z)z) '

where

1 B, BA
== l-==+—
v ( B, + ;)

@© 2022 NSP
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By applying Lemma 2 we get the desired result. To prove
the bounds are sharp, we define the functions K¢, (n =
2,3,...) with K, (0) =0 = [Kg,]'(0) — 1, by

2 Ka, (2)) [ Ka,(2)\"
‘P&K() Z

é
Ca i RO o)
(PKa,(2))  W4Ke,(2)

YoKe, (2))
+ u Z( g (pn(z)) _] — @(anl)

lII‘L);(]I(‘pn (Z)
and the functions F, and G, (0 = p < 1), respectively,
with Fp(0) =0 = F;(0) — 1 and G, (0) = 0 = G, (0) —
by

<5<m< UY
Fy(2) z

PO Fp(2)" (W Fp(2)
lPva,q P(Z))' '{llqu P(Z)

AW, Fo(2) __(dz+p)
+u< ‘PJS,:FP(Z) 1>]¢<1+9Z>’
and

2(¥2,Go(2)) (¥2,Gp(2)\"
lPlquP (z) z

Z(q’«f,qu (2))" - Z(‘I?Gp (2)
(F94Gp(2)  WuFp(2)

oy Gp (2))' _ <
+u 5 —1|| =@
va,qGP (2)
respectively.

Clearly the functions K¢, ,Fp,Gp € %U Sq( @). Also
we write K¢ := Kg, .

If u© < o7 or 4 > 02, then the bounds are sharp if and
only if f is K¢ or one of its rotations. When o7 < u <
0>, then the bounds are sharp if and only if f is K¢, or
one of its rotations. If 4 = o7 then the bounds are sharp if
and only if f is F, or one of its rotations. If i = o, then
the bounds are sharp if and only if f is G, or one of its
rotations.

z(
1+(

+ A

+A 1+

2(z+p)
1+pz >

By making use of Lemma 3, we immediately obtain
the following:

Theorem 3. Let pt = 0and A = 0 further, let D(z) be of

the form (18). If f € gu 6’q( D), then for complex v, we
have

laz — va3| = B—max 1, B2 BiA | Vo0
3T TRIT Ee, B @ e
where &,7 are as assumed in (21) and A = $(u® + ) —

(L +3)A — 1. The result is sharp.

3 Coefficient inequalities for the function
-1 v,6,q
[ e9,,7(P)
Theorem 4. If f €43 (®) and f~'(w) =w+ ¥, dw”
’ n=2

is the inverse function of f with (|w| <ro(f);ro(f) > %)
the Koebe domain of the class f € g:iq(db) then for any
complex number v, we have '

By
|d3 Vd2 | — é@
B, BiA  (2—V)BE6;
xmax{1,|—B—]+ p + 767 |}
(28)
where ©,& are as assumed in (21) and A = 5 (u® + ) —
(L+3)A—
Proof.As
Fw)y =w+ Y dw (29)
n=2
is the inverse function of f, it can be seen that
) =A@} == (30)
From equations (1) and (30), we get
Y+ Y and") =z 31)
n=2
From (30) and (31), one can obtain
z+ (Clz + dz)Zz + (a3 +2asdr + d3)23 + o, =2z (32)
By equating corresponding coefficients , of (32), we have
d2 = —dap (33)
dy = 2a% —as. (34)
From relations (26),(27),(33) and (34)
Bic; Bic)
2 20011708 200 (39)
B3¢? B 1 B, BiA
d 167 122 2).
T ae?  2Ee; ( 2 < B2 > C'>
Bl C% Bz BIA 2315@3
- |= a2z 2 .
25@3{ 2t3 ( T T eer )|
o —Bl C% 1 Bz B]A + 2315@3 .
- 25@3 2 2 B 72 T2@22 ’
(36)
where 7,& are as assumed in (21) and A = %(uz +u)—

(1t +3)A — 1. For any complex number V, consider
B
2£0;

% C% 1— BQ +B]A +
= 2 Bl 72

dy—vds = —

(27 V)B[§@3):|
7203 '
(37)
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Taking modulus on both sides and by applying Lemma 3
on the right hand side of (37), one can obtain the result as
in (28). Hence this completes the proof.

4 Application to Functions Defined by
Poisson distribution

A variable Y is said to be Poisson distributed if it takes

the values 0,1,2,3,--- K

2e K 3e K
K"5r K3,

parameter. Thus

with probabilities e ¥, mel—!,

respectively, where k is called the

Ko K
L7 r:07]72737...

r!

P(y=r)=

In [14], Porwal introduced a power series whose

coefficients are probabilities of Poisson distribution

z—i—Z

where k¥ > 0. We note by the familiar ratio test that the
radius of convergence of the above series is infinity.
Lately, using the Hadamard product, Porwal[14] (see
also, [15,16,17] introduced a new linear operator
IX(z) : o — o defined by

) GD,
(n—1)! ‘

IEf = I(Kk,2)* z+Z n—] “Fand",
:erZ W (K)an?", zeD,
n=2
where
K.nfl .

Y = Wy(K) = ( _])'e .

In particular
)
v, = ke “and y3 = —e ¥ (38)

We describe the class gﬁjﬁ(@) as below:

%:,;fyz(‘p) = {f €/ and ﬂkf c g:;fﬂ(é)}

where %; ’i’q(di) is given by Definition 2. We find the

coefficient estimate for f € %Uﬁq( @), from the

KU, A
corresponding estimate for functions in the class
%: ’f’q(cb). Applying Theorem 2 and 3, for

IKf = I(k,2) % f(2) = 2+ YowmZ” + Yaa32 + -, we
get the following Theorems 5 and 6 after a noticeable
modification of the parameter v.

Theorem 5.Let (1 = 0;A = 0 and P(z) be given by (18). If
fe gv 5, q( ), then for complex L, we have

2B
las — vad| = ———
é@ﬂ(ze*'(
B> BIA V&B[@g,
X max< 1,|——
{ " B, o +272@22e*’(

where ©,& are as assumed in (21) and A = (u?+u) —

(L +3)A — 1. The result is sharp.

Theorem 6.Let L = 0; A = 0 and v a real number. Further,

let @(z) be given in (18). If f € %;)j;qt( ), then

2B By B1A V§B|@3 .
EO3K2e K (_ o - 2,52@223—;( ) lfV § o1,

2B,

2 el
a3—vg2| § EOyK2e X

2B Bz B]/\ VéB]@} .
EO3Kk2e K ( By + + 21203¢ 7% )’ ifvz o,

where, for convenience,

2‘52@2 K ( B> B]A)

EB16s B 1
2‘52@267’( B, BiA
= kit A 1 -
EB10; By 72
A=1W?+u)— (u+3)A —1and 1,& are as assumed in
(21). These results are sharp.

Concluding Remarks

Suitably specializing the parameters ¢ and A as stated in
Definitions 3 to 5, in Theorems 2,3 and 4 one can easily
state above result for the function classes defined in
Definitions 3 to 5 related with Bessel Functions. Also ,
further fixing @ as illustrated below:

1.For (0 <a<1)and —1<B <A<, taking the
function @ as

- (125

—1+a(A-B)
- %[2B(A—B)+(1 —a)(A—

B)Q]ZQ+...

By = a(A — B) and

a)(A—B)Y.

2If we take ¢ = 1 and —1 < B < A < 1, then we have

which gives
By =—%[2B(A—B)+(1—

14+Az
1+Bz

=1+(A—B)z+B(A—B)7>+---
(39)

PD(z) =

thus we have B =A — Band B, = B(A — B).

@© 2022 NSP
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3.By fixing A = 1 and B = —1 we have

1+z
@(z)=E=1+2z+2z2+--- (40)
thus we have By =2 and B, =2
4 Further for some ¢ € (0, 1], taking
C Cz )
(P(Z):\/1+CZ:1+§Z*§Z +... 41)

then the class is said to be associated with the right
-loop of the Cassinian Ovals [18]. In particular if
¢ =1 then the class is associated with right-half of the
lemniscate of Bernoulli [19] is given by

1 1
D(z)=V1+z= 1+5z7§z2+.... (42)
which gives B| = % and B, = —%.
5.Taking

1 1
1+2=1+z+-22—=*+.... 43)

D(z) =z+ 7 3

which gives By = 1 and B = %,
then the class is said to be associated with the right
crescent [20].

6.Again by taking

4 2
D) =1+5z+27

3313 (44)

which gives B} = % and B, = %,
then the class is said to be associated with the cardioid
[21].

8 16

. _ 2 :
7By taking ®(z) = 1+ ?z—i— EPei where f is a

parabolic starlike function (see [22]) in conic regions,

one can deduce the analogues results of above theorems,
we left the proof as exercise to interested readers.
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