Appl. Math. Inf. Sci. 16, No. 2, 367-388 (2022) %N =S\ 367

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/160225

A Fitted Operator Method for a System of Delay Model of
Tumor Cells Dynamics within their Micro-Environment

Kolade M. Owolabi'*, Kailash C. Patidar* and Albert Shikongo3

I Department of Mathematical Sciences, Federal University of Technology Akure, Nigeria

2Department of Mathematics and Applied Mathematics, University of the Western Cape, Private Bag X17, Bellville 7535, South Africa
3Mechanical and Metallurgical Engineering, School of Engineering and the Built Environment, JEDS Campus, University of Namibia,
Private Bag 13301, Windhoek, Namibia

Received: 11 May. 2020, Revised: 16 Oct. 2021, Accepted: 15 Dec. 2021
Published online: 1 Mar. 2022

Abstract: This paper deals with the extension of the dynamics modeling the interaction among transformed epithelial cells (TECs),
fibroblasts, myofibroblasts, transformed growth factor (TGF—f3), and epithelial growth factor (EGF), in silico, in a setup mimicking
experiments in a tumor chamber invasion assay. In the sequel of establishing solution continuously depends on the data and existence of
unique solution, we were able to extend the Gronwall’s inequality for linear ordinary differential equations, to the Gronwall’s inequality
for linear, delay ordinary differential equations. The method of upper and lower solutions is utilized to present that the equilibrium
points are globally stable, whereas, equilibrium points are analyzed and the conditions for the existence of Hopf bifurcation are also
established. Since it is not possible to solve the extended dynamics, nor the original dynamics, we derive, analyze, implement a fitted
operator method and present our results. Analysis of the basic properties of the fitted operator method presents that it is consistent,
stable and convergent. Since our numerical results are in agreement with our findings, we thus believe that our findings in this study,
can indeed contribute more toward the design of the drug which can slow and/or confine tumor invasion.

Keywords: Tumor cells’ micro-environment, proliferation, migration, delay partial differential equations, Hopf bifurcation; fitted
operator, stability analysis.

1 Introduction toward metastasis [3]. Thus, let D,,D¢,D,,Dg,Dg,Dp
denote constant diffusion coefficients for the density of
Since cell types such as epithelial cells, fibroblasts, ~ transformed epithelial cells, density of fibroblasts (f),
myofibroblasts, endothelial cells, and inflammatory cells ~ density of myofibroblasts (m), concentration of epidermal
are well known to form an integral part of a tumor  growth factor (EGF), concentration of transformed
micro-environment [1] then, the composition of the growth factor (TGF-p), and concentration of matrix
surrounding extra-cellular matrix (ECM) may play an metalloproteinase (MMP). Therefore, in an effort to
important role in confining cancer. This can be achieved understand the complex step toward metastasis, Kim and
by either modulating cell adhesion or blocking Matrix ~ Friedman in [1] derived the following dynamics
Metalloproteinase (MMP) [1]. In human Ductal
Carcinoma In Situ (DCIS), it is understood that Matrix
Metalloproteinase (MMP) material have shown that

several classes of MMPs are expressed in periductal 5 VE
fibroblasts and myofibroblasts, indicating an intense 5 :V'(Dnvn)*v'ln”W
stromal involvement during early invasion [1,2]. Thus, a +(IVE|/2g)
situation which corresponds to the case of a more chemotaxis
aggressive carcinoma, where tumor cells are degrading —Vy'In Ve

the basal membrane and invade into the stroma is " 1+ (|Vp|/2Ap )2

considered. The invasion of transformed epithelial cells P

(TECs) into stroma is an important and complex step haptotaxis
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Table 1: Dependent variables for the model in equation
(3-1
E4
+ai—; n(lf " )EQ+,I>0, . —
K, +E4 ny —appls n(x,t) density of transformed epithelial cells (TECs)
e f(x,1) density of fibroblasts
o proliferation m(x,t) density of myofibroblasts
9 =V (DyVf)—anGf+ anf €Q-1>0, p(x,1) concentration of extracellular matrix (ECM)
f—m  proliferation E(x,1) concentration of epidermal growth factor (EGF)
G(x,t) | concentration of transformed growth factor (TGF-f3)
P(x,t) concentration of matrix metalloproteinase (MMP)
VG
%—';’:V~(Dme)—V~ A ———= |,
V1+(IVGl/6)?
chemotaxis where,
+anGf+ azm e _t>0,
~—— ~—~— + .
f—m  proliferation E*(x,1) if 11 > 0,
P~ gyPn +(anf+apzm) -2 )esi>o0 E(xn) = .
! —— Ps o E~(x,1) if x; <O,
degradation lease/ —
release/reconstruction + .
9E =V . (DEVE) +1q (asif+asym)— as3E € Qi1 >0, G™ (%) if x1 >0,
—,._/ (T/ G(xJ) =
o production ecay G~ (x,1)if x; <0,
o= V. (DGVG) + a6llg+n —agG € Q,,t >0,
production  decay Pt (x,1)ifx; >0,
L =V (D,VP)+ anlg m — apP € Q.1 >0, P(x,t) =

——— ~~~
production  decay

where,  denotes the 3-dimensional domain
Q ={x=(x1,x,x3);—L; <x; <L for 1 <i<3},
and set
Q+:Qm{.x1 >0}7 Q- :.Qﬂ{xl <0}
Q,=Q,UQ_,

F+:(9.(2+, Ffzagf,

where, the semi-permeable membrane occupies the planar
region
M={-Li<xi<Lj x3 =0,fori=2,3},
the extracellular matrix (ECM) occupies a 3-dimensional
region

S={—Lo<x; <Lg,x; #0,

—L; <xi<Lji= 2,3}

where, 0 < Ly < L and the characteristic function of a

set A is denoted by Iy, so that

Ii(x)=1ifxeA, A(x)=0ifx¢A.
The dependent variables are defined in Table 1

and transmission conditions at the semi-permeable
membrane are

EY _ JE- JE* -
= G _W+y(E+—E )=0,M,t >0,
Gt _ 9G~

—9G" 4 (GY—G)=0,M,1 >0,

aX] - aX] ’ aX]

P~ (x,1) ifx; <O.
Here, v is a positive parameter which depends on the size
and density of the holes in the membrane [4], where, Kim

and Friedman in [1] have assumed that the membrane is
not permeable to cells, thus, no flux boundary conditions

B _VE 1 ___ Vo .
(Dnvn x”ln l+(‘VE‘/AE)2 xnlsn IWL(VP/AP)Z) Y
=0,I,7>0,

DVf-v=0,T >0,

— 7VG . p—
(Dme A 1+(VG/lg)2> v=0,

I",t>0,DyVp-v=0,

DEVE-v=0, DgVG-v=0,

DpVP-v=0,0Q — {M},t >0,

are imposed, where, v denotes the outward normal vector.
The prescribed one-dimensional space initial conditions
are given as

no(x) = % (1+tanh (—1(0.8 —x))) € 2,
fo(x)=0,1431 (1 +tanh (—1(x—0.2)) € Q_, abny
mp(x) =0.0€ Q_,po(x) =1.0€ S,Ep(x) = 1.0 € Q,,
Go(x) =1.0 € Q,,Py(x) =0.0 € Q,.

Thus, one is of the view that the incorporation of time

+ - + . .
% = %, - %ﬁl +y(PT—P7)=0,M,t >0, T > 0 required for some transformations and/or
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productions to take place should be incorporated into the
dynamics in equation 3-1. Such transformation are
fibroblasts into myfibroblasts, degradation of the
extra-cellular matric (ECM), production of fibroblasts and
myfibroblasts by the transformed epithelial cells (TEC),
production of transformed epithelial cells by the
transformed growth factor (TGF—f) and the production
of fibroblasts by the Matrix Metalloproteinase (MMP).
Therefore, the spatial distribution for the dynamics are
due to the role played by the ECM [1,2]. Hence, its
spatial domain should be increased from § to the entire
domain £,. Thus, incorporating the time required, the
ECM spatial distributions into the dynamics for equation
(3-1) and ignoring the vertical variables, then the model
in equation (3-1) becomes

——YE___ —V}(ll n#
: L AVE/A? T (VRI2,)
e (1 =iy ) € [0.Li)
% _DfAf: (—alzG(x,t—T)+022)f(x7t_T) c [_L1,0)7
o =-V. _v6
D,,Am \% (Xmm Ve

+ay1G(x,t — 1) f(x,t —T)+azym € [—L,,0),

J

8—‘; —DpAp = —a4 P(x,t —T)n(x,t — )
+(asnf +agzm) (1 - %) € [~Ly,L1],

‘?Tf —DpAE =1g (as f(x,t —T)+aspm(x,t — 7))
—as3E € [~Ly,Ly],

98— DGAG = ag g, n(x,t —T) —agG € [~Ly, L],

% —DpAn=—-V.-y,n

28 —D,AP =azlg m(x,t —T)—apnP € [-Li,Ly],

(1.2)
for (x,t) € [~Ly,L;] x [~7,0]. The dynamics in equation
(1.2) is a system of discrete delay reaction-diffusion
equations. Delay differential equations (DDEs) are widely
used for analysis and predictions in various areas of life
sciences [5], epidemiology [6], immunology [7],
physiology [8], and neural networks [9,10]. Since
time-delays and/or time-lags, can be related to the
duration of certain hidden processes like the stages of life
cycle, time between infection of a cell and production of
new viruses, duration of the infectious period, immune
period, then introduction of such time-delays in a
differential dynamics significantly increases the
complexity of a dynamic. Therefore, the first aim in this
paper, is to carry out mathematical analysis, which leads
to the investigation of how time delay 7 affects the
dynamics in equation (1.2). By applying Poincaré normal
form and the center manifold theorem as in [11], one
finds conditions for the functions and derives formulas
which determine the properties of Hopf bifurcation. More
specifically, the paper presents that equilibrium point
losses its stability and the dynamics exhibit Hopf
bifurcation under certain conditions.The second aim is to
develop a reliable numerical method based on the
qualitative features of the dynamics in equation (1.2).
Thus, below, we highlight some of the recent
developments.

In [12], Hafez and Youssri developed a numerical
scheme to solve the variable-order fractional linear

sub-diffusion and nonlinear reaction-sub-diffusion
equations using the shifted Jacobi collocation method,
whereas, in [13], an overview of numerical problems
encountered when determining the coefficients and rich
variety of techniques proposed to solve these problems
with regard to a series of explicit formulae expressing the
derivatives, integrals and moments of a class of
orthogonal polynomials of any degree and for any order
in terms of the same polynomials are addressed.

Abd-Elhameed and Youssri in [14] proposed a new
numerical solutions for certain coupled system of
fractional differential equations through the employment
of the so-called generalized Fibonacci polynomials. The
polynomials include two parameters in which they
generalize some important well-known polynomials such
as Fibonacci, Pell, Fermat, second kind Chebyshev, and
Dickson polynomials. The proposed numerical algorithm
is essentially built on applying the spectral tau method
together with utilizing a Fejer quadrature formula.

Delay differential equations are one of the most
powerful mathematical modeling tools and they appear in
various applications from life sciences to engineering and
physics. They model dynamical systems, when their
evolution depends on prior times. A large class of
epidemiological models can be formulated as a system of
differential equations, frequently involving spatial
structure and time delays see for example [15,16].

The rest of the paper is structured as follow.
Mathematical analysis of the extended model is presented
in Section 2. A robust numerical scheme based on the
fitted finite difference technique is formulated,
implemented and analysed for convergence in Section 3.
To justify the effectiveness of the proposed scheme, some
numerical results are presented in Section 4 and Section 5
concludes the paper.

2 Mathematical analysis

In this section, well-posedness of the existence of unique
solution, local stability, Hopf Bifurcation and global
stability analysis of the equilibrium points are established.
Let

u= [nvamvpaEvaP]T
D= [DnanvaaDvaEvDGaDP]T

where T denote a transpose. Then the extended dynamics
in equation (1.2) can be rewritten as

N _pAu=F(u(x,1), Vu(x,r),u(x, — 7)),

re [t()*T,to],
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where, u(x,7), one obtains,
Fi(u(x,1), Va(x,1),u(x,7 — 7)) u(-,1,t = o) (-,1,6 = 7) = $O0% (- 1,1 — 1),
=V 2n 1+<|va5\/1 B 1
Volion g u(-,t,t — )y (-1, — T) = 300> (-, 1,1 — 7).
—Vin—
— 1+(ve l'/ 2 Similarly, one also finds
+k?]_.~l+E4 ~ m—anpl, ) © [0, L],
Fy(u(x,t),Va(x,t),u(x,t — 7))
= (—apG(x,t — 1) +an) u(e, 1,0 — T\ (-, 1,0 — 7) = de(u(-, 2, — T)uy (-, 2,6 — 7))
% flx,t—7) € [~L1,0), (1,0 — 1),
Fs(u(x,t),Va(x,t),u(x,t — 1)) then in view of Theorem 21
—_V. N Ld (L2
v (x’"m\/w(wm/za)z 2 f (1,1 = T)dx

+a21G(x,t —T)f(x,0 — 7)
Fazim € [L1,0),
1), Vu(x,r),u(x,t — 7))
= —ay P(x,t — T)n(x,t — 1)
+(anf +aszm) (1 - g) € [~Ly,Ly),
Fs(u(x,), Va(x,7),u(x, — 7))
=1Iq (asif(x,t —1)
+asym(x,t — 1)) —as3E € [-L1,Ly],

Fy(u(x,

Fs(u(x,), Va(x,7),u(x, — 7))
=ag1lo, n(x,t —1)
—agG € [—Ly,L1],

Fy(u(x,t), Va(x,7),u(x,t — 7))
= a711_Qim(x,t — T)
—anpP e [-Li,Ly],

with all other terminal conditions remained unchanged, as
given in (3)-(1) through to (1.1).
2.1 Solution continuously depending on the data

Let v(x,t,t — T),z(x,t,t — ) € C}[~Ly,L;] denote two
solutions for the dynamics in equation (1.2), such that

v(x,t,t — T) — z(x,t,t — T) =: u(x,t,t — 7), (where
—1T <t <0), yields the following results.
Theorem 21Let
QLT _pAu(x,t,1—T) = 0;
S [—LI,LI], t>0,
ui(x,0) = 1 (1 +tanh (—1(0.8 —x)))
S [O,L[]
ur(x,0) = 0,1433 (1 4 tanh (— 1 (x—0.2))
S [*L],O),
uz(x,0) =0.0 € [L;,0),
po(x) =10¢ [—Ll,Ll],u4(x,O)
=1.0¢€e [*LI,LI],
us(x,0) = 1.0 € [-L;,0),
ug(x,0)(x) =0.0 € [-Ly,Ly].
Then u(x,t,t — t) is identically zero.

Proof:

Proceeding component-wise for elements of the vector

= L 2c9,u (,t,t—T)dx

:-flLi u(-,t,t — ) (1,1 — T)dx

=D 7} u(,)uy( 1,1 — T)dx,

=D [5 d(u(t,t = T)uy(-,1,0 — 7))dx
LIL 2(..t,t —T)dx,

- Dll( ) a T)llx(',t,t* T)|EIL|
fff]Ll wl(-,t,t —7)dx
=-D 5 wl(,1,t—1)dx <0.

These implies that the function

Lo

is a non-increasing function. Hence

(,t,t—T)dx

yany o W = 1),
t,t—1)dx <0

This proves uniqueness of solution to the system of delay
time-depended  non-linear  quasi-parabolic  partial
differential equations (PPDEs) in equation (1.2).

Corollary 22Let v,z € C3[—Ly,L] denote solutions to
the dynamics in equation (1.2) with initial states v,2,
such that vo — 2o =: ug and %, 7, denote the real-valued
functions bounding v and z, respectively. Then

Iv—2l|* < exp(=n1) [ vo — 2ol

+w/ exp(—n(t —5))||.Z.

Iv—2||* < exp(=n(r - ©))][vo — 20|

ot
+@, / exp(—n(t —7—5))[|F — F|2ds,
JI—T

— 7| %ds,

and

for some —T <t <0, and @,®;,n € R".

@© 2022 NSP
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In order to prove the Corollary 22, the following are
preliminaries to the proof.

Definition 23Let v,z € C3[—Ly,L,] then
L
(v,z):= / v(-,1),z(-,1)dx,
7L|
defines an in inner product [17].
Lemma 241 v,z € C}[—L;,L;] then

(Vix +0v,2) = 0(v,2) — (Vy,2y) = (V,Zx + OZ),

where, ¢ € R.

Proof:
Since

Oy[VyZ] = VixZ + Vizy,

then
(8X[vx,z]) = (Vxxvz) + (szx);
= (VX;Z)EILI = (Vxxaz) + (anzx)7
= (Vax, 2) = — (Vi Zy).
Similarly,
Oy[VZy| = VZyr + ViZy, (2.3)

then it follows from equation in (2.3) that
—(Vy,Zy). 2.4)
Combining equation in (2.3) with equation in (2.4) yields

(szxx) =
(Vxxaz) = (V;Zxx)-
Hence, the results follows. O

Lemma 25Let v € Cj[—Ly,Ly], then

M=t = ([ vena) g

defines a norm.

Proof: See [17].

Corollary 26Let v,z € C3[—Ly,L,] then
(v, < [Iv]l[Iv]]-

Proof:
Let[17]

Py(o) =

denotes a polynomial of degree two. Then P»(c) > 0,Vo €
R. Thus,

APZ(O') = 4(V,Z)2

Iv+ozlf* = [|v|* + 20 (v,2) + o ||,

which concludes the proof of Corollary 26.

—4|vIllzl® <0,= (v,2)* < IvI*||z]1%,

Proof of Corollary 22. By means of Poincaré inequality
[17], Schwarz inequality in Lemma 25, Corollary 26 and
in view of the prove to Theorem 21,

saluCnr =P+ 5 555 lutnr =)
+%DH“(7 )12
S2(?(',[,1‘71’),“(',%[71’))

<2[|Z|lu(-t,t =),
where, ¢ > 0, F .= %, —.%,. Thus,

ffllll(it,t 2)||2+(%D—€) [u(, e, =1)|?
el 1%

zimg G —7)[2 +

'H ||2

(%ng) ||ll(~,t,t— T)”z

for some arbitrary sufficiently small € > 0. Let n = %D —
€>0and @ = 1/¢. Then, equation (2.1) becomes

gluC.nr =02 +nlu,nr—1)|?
<o||l7|?,

2

dLHu(vtat )H2+77r|\“('7faf—f)|

<@ || 7|

Applying the Gronwall’s inequality [17] to equation in
(2.1) the results follows. [l

2.2 Local stability

Let
(g) = (n*7f*am*7p*aE*aG*7P*)
denotes the equilibrium point for the dynamics in

equation (1.2). Then at the equilibrium point &, the
system in equation (1.2) becomes

dE
D, 4 dn %ni n dx
“ dx( 1+( 4 /m)

d
PN T
ntsq d.
T\ VIH(1R /202

aj nE*

+k;‘l;+E4 (1 o nwan]zplx
=0¢c [O,Ll],

DI+ (—anG(x) +an) f(x)
=0¢€ [7Ll 50)5

dG
D dm d dx
mdy %mdx m 1+(%/7LG)2>

+a2 G(x) f(x) +azm
=0¢ [7Ll 70)7

Dpil_g —ag P(x)n(x)
+(ag f + aszm) (1 — %
=0¢€ [_L17L1]7

@© 2022 NSP
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Dp9E+1q (asif(x)
+a52m(x)) —as3E =0
S [—LI,LI],

DG(é_g + a6]I_Q+n(x) —agG
=0¢c [—Ll,Ll],

Dp% +anlo m(x)—anP
=0¢€ [*LI,LI].

Neglecting, the spacial distributions, one obtains

G* = an/an € [~L1,0], n* = agan/asiann € [0,L1],
and f* =0 on [—L;,0]. This yields, m* = E* = P* =0,
which implies that equation (2.2) reduces to solving

Ly++/1+L3
Hence, p* = Liy/1+ (L1)?+1n (\/”7 L) such that

\/ 1+ L% > L;. Thus, the following results.

Theorem 27The equilibrium point for system in equation
(1.2) is given by

& = (2242,0,0.,

ag1ag’

1+(L|)2

1
Li+y/1+17 : axn
+In ( (Ey ) ,0, s ,0
To investigate the linearized stability of the system (1.2),
we let
(n5f5m5R7E5G’P): _ _ _
(A+n* f+f m+m*,p+p* E+E*G+G* P+ P").

Substituting into (1.2), and retaining only the linear terms
inn, f,m,p,E,G,P, one finds

%-p,2 <%ﬁ> =0,in €[0,L;],t >0,
-y (37) =after 5 <ol 0
9 D,y L (%m> =azm(x;1) € [~L1,0],1 > 0,
P _p,2 (%f’) aa f(x,1) +aszm(x,1) € [=S,8],1 >0,
L _ppi (L _) = —as3E(x,1) € [-L1,Ly],t >0,
A o I
+%_a%’ € [-Ly,Ly],t >0,
9P _pp2(LP)=anlqg inlxt—1)
—apP(x,t) € [-Ly,Ly],

on (x,7) € [~Ly,Li] x
equation is

[—7,0], where, the characteristic

(k 7Dn)(l 7Df70226‘72’t)(k —Dm—a3|)(7L 7Dp)

(A —=Dg +as3)(A —Dg —ag) (A —Dp+az) =0.

Hence, the following results.

Theorem 28The dynamics in equation (1.2) are
asymptotically stable if A < Dy,A < Dy + ape M A <
Dy, +az1, A < Dg—as3, A < Dg+agy, A < Dp—an.

2.3 Hopf Bifurcation analysis

When 7 # 0, we assume that A = i@ for @ > 0 and i =
v/ —1. In view of the eigenvalues, we have

w— Df —any exp(ia)f) =im— Df

—ay(cos(wt) +isin(wt)) =0.
Separating real and imaginary parts we have
O+ aysin(wt) =0and — Dy —axncos(wt) =0, (2.5)
which yields

1 ~1 Df . .
T; = — COS —+42ir ),i=0,1,2,3,....
)] az

Squaring on both sides of equations in (2.5), we find
®? + 2an0sin(071) + a3, sin*(01) =0,

D;»+2Dfa22 cos(@7) + a3, cos?(®T) = 0. (2.6)

Adding the two equations in equation (2.6) one finds

* + Djzc +2(Dycos(@t) + wsin(w71))axn + a3, = 0,

which simplifies to

©* + D} —2(D} + 0%) + az, =0,

:>*(D Df+022—0 = Wy = :I:,/azz D]ZC
Choosing 1) = min{7;}, we need to show that
dA
7 ki
()
From the eigenvalues we have

R (M) — @ (d(Df+azz(cos(wr)+isin(m)))

=T

dt dt

= —azza)sin(a)oro),

where @yt # 0. By summarizing the above analysis, we
arrive at the following theorem.

Theorem 29The equilibrium

1+(L|)2

a
707 e 0)

of the system (1.2) is asymptotically stable for T € [0, 1))
and it undergoes Hopf bifurcation at T = 1.

gzﬁmﬂmmu

ag1ag’

+ln Li+/1+17
,/1+L2 L

@© 2022 NSP
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2.4 Global stability analysis

In this section, one establishes that the equilibrium

& = (4222,0,0,Li\/T+ (1)
1
Li+y/1+23 \* a4y
+1n(7_m“l) 0,220,

is globally asymptotically stable with the method of upper
and lower solution [18,19].

4 . . .
Let 9 = k“i—E‘" Then denoting the reaction terms in
E

equation  (1.2) by  hj(n,f,m,p,E,G,P) for
j=1,2,3,4,5,6,7, one has

hy =a;ndg (1 — #upk) €,
hy = (—alzG(x,t — ‘L') —l—azz)f(x,l — ‘L') S [—Ll,O],
hy = a21G(x,t — T)f(x,t — ‘L') +azyme [—Ll,O],
hy = —ag P(x,t — T)n(x,t — 1)

+(asf + assm) (1 - g) € [~Li,Ly],
hs =1g_(as; f(x,t — T) + aspm(x,t — 7))

—as3E € [*LI,L]],
hg :a6llg+n(x,t—r)

—aeG € [*L],L[],
hy :a71197m(x,t71)

—Cl72PE [—Ll,Ll].

2.7

Let S C R} suchthatS = {u € R] :u<0<u} and K; be
any positive constant satisfying

K > max{K,,Ks,K,,K,,Kg,Ks,Kp,}

> max{ ai’;-f cu=(n,f,m,p,E,G,P) € S},

for j = 1,2,3,4,5,6,7. Then the following results
hold.

Lemma 210Let
d
5=V (D) + V- gy
Iy, Vo
Vb oy < Kn € (0. L)
of

m_y. (G
o~V (V) Y (x'"m l+<vc/xc>2)
S Km S [_Ll O],

— V- (DpVp) <Kp,€ [~Ly,Ly],
-(DEVE) < Kg € [~Ly,Ly],
-(DGVG) < Kg € [~Ly, L],

ol —v.(D,VP) < Kp € [-Ly,Ly).
Then

limy e nn(x,7) = Ky, limy_e0 f(x,2)
= Ky, limy_eom(x,1) = Ky, limy 00 p(x,1) = Kp,

lim;_e E(x,7) = K, lim;_e0 G(x, 1)
= KG, hm[A)mP(X,I) = KP.

Theorem 211If aaply < ny, then this implies that the
equilibrium  (n, — alzpls,0,0,0,%) is  globally
asymptotically stable.

Proof: From the maximum principle of parabolic
equations, it is known that for any initial value

(”0(t7x)a fO(tvx)amO(tvx)aPO(tax)v
Eo(t,x),Go(t,x),Py(t,x)) > (0,0,0,0,0)

the corresponding non-negative solution

(n(t,x), f(t,x),m(t,x),p(t,x),E(t,x),G(t,x),P(t,x),)

is strictly positive for ¢ > 0. Since ajppI; < ns, then choose
€ € (0,1). According to Lemma (210) and the comparison
principle of parabolic equations, there exists #; > o > 0
such that, for any ¢ > ¢,

n(x,t) <K, + & :=1n(x,t) € [0,L],

flxt) <Kp+& = f(xt) € [-L,0],

m(x,t) < Ky + & = m(x,t) € [—Ly,0],

p(x,t) <Kp+& :=p(x,t) € [-L1,L1], (2.8)
E(x,t) < Kp+€& :=E(x,t) € [-L;,Ly],

G(x,t) < K+ & := G(x,t) € [-Ly,Ly],
P(xvt)SKP+80 _(X,I)E[*L],Ll],

and

n(x,t) > K, — & = n(x,t) € [0,L],

f(xvt) ZKfigo :I()C,t) € [7L150]7

m(-xat) Z Km _80 :m(-x7t) S [_L17O]a

p(xvt) ZKp*SO::B(xvt)E [7L17Ll]7 (29)
E(x,t) > Kg — & := E(x,t) € [-Ly,Ly],

G(x,t) > K — & = G(x,1) € [-Ly,Ly],

P()C,t) > K, —& —B(X,t) € [7LI;LI]5

m(x,t) < m(x,t) <m(x,t) € [—Ly,0],
B(xat) Sp(x t) Sﬁ(x,t) € [_L17L1]7

E(x1) < E(x.t) < E(v.1) € [~Li.Ly],
G(x,1) < G(x,t) < G(x,1) € [~Ly,Ly],
B(X,I)SP(X,I)<P(X, E[leaLl]'

Since h;(n,f,m,p,E,G,P) in equation (2.7) is a C!
function of n, f,m,p,E, G, P, where h; is quasi-monotone
non-decreasing in f,m,p,E,G,P, hy is quasi-monotone
non-increasing in n,m,p,E,G,P, h3 is quasi-monotone
non-decreasing in n,f,p,E,G,P, hs is mixed
quasi-monotone non-increasing in n, f,m,p,E,G,P, hs is
quasi-monotone non-decreasing in

n,f,m,p,G,P, hg is quasi-monotone non-decreasing in
n,f,m,p,G,P and hy is quasi-monotone non-decreasing
inn, f,m,p,E,G, then by the method of upper and lower
solutions the system in (1.2) possesses a unique global
non-negative solution n, f,m, p,E, G, [18]. Thus,

ﬂaﬁa]_(af_aM7m7£7p7E7EaQ7 G,B,P,

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

374 K. M. Owolabi et al.: A fitted operator method for a system of delay model of...
satisfy
_ _ I a +aspmy) —as3E
a1 (] B n*7:12p1;> >0 ’ 1,0/ (@s1f1 +asymy) —as3 E
> ayndy (1— 2 ) elo.L4], _([[’L"O](as'fﬁa”mz)_“53E2)‘
=neEE n—anpl ) = <K(fi = Lol +[m1 —ma| + |E1 - Ex)
(—a1G+an)f 20> (—anG+an)f € [ Ly,0], € [~Ly,Ly],
a1 Gf +a31m > 0> a)Gf +azym € [~L1,0],
—aq1 Pn+ (agpf +as3m) <1 - _> >0 ’%11[0;.]"1 — a5 Gy
> —ay Pit
> a41_ il ) » *(“611[0,L,]n2*a62G2)’
Haaf + azm) (l a E) €Ll <K(jm —m|+|G1 - Ga|) € [-Ly,L4],
_ _ ’6’71’[%.,0]"11 —anh
[[’L‘;O]](aﬂf—(as?m) - 053)E =0 —(azil_p, om2 — a72P2)’
= l[-1,,0)\a51] +asom < K(jmy —ma| +|P, — Py]) € [~Ly L
—assE € [-Ly,Ly), < K(|my —ma|+ P — Po|) € [=Ly,Lq].
asilo, m—agG > 02> agljpr,)n
—aeG € [—Ly,Ly],
apd;_g, o —anP >0 ‘5171][7L1 0)m —anhy
> anl_p, oym—anP € [~Ly,Li]. —(anli_y, qm2 —a72P2)‘
Therefore, <K(lmy —mp|+|P = P|) € [-L

(n f”/h G )’ and (ﬂ)i)m)B’E)Q)£)7

are a pair of coupled upper and lower solutions for system

(1.2),[20], respectively. Thus, for any

(ﬂaiamaBaEaQaﬂ) S

(nl’flamlapl’ElaGlaPI

Ly].
Defining two iteration sequences (7, f,m,p,E,G,P) and
(ﬂaiamapaE7Q7£) fori Z ]»
Al = =0 4 (a7l (5) 1)

A1)

( - n ﬂmp[) /K6 [Ole]:

l*

+( a12Q<’ Dt an) Fi=1) /K € [~Ly,0],
i) = i1
+(az GU=V £ =1 )/KGQ,

d . ! ) :
. P = pUY 4 (—agi P VnlD 4 (ap 01 + agzm=1)
_ o ()
(nzafZamZaPZaEZaGZaPZ)S(ﬁafamaﬁaEaGaP) X( P >)/K€[ Ll Ll]
EW) = El- 1>+(’[ 1.0/ (asi FOY +asymli=D)
we have ‘ ,a53E(i71))/K €[-Li, L],
Gl = gli-1) + (06][[0 Ll]fl<lil>
janm (961 (1= =57 ) apGUKe[LiLl
—anm ()2 (1 - =551 ) PO =P (aq 1 g, g™V —ann PP V) /K € [~Ly, L],
nemanply (i) — pli-1) (=09l (1 1" Ny g co.L
<K(|E1 — Ex|+ |n1 —na) € [0,L4], pe=n +ann™ o m—anpt, )/ K € [0.L1];
[<') :[071) +((,a12(‘;+a22)[)/1( €[~Ly,0],
[(—a12G1 +an)fi — (—a12Ga+axn)f2)| m() = m(i=1) (QZIQ(5*1)£(5*1)+Q3]mi 1) )/[(g[ Ly,0],
<K(Gi =Gl +|fi = fol) € [-L1,0], 50 = 5D 4 (—agt P-DAD 4 (g FiD) 4 agyili—1)
)
v x(l £ ))/Ke[ Lyi,Li],
E® =E<i7<]>45(1[ 1.0)(@s1 fO) +asmi=D)
—as3EVV) /K € [-Ly,Ly],
laz1 G1 f1 +azimy — (a21Gafa +azims)| ; 453 i i (i
SK(|G] *G2|+|f] *f2|) c [7L],0], g() :_Q< 1) +(aél[[O,Ll]ﬂ< A1> _a62G D )/KE [ L17L1]>
PO =PV (agy Iy, oml ™V —az, P~V /K € [-Ly, Ly],
—ag Piny + (agn f1 +agzmy) ( - %) where
*(*azuplnl+(a42f1+a43m1)< *%))‘ ©) 20) ~0) o
SK('”l_n2|+|f1_f2|+|ml_mZ| ( ’f G ) (nafamaEaG;P)
+lp1 = p2| + [P — P2) and
€ [~Li, L], (n® f m(o p<o 0) G0 po)
®© 2022 NSP
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Thus, fori > 1,

i)
p (i+1) E_( i+

—= b

,Q(iJrl),B(iH))

()7 £O m® p@ EO G pli)
1) )

i+1) G(iJrl)P(iJrl))

(ﬁ(o),f(o),l’h(o),ﬁ(o),é(o),G(O), ( )) (O 0707070)
and
@0, 7m0, p© £ .6 PY) > (0,0,0,0,0)
such that
limiﬁw’? = i/’ij
limj e f = f,
]imi*}oc’/h = I’T’l,
limiﬁwp_ = éa
limj— G = G,
limj_ye P = P
and R
limjyen =7, lim; e [ = f,
im0 m = 11, lim; e p = o,
lim; o E = B, limy 1. G = G
lim;_o. P = P,
and
Clllﬁ&E 1-— #12% =0
a”ﬁng 1— #M =0e [O,L]],
(*alqurazz)f:: 0,
(7a~|2_G+a22)f =0e [*L[ ,0],
anGf +azym =0,
a) Gf+azm=0¢€[-L,0],
fa4lﬁ'ﬁ+ (a42f+a43ﬁ1) 1-— % =0
—ay Pii + (a42f+a43ﬁ1) 1— ﬁ =0€[-Ly,Ly],

Ii_1, o)(as1 f + asyi) — as3E = 0

1[ (a51f+a52m)—a53E 0€[~Ly,Li],

a611[o,L1]” a62q 0,
a(,]I[OL]]ﬁ a(,QG*OE[ L[,L]],

a711[ ]m a72P 0
anli_p, oy — anP € Ly, L],
Since,

& = (%2“22 0 0 Ll

agiai’

1
+ln<L1+\/l+L%)2

0,22 0
VI+L -1 P ap?

1+ (L1)?

)

is the unique semi-positive constant equilibrium of system
(1.2), it must hold for

(@, f,m,p,E,G,P) = (4, f,m,p,E,G,P)

= (ny —apl;,0,0,0, Zfz)
Thus, by [18,19], the solution
(n(x,1), f(x,t),m(x,t), p(x,1),E(x,t),G(x,t),P(x,t))  of

system (1.2) satisfies
limy e n(x,1) = n*, limy o0 f(x,2) = f*,
limy oo m(x,1) = m*, limy_e p(x,2) = p*
lim;_ E(x,7) = E*,
hmt*)oo G(x,t) =G* limt%mP(x,t) = P*7

which concludes the prove. (|

3 Derivation and analysis of the numerical
method

The derivation of the fitted numerical method for solving
the system in equation (1.2) is as follows. We determine
an approximation to the derivatives for the functions

n(t,x), f(x,2),m(x,t),p(x,1),E(x,t),G(x,1),P(x,1),

with respect to the spatial variable x.
Let Sy be a positive integer. Discretize the interval
[—L/2,L/2] through the points

—L/2:xo<x] <Xy <o <X < Xg

< Xgpp e <xgp2 < Xgp—1 < Xg, = L/2,
where, the step-size Ax = xjy — x; = 1/S,,
j=0,1,...,5. Let

‘/‘G(t)ayj(t)a%j(t)v‘%j(t)vé}'(t)vgj(t)a ,@j(l‘),
denote the numerical approximations for
n(t,x), f(x,1),m(x,1),p (x,1), E(x,1), G(x,1), P(x,1). Then
the spatial derivatives in the system in equation (1.2) are
approximated as follows

(D dn n——=a %
ngx — An 2
(5
*%n sh \/T/lp (ti,x;)
D J+] Z/VJr/V
(D &)
_XH(DX ‘/VJ) ,](F 2
1+ 1E1>
D‘( (D;g)
*%m/‘g . ]2 320
1 x5
(%))
—Xn(Dy A7) L %) 2
Dy #;
1+( - )
D (Dy #
*%r}IS‘/% Dy #; ]2 327
(%)
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Pl 1 —2Fi+F; 4
2 (Dy %) ixj) ~ Dy 22 e
26
J am Jx
< | D —X 1i,X;)
" ( o '+(BG/7LG)2>(“ :
Mi1 =2 M+ My
~ D,, ! -
! ¢"b*f¢
— (D5 M) ,; _
Dy 9;
x5
L (DL Y))
Xm%j XD,; Jz 32>
)
9 ap N oy L1 2R+ R
i (Doh) )00 TR
% DE%_f) (ti,xj) = D "“74,'2"*’717
E
P G - Y1 —29,+9;_
5(DG§)(E,X])~D67’“ ¢éj =,
where,
Dy e Ot =0 ey (= (g
(')J T Ax ’ ()J - Ax ’
and the denominator functions
2 ._ DyAx AnAx 1
02 = Lt [oxp(2) 1]
2
2. 4 o (Pprax .
¢f':p_j,2,81n(/2 ) vy Pri= %7
2. Dy A mAX
92 := D [exp(l,sm )—1],

2. 4 Ax . ]a

d)E.fp—gsmh(pe ) ,pe.f,/Di:,
2

2._ 4 pgAx _ Ja

06 = pzsmh( £ ) , pg.71/Di§,

2
2. ppAx . arn
Pp 1= o2 s1nh< ) » Ppi=1/D,"

Let S; be a positive integer such that Ar = 1/S, where 0 <
t < S;. Then discretizing the time interval [0,7], through
the points

O=to<ty < - <t5, =T,
fis1 —ti=At, i=0,1,....(t;, — 1).

We approximate the time derivative at ¢; by

i+1 i
p) N =N or
a;l (xjvltl) ~ ]+A; s ’ Tf(xjvlti)

+ [ i+ [
~ Fi—7 B_m( . t-) ~ M~
~ vy ) Ot Xj,li) ~ At )

a %l+l|7%l aE
B_Ft)()_cjl’ti) .% N HA; L W(.xji’ti).
§i=¢; B_G( 1) A Y9
VE 9 t xj7l ~ VG )
{07#1 api

where,

Vr = (A1) = (1 —exp(—anat))/axn,
Ve = (1 —exp(—as3At))/ass,

VG = (1 —exp(—aAt))/as,
Yp = (1 — exp(fa72At))/a72,
where, one can see that

On — Ax,¢r — Ax, yr — At,
Om — AX, O — Ax, Y — At,

(PG HAX) VG %Atv
op — Ax, yp — At
(At,Ax) — (0,0).

The denominator functions in equations (3) and (3) are
used explicitly to remove the inherent stiffness in the
central finite derivatives parts and can be derived by using
the theory of nonstandard finite difference methods, see,
e.g., [21,22,23] and references therein. Combining the
equation (3) for the spatial derivatives with equation (3)
for time derivatives, we obtain

(/‘?1‘#'7(/1?[ 7D '/V;:r]] 2./Vl+]+;/‘/'+l }
At ¢n
=—Xn(Dy 1)
(D; &) i Di(Di %)
—Xn jl — /2 32 _X:%[sr/‘/jlﬁ
Dy & Dy A
(%)) (%))
an (&5 !
T (1= i=apr ) X € s, L/2],
Fitl _ gi (‘Hrl 2971+I+971+I . )
- Dy = (), )
+a22(‘%');7x € [7%7)‘5]7
M -] D M- 2%%’*‘%%;1,‘
At m
— i (D))
= —xm(D; ///jl) i -
Dyt
V()
i DI(D;%))
7Xm///l 2 NN
(nr !’) )
+a21(%)_/( 7 )j+a3li%/},
X € [—%,xs]7

A=A D %;1‘,72%}“%%’!’?*‘ o
At P 0

: . jl
Haa ) ras )01~ 5h x5 4]

éa(#lig{' ((01+] ((o{+l+(go{+l

J jt+1 J -
VE —Dg ¢“ )
=1 agl(jff) +a52(%”)

—a53£)j X e [ é, é}
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simplified as

,&J/Hl
. ¢ '
gt _gi w“ 2({/,+1+W+1 i+l D, i
Vo TP Az+¢ )f/‘/ ,’f/‘/ﬁl
= ‘ ‘ D é
=lq. a6 () — a9, — (D))
LL S Dy £\ 2
xe[-7,3 n *‘”i)
)
4 i i+, i i Df(D; &)
"zf&li‘@/{ *D ']/ill 2/ +] ']/ﬂ _Xnt/’/jl ( /2 32
Ve T (%)
=l an (), —an P}, 5
L L ; D} (Dy %'
xe[-53l, —In s N <7‘l, ’7) 72
Dy #.\ ©
| I (%))
with the terminal conditions &%) ’ . .
& i A A
gy A7 (U~ ianpn) T

; i i EL =L D 2D i Dy i
My = My =280 K] WTTIRY i ““+( + ¢)ﬁ - S
2Ax 1+<;j\715*‘) - i T
= —021(%)]‘(%)]‘ +a22(jf}")j+ v
R 1= F,
ZAXXW/V,C’ f{]{ ’7%1‘_ = |, _¢m%l+1 (Alt 2o )%;+] ¢y11'///1+1
oae \/1+ (St AP I
ai _ gi i = T Am\ — i 2
'/’7'#1_'/’7"71’///’7"71 1+ DT:L
i Di(D;9!
@i @i _Xm'%jl = - /z) 32
i e Dy 9;
=My = 2Ax M - 2 - |, <1+( g ) )
2 2 i | %LTL*'MLTL*'
x| 1+ 243%G +a21(<}f0) (Jﬁ) +as %/ +- At
G+ (i) 2 - e
= 7a4](%) (%)3%*(6142?'
. i R
%‘7%]:%"7% By =6, (1+24x), +a43///;)(17—)+( A
g%q:(gf) L l(1+2Axy) 7, L= (@) (1 2aw),
A= (1+mnh(”<08 ), 9?0 —D—gé"?jl'+(1 ZDZE)(S’“ é@’ﬂ
=0.1431 (1+tanh(7—(x 02)) ¢ ! &
%’9!,:1.0“/10 0.00, & 440 :@0 =1.00, =1Io (aSI(%”f) +asy () ),%2(57]; v
where, the no-flux boundary conditions are discretised by —%?fj’:ﬁ}Jr(V}o 2D<,) ngH Dogjzﬂ
means of the central finite difference [24], B ¢ o () ;l i
j=-L/22,....L)2—1,i=0,1,...,T — 1 and =dasla, (Vn)j—ae¥i+ g,

D i+1 1 2D 1 D 1
_¢_§9}t1+(_ P)QH pg&

02 Jj+1
(A5); =~ N( ), (A7), = anly (Ho)—an P+ .
~ N(ti—1,xj),
~F (; : xj) (3.10) which can be written as a tridiagonal system given by
~ F(t; i) .
i+1
(He); = Glti—7,x)), Antj o R
() ~ Mt~ 7.x;), - %(D")() WVJ()/
1+ 52 <1+ o )
(%)’j ~ P(t;—7,x)), (3.11) ] A m(;—a,n) £
7%,115 jl (n;f )/2 3/2
(2 )
are denoting the history functions corresponding to ) ’ i i
n,f,m,G,P. The system in equation (3) can further be +anmﬂg (1= e + 2
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‘ ) P A r/1/‘H>1 —x D it (D ’/’)
A_fﬁzj’-+1 *a21(<}f6) (J??) +an () + 3 n s j),/1+(”;“’}':)2
E
i i DI(Drg))
///’Jrl *Xm(D %1) <ngij) . _XH%ITIZW
- (5) (%))
. DiDY] L i DHDA)
—Xim- Jl D(*r'g’l ]2> 2 xn]sr/‘/jl Dy 7, /2 3”2
<1+( 1) ) (%) )
M (&Y ; A o
g (HG) (A )+ azy M+ gy A aser) + ar

Afﬂ;“ = 7L12]G (t[fr,xj)fo(.t,fr,xj)
1 ‘ i +a fo(t~—fx~)+y—;
c@H = —ag) (Hp) () + (ay T+ as3 M) 2SS
2\, % ‘
X(]_E)+m7 -///Hl:_Xm(D '///z) ( ffj/!)
A . 4 LAY
AEé(){Jr] =1 (a51(r%})9+a52(%)lj) i Lf)( G )
/\'gjl

—a()zé"’

&i B i DI
WE J D;%i 2\ 32
(%)

A9 = ag 1o, (I4)' — 49! +a2 GOt — T x/)fo(t‘ —7,%j)
j + j j

4! ; +a ///’+
i opi+1 31 Al‘
iy AP
=anlg. (%)37517291/ ! Ap%j-“ = 7a41P0(l‘,‘7‘L',xj') 0(1“71’ xj)
. . ]A
where, HanF|+ap ;) (1 - ;])JF an

AEf’H =1Ig (asifO(ti—7,x;)

D 1 2Df Df i
Ar— A “r _Yr é”,
/ v e T ) +asym® (1 = 7,x))) — a2} + 3
Am: 7%7Alt+%77D_?)7 @i
7 5 oy
_( Dy 1,2, D Acg’“ =aglg, n°(ti — T,x}) — a9 + o~
Ap ="y ar t @ @) ! sove
i+1 0 S
Ay — _Dg DE Apt@j =aqnlog m (I,‘*T,xj) a72]l fof'
E= ¢2’_+ A

A — =t 2D _ Dg ) Let s denotes the largest integer such that 7; < 7. Then using the
26 4’2 ’ R system in equation 3), one can compute
AP=<*% L 24?2", % JV’ ﬁ’ ///’ ﬁ’ éo’ %’j@’ for 1 <i <s. Up to this stage, one

1nterp01ates the data

On the interval [0, 7], the delayed arguments #, — T belong to (t0, ) (11, N ) oty N7, (10, T 0 (1 ﬁl) e (5, T
[—7,0], and therefore, the delayed variables in equation (3) are 7 0 o T o ' o
evaluated directly from the history functions (to,#7), (1,4 ) oy (s, A7), (0, %), (fl:g) )sees (tss %),

(t()y ) (t ) '7(tS7£7)7 ([07gf),(l‘],f]')7...7([s7g;),

n’(t,x), f(t,),

Q

() ~ (1 —
(A 2 m® (i —

Tvxj)v (jf}")lj

T,Xj),

~ Ot —

m®(t,x),G%(t,x),P(t,x),

T?x./)?

(to,gzj), (tl,,@j),.l.,

(ts, 27),

using an interpolating cubic Hermite spline ¢;(r) ([24]). Then

</V~i = (Pn(l,',xj') ﬁ
= Onl(ti,xj), %

gjl = (pG(tiyxj)y ’@j:

Qr(tixj), %/'
(Pp(tu ) é" (PE(thxj)
(pP(tivxj)v

foralli=0,1,..

.sand j=—L/2,2,...

L/2—1.

Fori=s+1,s+2,

T — 1, when we move from level i to

(Jfg)lj ~ GO(Z‘,' — ‘E,Xj),

(%)lj ~ Po(l‘iff,xj'),

and equation (3) becomes

(3.12)

level i+ 1 we extend the definitions of the cubic Hermite spline

@;(t) to the point

(ti+ AL, (A i+ AL (A7) ti+ At (A,

J’t

AL (HG)5) i+ AL, (Hp)}).
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Then, the history terms (%”) (%’}) (%”) (%”G) (f%’jv)’]
). (99);(

can be approximated by the functlons ((pn) it —

), (0m)j(ti — 7),(96);(t; — ), (¢p)j(t: — T) for i > s. This
implies that,
() =~ (@a) j(ti =), (A7)} ~ (95) (1 —7)
() = (@) (i = 7),
() ~ (96)(ti 1),
() ~ (op);(ti— ) (3.13)
and equation (3) becomes
An = (D) O
(%)
i DIDI&))
—Xn- i o 37
<1+( ;Ef> >

(&5 i N i
tan gy A (= )+ A
ApF I = —a31(96)(ti—7) () (1 — %)
7}
+an(@r)(ti =)+
i i D.¥Y;
Al =~ D7 )2
1+ Tﬁ)
G
i D} (D;¥!
—Xm A = (0 72) 372

J — i
we)
+azi (‘PG)./(Z; 7)(@y) j(ti —T)

+as) M+

Ap«@i'ﬂ = —aq1 (@p)j(ti = T)(@n) (1 — )
(a423Z +a43///l)( ; )+ (ft)

AEg';+] :Igi(aSI((pf)/(t T)
+asy(@m) j(ti —T)) —aézé"z

&l
‘I’E
(71}

A
aﬁZgl %N

Acgjﬂ =agtla, (¢n)(ti—7T) —

; P
AP@}“ =anlo (@)t —7) —an P+ 5

v
where,
Oulti—7) = ()1, (H)h .. ,(%)’%,1]'7 Qr(ti — )
= () )y ooes ()
Ot = 1) = [(H) s () sy s (S )
PG (ti—7) = [g%vg%ﬂ‘ ‘7%71]/’
0p(ti—1) = () sy () sy o (Y]

The FOFDM can be rewriting as a system of equations

ApN = F,Ap.F = Fp,Aptl = Fp,
Ap# = Fp,Ap& = Fg,AGgY = Fg,
ApP = Fp.

Let the functions

n(x,t), f(x,0),m(x,t),E(x,t),G(x,t), P(x,1),

and their partial derivatives with respect to both ¢ and x be smooth

such that they satisfy

™ n(t,x) AT f(t,x)
< LT
’ ot | = M| orxi |7
™ m(t,x) IHIE(t,x)
— | < Ty, | ——— <Y
’ dt'x/ = T o | TR
I G(t,x) dIP(t,x)
— | <Y, | ——— <Y
’ otixJ =@ otixJ =
Vi, j >0,
where,

n,rf',Tm,,TE,TG,TP,

are constant that are independent of the time and space step-sizes.
Then in view of the FOFDM one can see that the truncation errors

Sns Sf > Sms Sp s GE > 6G > 6P AI€ given by

(6n); = (Ann)}; = (Fn); = (An(n— A7)},
(6r) = (Arf); = (Fp)y = (Ap(f = F))5,
(Gm); = (Amwm); = (Fn)}; = (Am(m — 4))};,
(6p);=(App);— (Fp)j = (Ap(p —Z))j
(se); = (AEE); (FE) (AE(E—éa))_’,'g
(S6)j = (AgGn ) (FG) = (Ac(G-9))j,
(sp)s = (ApP): — (Fp); = (Ap(P — 2))\.

Therefore,

max i, — A7] < 1A | maxi 1 (6)7
max,j|fi ﬁ"|<||A;]||max,j|(gf)‘|
max,j|m _///l| = ||Am ||max,,|(gm) I
maXu|P, «@"|< ||Ap |Imax; ; |(6p)j |
max;,; |E} — &f| < [|A;" | max; ; |(€E)§|

il
xi j|G5 = 9| < [|Ag" || max; j[(s6)'l,
max; ;|G — 91| < ||A5" || max; ; |(s6)’

max; j [P — 2% < ||Ap" (| max; ;| (gp)}],

where,

<gn>§~s<“—;>|nn<é>|wn o |nw<c>|,xe[xs,L/z1,
(6)s < B2 11u(8)| - . (), x e [-%.x],
(m)s < 52 |muu(€)] — D ,2 MO, x € [~ 5.3,
() < &21pu (&)~ Dy ,2 [P (G, x € [ 15 B
<gE>;s<é—’>|En<é>| D 12 |E @)l xel-%.4),
(66) < 821G ()] — D6 G |Gronn (£) ] x € [~ 5. 41,
(GP)§»§<A—2’)|Pn(€)I D,, = |Pxxxx<c>|,xe[—%,%],

(3.14)

(3.15)

B
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fort; 1 <& <ty and xj—1 <& <xjy1. Inview of inequalities
in (3.14) we see that the inequalities in (3) is equivalent to

(6)i < (42 -D, <“1’;>2)T x € [, L/2),
()< (32~ 1y xe [,
(en)i < (152 - D45 )rm,xe[ ),
< (-0, 4 e
(se); < @—DE(A? )TE,xe[ %%],
(sa)i < (152 - D64y ) Tore -5, 4),
(sr)i < (52 - Dp 55 ) Towe [-4,4),

for ;1 < & <tiyy and xj_; < § < xj41. Moreover, by a result

in [25], we have
~1 - —1 -
14511l < Zn, 114711 < 25,

—1 = -1 -
An 1] < :'m:HAp [| <Ep,

[n]

lAE"ll < Z,

llAG' || < Zq, |lAp"]] < Ep. (3.16)
Using (3) and (3.16) in (3), we obtain the following results.

Theorem 31Let

Fu(x,1),Fr(x,1), Fn(x,1), Fp(x,1), Fg(x,1), Fg(x,t), Fp(x,t),

be sufficiently smooth functions 50 that
n(x,t), f(x,t),m(x,t),p(x,t), E(x,t),G(x,t), P(x,t) €
Cc=([-L,L] x [0,T]). Let (JV‘ ﬁ’ ///’ ﬁ’ é”’ (”’ J’ )

j=12...Li=12,..T be the approxzmate solunons

obtained using the FOFDM with JVO = no fo fjo,///j0

0 JO p], E0 go G0 9’0 Then there exists
En, _,f Ens Ep, EE, ug, _,p mdependent of the step sizes At and
Ax such that

A A o
max; j n — 7| < 5,152 - D, ST,

max; ;| fi— i < 242 — DG (O,

max;_’j|m3~f///;\ < En* 5" = D771 Tm,

. . —_ A A 2

max; ;o) — 24| < 55" —Dp G, (3.17)
. . 2

max; j |E% — 1| < B[S — Dp G,
. . 2

max; ; |G~ % < 5[4 — D64 05,

o
max;,j |P; — 2| < Ep[G) - Dp 0.

4 Numerical results and discussions

Setting Sy = S; = 50, times + = 5 and ¢ = 20 and using the
parameter values in Table 2, for L =5 and T = 1, the numerical
results without a delay term for the dynamics in equation (1.2)
are presented in Figures 1-4,5-7,8-11,12-14 whereas in Figures
15- 18,22-25,26-28 we present the numerical results with a

delay term. Thus, for the dynamics with a delay term, the results
are presented for times r = 5;20 and delay term 7 = 5;15 in
Figures 15,19 and Figures 22, 26, respectively. In Figures 1 and
5, the density of the transformed epithelia cells are steadily
rising to their steady state within their compartment. Similar
phenomena is also observed on the behaviour of the density of
fibroblasts, whereas, for the density of the myfobroblasts, a
slight growth of the density of the cells is noted, which suddenly
increases near the end of their prescribed compartment. This is
due to the transformation of the fibroblasts cells into
myfibroblasts cells. For the concentration of the extracellular
matrix, a very small growth of the concentration which is being
degraded by the density of the transformed epithelia cells and its
secretion is notable, whereas the behaviour of fibroblasts give
rise to the behaviour of the density of the concentration of
epidermal growth factor, which they secretes. The density of the
transformed fibroblasts cells are influenced by the behaviour of
the concentration of the matrix metalloproteinase to certain
extend, which once more enhanced by the concentration of the
epidermal growth factor molecules. Another interesting
phenomena is seen on the behaviour of the concentration of the
transformed growth factor molecules, which is attributed by the
density of the transformed epithelial cells. These phenomena are
exactly the same as in Figures 15 and 19.

Figures 8 and 12 present similar results as we see in Figures
1 and 5, except that the behaviour of the concentration of matrix
metalloproteinase has increased quite a great deal. Interestingly,
the sinusoidal behaviour for the density of transformed
epithelial cells at an initial stage is notable, just before the
density rises to its steady state. The effects of the delay term in
the behaviour of the concentration of the transformed growth
factor is notable, whereas the degradation of the extracellular
matrix, behaviours of the concentration of epidermal growth
factor and matrix metalloproteinase are presented in a manner,
which one can deduce a relationship between the concentration
of epidermal growth factor with that of the concentration of
matrix metalloproteinase.

Table 2: Parameter values used for the invasion essay
model [1]

D,=3.6x10"*

D;=6.12x107°

D, =5.98x 107" Dy =3.6x10""
}LEZ}LG:)LPP*Za]z:l.OO ay; =0.69
kg =3.32 K=12.88x10°
agy =2.89 x 1072 a7 = 3732
as3 =0.518 n, =2.88x 103
a3 =4.53x 1077 r¢ =100.0

A =3.96x107°

asy =2.89 x 1072

D, =6.12x10~%

Dp=5.12x10"*

D,=3.6x10"! Xn=3.6x1078
ay =1.58x 1072 as; =2.03x 1071
B=5.00 as3 =2.89x 1072
a7 =0.259 az = 3732
£=0.1 ar; =2.61 x 1072
y=0.1 2 =18x10"%
ag) =2.03x 107! ay =0.259
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<06

Fig. 1: Numerical solution of the system in (1.2) without
delay at time (t) = 5: (a) Behaviour of Transformed
Epithelial cells (TECs)

0.15

0.05

Fig. 2: Numerical solution of the system in (1.2) without
delay at time (t) = 5: (b)Behaviour of Fibroblasts cells

5 Conclusion

In this paper, we extended the model modeling the interaction
between transformed epithelial cells (TECs), fibroblasts,
myofibroblasts, transformed growth factor (TGF—f), and
epithelial growth factor (EGF), in silico, in a setup which
mimics experiments in a tumor chamber invasion assay, where a
semi-permeable membrane, (which allows EGF, TGF—f and
Matrix Metalloproteinase (MMP) to cross it) coated by
extra-cellular matrix (ECM) is placed between two chambers,
one containing TECs and another containing fibroblasts and
myofibroblasts. Our focus was to incorporate some of the
crucial transformations ought to take take place during the
interaction of the experiment proposed in [1]. The incorporation
of some transformations, led the original model to be
transformed to a system of non-linear delay parabolic partial
differential equations. The establishment for existence of

S x10%

Fig. 3: Numerical solution of the system in (1.2) without
delay at time (t) = 5: (c) Behaviour of Myfibroblasts cells

Rho

Fig. 4: Numerical solution of the system in (1.2) without
delay at time (t) = 5: (d) Behaviour of the concentration of
Extracellular Matrix (ECM)

Fig. 5: Numerical solution of the system in (1.2) without
delay at time (t) = 5:(a)Behaviour of the concentration of
Epidermal Growth Factor molecules (EGF)
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Fig. 6: Numerical solution of the system in (1.2) without
delay at time (t) = 5:(b)Behaviour of the concentration of
Transformed Growth Factor molecules (TGF-J3)

0.6

051

0.4

o 03r

Fig. 7: Numerical solution of the system in (1.2) without
delay at time (t) = 5: (c) Behaviour of the concentration of
Matrix MetalloProteinase (MMP)

0.8

<06

04 r

Fig. 8: Numerical solution of the system in (1.2) without
delay at time (t) = 20: (a) Behaviour of Transformed
Epithelial cells (TECs)

0.15

0.1

0.05 1

Fig. 9: Numerical solution of the system in (1.2) without
delay at time (t) = 20: (b)Behaviour of Fibroblasts cells

0.03

0.025

£ 0.015 1

0.01

0.005

Fig. 10: Numerical solution of the system in (1.2) without
delay at time (t) = 20: (c) Behaviour of Myfibroblasts cells

Rho

-20

251

-30

Fig. 11: Numerical solution of the system in (1.2) without
delay at time (t) = 20:(d) Behaviour of the concentration
of Extracellular Matrix (ECM)
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Fig. 12: Numerical solution of the system in (1.2) without
delay at time (t) = 20: (a) Behaviour of the concentration
of Epidermal Growth Factor molecules (EGF)

Fig. 13: Numerical solution of the system in (1.2) without
delay at time (t) = 20: (b) Behaviour of the concentration
of Transformed Growth Factor molecules (TGF-§)

Fig. 14: Numerical solution of the system in (1.2) without
delay at time (t) = 20: (c) Behaviour of the concentration
of Matrix MetalloProteinase (MMP)

Fig. 15: Numerical solution of the system in (1.2)
with delay 7 =5 and at time (t) = 5:(a) Behaviour of
Transformed Epithelial cells (TECs)

0.05

Fig. 16: Numerical solution of the system in (1.2) with
delay 7 =5 and at time (t) = 5: (b)Behaviour of Fibroblasts
cells

x10°8

Fig. 17: Numerical solution of the system in (1.2) with
delay T = 5 and at time (t) = 5: (c) Behaviour of
Myfibroblasts cells
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Fig. 18: Numerical solution of the system in (1.2) with
delay 7 = 5 and at time (t) = 5:(d)Behaviour of the
concentration of Extracellular Matrix (ECM)

45

40 -

35

30 [

Fig. 19: Numerical solution of the system in (1.2) with
delay T =5 and at time (t) = 5: (a) Behaviour of
the concentration of Epidermal Growth Factor molecules
(EGF)

Fig. 20: Numerical solution of the system in (1.2) with
delay 7 =5 and at time (t) = 5: (b) Behaviour of the
concentration of Transformed Growth Factor molecules
(TGF-B)

Fig. 21: Numerical solution of the system in (1.2) with
delay 7 =5 and at time (t) = 5: (c) Behaviour of the
concentration of Matrix MetalloProteinase (MMP)

Fig. 22: Numerical solution of the system in (1.2) with
delay 7 = 15 and at time (t) = 20:(a)Behaviour of
Transformed Epithelial cells (TECs)

0.16

0.12

0.1

= 0.08

Fig. 23: Numerical solution of the system in (1.2) with
delay T = 15 and at time (t) = 20: (b) Behaviour of
Fibroblasts cells
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€ 0.015

0.01 [

0.005

Fig. 24: Numerical solution of the system in (1.2) with
delay 7 = 15 and at time (t) = 20: (c)Behaviour of
Myfibroblasts cells
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-50

-100
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-150

-200

-250

-300

Fig. 25: Numerical solution of the system in (1.2) with
delay 7 = 15 and at time (t) = 20: (d) Behaviour of the
concentration of Extracellular Matrix (ECM)

Fig. 26: Numerical solution of the system in (1.2) with
delay 7 = 15 and at time (t) = 20: (a)Behaviour of
the concentration of Epidermal Growth Factor molecules
(EGF)

Fig. 27: Numerical solution of the system in (1.2) with
delay 7 = 15 and at time (t) = 20: (b)Behaviour of the
concentration of Transformed Growth Factor molecules
(TGF-B)

Fig. 28: Numerical solution of the system in (1.2) with
delay 7 = 15 and at time (t) = 20: (c) Behaviour of the
concentration of Matrix MetalloProteinase (MMP)

uniqueness of solution led us to the extension of Gronwall’s
inequality for linear delay differential equations. We have also
reported on the analysis for the resulting system of non-linear
delay parabolic partial differential equations, established the
global asymptotically for the equilibrium point. Consequently,
we were able to derive the a fitted operator finite difference
method (FOFDM) for solving the modified system in equation
(1.2). Our main findings are more vivid that the delay factor can
be observed after some time of the delay term and enable us to
see the sensitivity of the density of transformed epithelial cells.
Thus, our finding are indeed essential for the design of the drug
which can slow and/or confine tumor invasion, particularly
when the analysis present that the Hopf bifurcation affects the
entire experiment through the density of fibrolasts. Our future
research is to extend our results to the higher dimensional space
and make use of the recent developments reported in [26,27,28,
29,30,31].

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

386 N S B

K. M. Owolabi et al.: A fitted operator method for a system of delay model of...

Conflict of Interest

The authors declare that there is no conflict of interest regarding
the publication of this article.

References

[11Y. Kim and A. Friedman, Interaction of tumor with its micro-
environment: A mathematical model, Bull. Math. Biol., 72,
1029-1068, 2010.

[2]1 Y. Kim, H. Jeon and H. Othmer, The Role of the Tumor
Microenvironment in Glioblastoma: A Mathematical Model,
IEEE. Trans. Biomed., 64(3), 519-527, 2016.

[3] J.L. Albritton and J.S. Miller, 3D bioprinting: improving in
vitro models of metastasis with heterogeneous tumor micro-
environments, Dis Model Mech., 10(1), 3-14, 2017.

[4] A. Friedman, C. Huang and J. Yong, Effective permeability
of the boundary of a domain, Commun. Partial. Differ. Equ.,
20(1&2), 59-102, 1995.

[S]H.T. Banks, J.E. Banks, E. John, R. Bommarco, A.N.
Laubmeier, N.J. Myers, M. Rundlof, K. Tillman, Modeling
bumble bee population dynamics with delay differential
equations, Ecol Modell . 351, 14-23, 2017.

[6] S.A. Gourley, Y. Kuang and J.D. Nagy, Dynamics of a delay
differential equation model of hepatitis B virus infection, J.
Biol. Dyn., 2(2), 140-153, 2008.

[7] F.A. Rihan and and N.F. Rihan, Dynamics of Cancer-Immune
System with External Treatment and Optimal Control, J.
Cancer Sci. Ther. , DOI 8-10(2016).

[8] K. Schmitt, Delay and Functional Differential Equations and
Their Applications, Academic Press, New York, 1972.

[9]1 U. Forys, N.Z. Bielczyk, K. Piska/a, M. Plomecka and
J. Poleszczuk, Impact of Time Delay in Perceptual
Decision-Making: Neuronal Population Modeling Approach,
Complexity, 2017, 14, 2017.

[10] A. Jafarian, M. Mokhtarpour and D. Baleanu, Artificial
neural network approach for a class of fractional ordinary
differential equation, Neural. Comput. Appl. 28(4), 765-773,
2017.

[11] B.D. Hassard, N.D. Kazarinoff, and Y.H. Wan, Theory
and Applications of Hopf Bifurcation, Cambridge University
Press, Cambridge, UK, 1981.

[12] R.M. Hafez and Y.H. Youssri, Jacobi collocation scheme
for variable-order fractional reaction-subdiffusion equation,
Comput. Appl. Math., 4, 5315-5333, 2018.

[13] E.H. Doha, Y.H. Youssri and M.A. Zakyan, Spectral
Solutions  for Differential and Integral Equations
with Varying Coefficients Using Classical Orthogonal
Polynomials, Bull. Iran. Math. Soc., 1-29, 2018.

[14] WM. Abd-Elhameed and Y.H. Youssri, Spectral Tau
Algorithm for Certain Coupled System of Fractional
Differential Equations via Generalized Fibonacci Polynomial
Sequence, Iran J Sci Technol Trans A Sci , 1-12, 2017.

[15] E.B.M. Bashier and K.C. Patidar, Optimal control of an
epidemiological model with multiple time delays, J Appl
Math Comput ., 292(C), 47-56, 2017.

[16] S.M. Kassa and Y. Hailu, The effect of time delay and
negligence in the analysis of behavioral change models of
infectious disease dynamics for human population, Biomath
Communications Supplement: BIOMATH 2017, 4(1), 2017.

[17] G. Evans, J. Blackledge and P. Yardley, Analytic methods for
partial differential equations, Springer , Berlin, 1999.

[18] C.V. Pao, Nonlinear Parabolic and Elliptic Equations,
Plenum, New York, 1996.

[19] C.V. Pao, Convergence of solutions of reaction-diffusion
systems with time delays, Nonlinear Anal. Theory Methods
Appl., 48, 349-362, 2002.

[20] Q.X. Ye and Z.Y. Li, Introduction to Reaction-Diffusion
Equations, Science Press, Beijing, China, 1990.

[21] R.E. Mickens, Nonstandard Finite Difference Models of
Differential Equations, World Scientific, Singapore, 1994.
[22] K.C. Patidar, On the use of non-standard finite difference

methods, J. Differ. Equ. Appl. , 11, 735-758, 2005.

[23] K.C. Patidar, Nonstandard finite difference methods: recent
trends and further developments, J. Differ. Equ. Appl. , 22(6),
817-849, 2016.

[24]R.L. Burden and J.D. Faires, Numerical Analysis,
Brooks/Cole, USA, 2011.

[25] P.N. Shivakumar and K. Ji, Upper and lower bounds for
inverse elements of finite and infinite tridiagonal matrices,
Linear Algebra Appl ., 247, 297-316, 1996.

[26] A. Atangana, Non validity of index law in fractional
calculus: a fractional differential operator with Markovian
and non-Markovian properties, Physica A, 505, 688-670,
2018.

[27] A. Atangana and J.F. Goomez-Aguilar, Fractional
derivatives with no-index law property: Application to
chaos and statistics, Chaos Soliton Fract, 114, 516-535,
2018.

[28] K.M. Owolabi and A. Atangana, Robustness of fractional
difference schemes via the Caputo subdiffusion-reaction
equations, Chaos Soliton Fract, 111, 119-127, 2018.

[29] K.IM. Owolabi and A. Atangana, Chaotic behaviour in
system of noninteger-order ordinary differential equations,
Chaos Soliton Fract, 115, 362-370, 2018.

[30] K.M. Owolabi, Analysis and numerical simulation of
multicomponent system with AtanganaBaleanu fractional
derivative, Chaos Soliton Fract, 115, 127-134, 2018.

[31] K.M. Owolabi, Numerical patterns in system of integer and
non-integer order derivatives, Chaos Soliton Fract, 115, 143-
153, 2018.

@© 2022 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 16, No. 2, 367-388 (2022) / www.naturalspublishing.com/Journals.asp

Kolade M. Owolabi Kolade
M. Owolabi is a Professor
of Applied Mathematics
at the Federal University of
Technology, Akure, Nigeria. He
holds a Ph.D. degree in Applied
Numerical Mathematics. He is an
author and co-author of several
research papers, and a regular
reviewer for some scientific (ISI)
journals. His research is focused on numerical methods and
scientific computing for the applied problems that arise from
interactions between natural and life sciences as well as
engineering. His research is a well-balanced combination of
analytical investigations and numerical experiments using finite
difference technique, spectral method, and exponential time
differencing schemes. His current research involves the
development of reliable and efficient numerical methods for
solving mathematical models (both integer and non-integer
order) arising in population biology.

=

Kailash C. Patidar is a
Senior Professor of Mathematics
at University of the Western
Cape University of the Western
Cape City of Cape Town,
Western Cape, South Africa. He
has supervised over thirty (30)
PhD students to completion. He
is referee and Editor of several
international journals in the
frame of pure and applied mathematics, Computer science. His
main research interests include: dynamical systems, finite
difference, finite volume, mathematical biology, and financial
mathematics.

Albert Shikongo is
a Senior Lecturer of Applied
Mathematics at the University
of Namibia, Windhoek, Namibia.
He holds PhD degree in
Applied Numerical Mathematics.
He is an author and co-author of
many scientific papers, chapters
and study guides. His research is
aiming at numerical methods and
scientific computing for the applied problems that arise from
applied epidemiology. His current research involves deriving
mathematical models and the development of reliable and
efficient numerical methods for solving fractional order models
in population biology.

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

	Introduction
	Mathematical analysis
	Derivation and analysis of the numerical method
	Numerical results and discussions
	Conclusion

