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Abstract: The goal of this manuscript is to present a new contractive mapping, namely a Cirié-type rational (o, «,A, Y )-multi-
valued contraction mapping. In the framework of ordinary metric spaces, several fixed point results for semi o-admissible multi-
valued contraction mappings with respect to 1 are also given. In addition, we have an example to back up our research. Finally, several
fixed point results with a graph were discussed to improve the effectiveness of our contraction. In the same way, our findings expand,
generalize and unify a large number of solid articles in the same direction.
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1 Introduction

Fixed point (FP) theory acts a principle role in functional
analysis, which is divided into two major areas: first area
is the FP theory on contraction mappings on complete
metric spaces and the second is the FP theory on
continuous operators on compact and convex subsets of a
normed space [1,2,3,4,5,6,7] . Recently, FP results have
been proved under contractive mappings on a closed ball
instead of a whole space. For further clarification, we
advise the reader to read [8,9].

As another direction, Shoaib [9] discussed some new
FP results for ou-y-contractive type multivalued
mappings in a closed ball of left (right) K-sequentially
complete dislocated quasi metric space. Shoaib et al. [10]
presented the concept of semi o,.-admissible mult-valued
mappings and established FP consequences for semi
o.-admissible multivalued mappings satisfying a
contractive condition of Reich type for elements in a
sequence contained in a closed ball of a complete
dislocated metric space. Rasham et al. [11] achieved FP
theorems for a pair of semi «-dominated multivalued
mappings fulfilling a generalized locally Ciri¢ type
rational F-dominated multivalued contractive condition
on a closed ball of complete dislocated b—metric space.
Rasham and Shoaib [12] obtained common fixed point

results for two families of multivalued mappings fulfilling
generalized rational type A-dominated contractive
conditions on a closed ball in complete dislocated
b—metric spaces.

In 2008, Jachymski [13], proved a result on graphic
contraction mappings on a metric space. Let (U,p) be a
metric space and A denotes the diagonal of the Cartesian
product U x O. Consider a directed graph G such that the
set V(G) of its vertices coincides with U, and the set E(G)
of its edges contains all loops, i.e., E(G) 2 A. Assume that
G has no parallel edges, so we can identify G with the pair
(V(G),E(G)). Moreover, we may treat G as a weighted
graph by assigning to each edge the distance between its
vertices. If A and y are vertices in a graph G, then a path in
G from A to y of length N(N € N) is a sequence {4, }Y , of
N + 1 vertices such that Ap = 4, Ay =y and (A,_1,4,) €
E(G) fori=1,...,N. A graph G is connected if there is a
path between any two vertices. G is weakly connected if G
is connected, for more details, see for [13, 14].

In 2012, the notions of «-y-contractive and
o-admissible mappings are presented by Samet er al.
[15]. They established under these concepts some FP
theorems via various contraction mappings in complete
metric spaces (CMSs). Over the years, altering distance
functions there have been involved in a number of studies,
for example, see, [16,17,18].
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Similar to previous works, in this manuscript, we
discuss some new common FP results for Cirié-type
rational (0, N, A,Y)-contraction multivalued mappings
for a sequence contained in a closed ball on a CMS.
Moreover, some new common FP theorems for ordered
metric spaces endowed with a graph are derived.

2 Basic facts

We give some definitions and preliminaries in this section
to aid understanding of our research.

Definition 1./19] Let (U, p) be a metric space.

(1)A sequence { A, } in (U, p) is called a Cauchy sequence
if for all € > 0, there is ng € N so that p(Am,A,) < €
or lim p(Ay,An) =0, Vr,m > ny.

n,m—yoo

(ii)A sequence {A,} comverges to a point A in U if
r}gn p(An,A) = 0. In this case A is called a limit of
{An}.

(iii)(U,p) is complete if every Cauchy sequence in U
converges to a point A € U such that p(A, 1) =0.

Note. For A € O and e > 0,
B(A,e) ={ye U :p(A,y) <&} is called a closed ball in

the metric space (U, p).

Definition 2.Let K be a non-empty subset of a metric
space U and A € U. An element vy € K is called a best
approximationto A in K if

yeK
If each A € U has at least one best approximation in K,
then K is called a proximal set.

Here, Z3(0) represents the set of all proximal subsets
of U.

Definition 3./20] The function Hy : EB(U) x EB(0) = U
defined by

H,(A,B) = max {supp(a,B), supp(A,b)} ,
acA beB

is a metric on EB(U), which is called Hausdorff metric
induced by p. The pair (EB(U),Hp) is known as
Hausdorff metric space.

Lemma 1./2]1] Let A,B € EB(U), then for any A € A,
D(A,B) <H,(A,B).

where

D(A,B) =inf{d (A,y): yv€ B}.

In the context of a CMS, Nadler [22] presented that
every multivalued contraction mapping has a FP as
follows:

Definition 4./23] Let I : U — EB(U) be a multivalued
map. A point A € U is called a FP of " if A € T'A.

Let ¥ be a family of nondecreasing functions
Y :[0,00) —> [0,00) so that Y Y"(¢) < +oo, V& > 0,
=1

n=
where 1" symbolizes the n—th iterate of 1.
The results below are useful in the sequel.

Lemma 2. Let T € . Then the following postulates are
true.

(1)the sequence {Y"(t)}, . convergesto 0 asn— oo, Vt €
,OO)"

(2)Y (t) <t, for eacht > 0;
(3)Y(t) =0ifft =0.

Definition 5./23] Let A : (0,00) — (0,00) be a mapping
Sfulfilling

(®))A is non-decreasing;
(@, )for each positive sequence {#,}, we have

lim A(t,) = 0 iff lim 1, = 0;
n—soo

n—soo
(®3)A is continuous.

Consider ¢ represents the set of all functions
A 1 (0,00) — (0,00) justifying the conditions
(P1) — (Ps3).

Mudhesh et al. [24] modified the Definition 5 by
adding the following assumption:

(Py)for each A; € (0,00), i = 1,2,....,n,
A(ZAi) < X AA),
n=1 n=1

we have

where A satisfies the conditions (D;) — (Py).

Example 1.[25] The functions listed below are belong to
@ forallr € (0,),

-A(t)=at,a>0;
—-A(t) = [t].

The idea of semi «i-admissible mapping on a set
initiated in the work of [25] as follows:

Definition 6./25] Let 3 : U — EB (U) be a multivalued
mapping, o : U x U — [0,4c0) be a function and A be a
non-empty subset of U, we say that 3 is semi
o.-admissible on A, whenever a(A,y) > 1 implies that
o (SA,3y) > 1, forall A,y € A, where

0.(34,37y) =inf{at(a,b) :a € 3A,b € 3y}
It should be noted that if A = U, then we say that S is

an o,.-admissible on O.
Definition 6 extended to two mappings as follows:
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Definition 7.Let 3,I" : U — ZB (V) be two multivalued
mappings, & : U x U — [0,4o0) be a function and A C U.
We say that (3,I") is a pair of semi Qi.-admissible on A,
whenever o(A,y) > 1 implies that a.(3A,I'y) > 1 and
0. (CA,3y) > 1,forall A,y € A, where

0. (SA,T'y) =inf{a(a,b):a € IA,beTy}.

Also, if A = U, then we say that a pair (3,I") is an
o,.-admissible on U.

For two admissible functions Definition 6 and 7 can be
written as:

Definition 8.Letr 3 : U — EB(U) be multivalued
mappings, 0,1 : U x U — [0,+) and A C U. We say
that 3 is semi O-admissible with respect to 1 on A,
whenever  o(L,y) > n(k,y) implies that
0. (34,37) > n.(SA,3y), forall A,y € A, where

0.(3A,37) =inf{o(a,b) :a € SA,b € v},
and
N«(3A,37) =sup{n(a,b) :a € SA,b € 3y}.

Moreover;, 3 is called o.-admissible with respect to (wrt)
n,ifA="0,

Definition 9.Let 3,I" : U — EB (U) be two multivalued
mappings, &, 1 : U x U — [0, 4o0) be functions and A C U.
We say that a pair (3,T") is semi o.-admissible wrt N on
A, whenever ot(A,y) > n(A,y) implies that o, (3A,I'y) >
N«(SA,I'y) and a.(I'A,37y) > N (TA,3y), forall A,y €

A, where

o (34, I'y) =inf{a(a,b):a € IA,be 'y}
and

N+(SA,T'y) =sup{n(a,b) :a € SA,b € 'y}

Again, if A = U, then the pair (3,I') is called an
.. -admissible wrt 1.

3 Main results

Let (U,p) be a metric space, Ay € U and
3,I': U — EZB (U) be multivalued mappings on U. Then

there is A; € Sy so that p(A9,34y) = p(Ao,A1). Let
Ay € T'Ay be such that p(/ll,FM) = p()L],)Lz).
Continuing this process, we construct a sequence A, of
points in U so that

A1 € S = p(An, SAn) = P (Ans Ay 1)
and

)~n+2 € szn+1 = p(kn+1arkn+1) =P(1n+1,ln+z)-

In this part, {I"3(A,)} is called a sequence in U generated
by Ao.

Now, we present our results by starting with the
definition below.

Definition 10.Lez (U, p) be a metric space, o, : U X U —
[0,+0) be two functions and 3,I" : U — = (U) be two
multivalued mappings. The pair (3,T") is called Ciri¢-type
rational (0., M, A, Y )-contraction, if there exists A € ®
and Y € ¥ such that Hy(3A,T"y) > 0 implies

A (0 (3A.TY) Hy(3A.I'Y) <T [A (Mp(2.7)]. (1)
forall A,y € {I'S(A,)}, where,

Mp(2,7)
D(A,31).D(y,T'y)

- max{p(l,y),D(k,Sl),D(%FY)v 1+p(4,7)

Theorem 1.Let (G,p) be a CMS, a,n : U x U — [0,4o00)
be given functions. Assume that 3,I" : U — EB (U) are a
pair of semi Ou-admissible multifunctions wrt 1 satisfying

(1) on a closed ball By (Ao, 1), for Ay € Bp(Ao,r) and r > 0.
Suppose that {I'3(A,)} is a sequence in U generated by

Ao, then {I'3(A,)} — z € Bp(Ao,r) and

A(p (A0, A1) < iri [A (p(A0,21))] < rwhere r > 0.
i=0

(2)
Moreover, if forall A,y € (Bp(ﬂo, r)N{rs (/'L,,)}) u{z},
the contractive condition (1) holds. Then 3 and I" have a
common FP in By (Ao, 7).

Proof.Since Ay € Bp(Ag,r), and 3,I" : U — EPB (V) are
two multi-valued mappings on U, then there is 4; € SAg
so that D(Ay,39) = p(Ao,A1). If g = A4, then Ay is a FP
in By (29, r) of 3. Let A9 # A;. From (2), we get

=

AP (o, 20)) < LA (R, )] < 7 7> 0,

i=0

It follows that A; € By(Ag,r). As a(Ao, A1) > 1 (Ao, A1)
and (3,I") is a pair of semi a,-admissible multi-function
with  respect to 7m  on  Bp(Ao,r), so
(X*(S)LQ,F)L]) > M+ (SA{),F)L]) As
OC*(S).o,F)q) > Nx (3%,F3,1), M eSAyand A, € T'Aq,
so o(A1,42) > N(A1,A). Let Ay,..., A € Bp(ﬂ.o,r) for
some i € N. As (3,I') is a pair of semi o.-admissible

multi-function on By, (49, 7), thus, we have
Ol (TA] ,Skz) > T[*(T)L] ,Skz).

This implies that o(A,A3) > M(A2,A3), which further
implies
(X*(S)Lz,l—7t,3) > T[*(S)Lz,r)tg,)

i—1

Continuing this process and if i =2j+1, j=1,2,...5,
we have

(342, T A2j11) = (S A2, T A2 1),

@© 2022 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

558 N SS ¥

M. Mudhesh et al.: Fixed point results under new contractive conditions...

which this leads to
a(Arjr1,A2j42) = N(A2js1,A2j42)-
Now, we can write
A (p(Aajs1,M2j42))
A (Hp(Shj, Thzj11))
A (0 (SA2j, TA2j41)Hy (82, TA2j41))
Y [A (Mp(22j,22j41))]

P (A2, A2j41),
D(A,21+1,FA,

D(22;,322;),

2}+1)7
D(42;,822;)-D(Agjs1,.TA2j11)

1+p(A2j,22j11)

)~2]7)’2]+1 P (A2, A2j41),
2]+la 2]+2)7

=71 |A | max

=71 |A | max
P 121 Mji1)-p(Mji1,A2j12)
I+p 12/ A214»])

P AQJ;AijL] /121+1,7Lz,+2
=T max PR, M2 1)-P(Ajs1,A2j42)
I4+p 12; A2jt1)

IfMp(/Izj,QszH
A (Pp(Aajr1,Mj42)) ST [A (p(A2ji1,h2)12)) ] -
Using () and properties of y, we get

p(AMaji1:Mj42) < P(Aaji1,A2j42),

which is a inconsistency as p(Azj11,A2j42) > 0. Similarly,
if

= p(A2j+1,A2j42), then

p(A2j, A2j11).p(Aaji1, Aaji2)
1+ p(Az), A2j41)

we obtain a inconsistency,
Mp (lzj,lzjjq) = p(kzj,kzj+] ), which implies that

A (p(Majr1,M2)42))

Y [A (p(Ma) A2jis1))]
T
T

Mp(Aaj, Aajs1) =

)

[A (0t (TA2j-1,322))Hp (T A2j-1,322;)) |
2[A(p(Rajm1,22)))]

< TPA (p(R0, M)
It follows that
A(p(haji1,2242)) STTA(p (R0, M) )

Now, utilizing (p3), (P4), (2) and (3), we obtain

A (P()-O72~2j+1))

A (p(Ao, ) + -+ p (Ao, Aaj1) + P (Aajs1, Aajs2))

A (p(Ao, 1))+

+A (p(Maj, A2ji1)) + A (P (Azjr1,A2j42))

A (p(Ao, A1)+

AT A (P (Ao, M)+ T A (p(Ro, M)

2j+1
< LA (G0 2)] <

Thus, A2j41 € Bp(Ao,r). Therefore, by induction,

A € Bp(Ao,r) and &(An,Api1) > N(An,Apgr) for all

n € N. Since 3 and I' are semi o-admissible

multi-functions  wrt 1 on  Bp(Ao,r), then

06 (SA, T As1) > Nu(SAy, I Ay ) forall n € NU{0}.
Now, inequality (3) can be written as

APt Ani2)) < TV [A (p(A0, )], forall € N,
4)

Passing n — oo in (4), we get

0< lim A (p(An+1, Ant2)) < lim Y"1 [A (p (A0, 41))] =

n—eo

hence
M A (p(Ans1, Ans2)) = 0.

n—so0

From (&,), we get
r}g{}op(lnﬂ sAnt2) = 0. (5)

This proved that {A,} is a Cauchy sequence in

(Bp(Ao,r),d). Let n,m € N with m > n > p. Then, we
have

A (p(An, Am))
AP Ay A1) + (/In+1,7tn+z)+---+p(7tmfnlm))
(p(lmlnﬂ AP (Ans1; Ani2)) + o
A(p(An—1,4
gw[ ((Ao,xl))] YA (P, M)+ (6)
+y" A (p(Ao, 1))

Letting n,m — oo in (6), one can write

lim A (p(An, An)) = 0.

n,m—eo
Applying the condition (&), we have
im p(An, Am) = 0. %)

n,m—oco
Since every closed ball in a CMS is also complete, so there
is A* € Bp(Ao,r) so that A, — A* and
lim p(A,,A") =0. (8)

n—yoo

Hence {I"'S(4,)} is a sequence in By (Ao, r) generated by
Ao and {I"'3(

fa and M)} — A* € By(Ag,7). So, for An,Aus1 €
I

1)}, one can write

(A, Aus1) = N(An, Apyr), Vu > 0.
Because
O (S0, T A1) 2 Nu(SA, T A1) V0 > 0,
then, we have

OC(A,,Hl JAng2) > M ()anrl ) Afn+2)-

®© 2022 NSP
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From our assumption, we get

a(A, A7) > 0 (A, A), Vi > 0.

Hence
06 (S, TAY) > N (SA,, TAY).

Now, to claim that A* € 'A*, assume that d(A*,"'A*) >0
then, we have

Alp(A",T2"))
SA(p(A’*aA’VH»l) p( n+17F)’ ))
<A (p(l*,k,,ﬂ))—f—/\ (P(lnﬂyrl*))
< AP Ani1)) + A (06 (S, TAY Hp (S, TAY))
< AP )+ T [A (Mp (2. 27))]
— A(P(A" A1)

i P (A, 1), D, S ),

+T [A (max{ D(A*,'A"),
D(2,3240) .D(A*,T L)
L 1+d(2,,2%)

[ p()%7)’*)ap()’n7)’n+l)a

+Y | A | max D(A*, A7),
p(AAps1) DA TAY)
L 14+p(Ay,A%)

Taking n — o in the above inequality, using (&), by

properties of 1" and (8), we obtain that
p(A*, TA") < p(A*,"A"),

a contradiction. Therefore p(A*,'A*) =0and A* € T'A*.
In the same scenario, one can write p(SA*,A*) = 0.
Hence A* € 3A*. Therefore S and I" have a common FP

in By (2o,7).

The following theorem illustrates that our results are
valid in the context of partially ordered metric spaces
(POMSs, for short).

Via this space, let A,B C U. If for each a € A there is
b € Bsothata < band a <, b, then we say that A < B and
SA =<, I'B, respectively.

Theorem 2.Let (U,=,p) be a POMS,
o,n : U x U — [0,00) be two functions and
S, : U = EB(U) be two non-decreasing semi
O-admissible multi-functions wrt 1. Suppose also there
isA € ®andY €V so thatH,(SA,I'y) > 0 implies

(A (Mp(2,7)], 9)

)}, ¥ >0, where

D(A,31).D yFy}
1+p(A,y
<r

with & <7y, SA =, 'y and ZT’[ (P (Ao, M1))]

A (o (SA.TY)Hp(SAIy)) <Y
forall A,y e Bp(

= max{p()L,Y),D(l,Sl%D(%F?’)

1) H{TS (A

Then {I'3(A,)} is a sequence in By(Ao,r), An = Api1

and {I'3(A,)} = A* € Bp(Ao,r). Moreover, if A* < A, or

A = A" and the inequality (9) holds for all
Ay e (Bp(ﬂo,r)ﬁ{FfS(?Ln)}) U{A*}, then A* is a

common FP of 3 and I in Bp (Ao, ).

ProofLet Ay € By(Ao,r) so that Ay = 3A¢. Define a
sequence {I'S (A,)}uen by letting A; € Sy so that
Ao XA and A, € T'Aq sothat A < A,.

Since SandI" are non-decreasing, we have A3 € SA,
so that A, < A3. Continuing in the same way, we obtain
a sequence {I"3 (A,) }nen € Bp (Ao, 7) generated by Ag so
that

Mon1 € SAy, and Aopyn € T'Agpy
implies A2, = A2,41 and Aoy y1 = Agpp2, V¥ 2> 0.

It follows that
MM =202 2 S 2

Because the pair (S,I") is semi «.-admissible

multi-functions with respect to 17, we get
0 (An, Ant1) 2 M (An, Ang1), Vi = 0.

Following the same technique used to prove Theorem 1,
we conclude that

lim p(A,;,A") = (10)

n—yoo

Hence {I'3 (4,)} is a sequence in B, (Ao,r) generated by

Ao and {I"'S(A,)} — A* € By(Ao,r). Also, for A, 4,11 €
{I'S (A,)} and for all n > 0, we get

(A, Ay 1) = N (An, Apgr).

Since, for all n > 0, 0. (34, T Ayp1) > Ne(SA, T At1),
then we obtain

A Ant1, An12) = N(Ang1, Ans2).
It follows from our assumption that
o (A, A*) > (A, A¥), Vn > 0.

Thus

0 (SA, TAY) > (34, TA*).

@© 2022 NSP
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Now, to prove A* € I'A*, let p(A*,I"A*) > 0. Then, one

gets

A(p(A",TA7))
SAPA" An1) +p(Ani1, TAY))
SAPA" A1) +A (P (A1, TAT))
S A(p(l*vanrl))JrA (OC*(SAVHF)L ) (SA’”’FA ))
SA(P(A*JWHI))"_T[ (MP()’m}’ ))]
:A(p()’*7)~n+l))

P (A, A*),D(A, 3 2),
] D T })]
D(Au,SAn).D(A*,TA¥)

I+P A}la )

+
~
A

=A (P )’*7)’n+1 )

i P (A A7), p (Ans Apy1),
+T | A | max D()’*arl*)v .
P(An,Ani1).D(A* TAY)
L 1+p (A, 1)

Passing n — o in the above inequality, using (&), by
properties of 1" and (10), we have

(A" TA%) < p(A*,T2"),

a contradiction. Therefore p(A*,'A*) =0and A* € 'A*.
Analogously, one can obtain that p(3A*,4*) = 0. Hence

A*€3A*. So S and I have a common FP in B, (Ao, 7).
If we put 3 =I' in Theorem 2, we have a result below:

Corollary 1.Let (U,=,p) be a POMS,
o, : U x U — [0,0) be two functions and
3 : U — EB(V) be non-decreasing semi o.-admissible
multi-functions wrt M. Also, suppose that there is A € ©
and Y € ¥ so that Hy(SA,3y) > 0 implies

A0 (32,37 Hp(32,37) <Y [A (Mp(2,7))], (1)

forall A,y € By(Ao,r) N{US (M)}, r > 0, where
p(A,7),D(A,31),

Mp(A,y) = maX{ D(A.S4).D(v.['y)
D(v.TY), =55y

(p(A0;41))] < r.

Then {U3(A,)} is a sequence in By (Ao, r), Ay = Ayy1 and
{0S(A4)} = A* € By(Ao,r). Moreover, if A* < A, or
A 2 A* and the inequality (11) holds for all
Ay (Bp(ﬂo,r)ﬁ{FfS(?Ln)}) U{A*} and n > 0, then

A*isa FP of S and I in Bp(Ag,r).

with & <y, SA =, [y and Y. Y'[A
i=0

Definition 11.Assume that f : O — O is a self-mapping
and o, : U x U — [0,400) are given functions. We say
that f is semi a-admissible wrt M, if
a(dy) = n(d.7)

= a(fA,fy) =n(f2A.fy),
forsome A,y € A C U.

It should be noted that if A = U, then f is called -
admissible wrt 17.

Based on the above definition, we state the following
result:

Corollary 2.Let (U,p) be a CMS, S : U — U and Ay be an

arbitrary pointin Bp (Ao, r), forr > 0. Let {A,,} be a Picard
sequence in U with initial guess Ay and o, : U x U —
[0,+00) be semi at-admissible mappings wrt 1 on By (Ao, 7)
with a(Ag, A1) > N (Ao, A1). Assume that there are A € P
and Y € ¥ so that YA,y € By (2o,1), a(A,7) > n(A,7)

implies
A(PBAIN) <T[A(EQR, )], 12
where
EP (A’aY)
_max)  PAYLP(ASA),
Py, Sy), LTSN (-
and i Y (A (p(Ao,A1))) < r. Then {2} is a sequence in
i=0
By (2o,1), A — A" € Bp(lo,r) and
(A A1) = (A, A1) for all n > 0. Also, if
0 An,A") > 1 (An,A"), ¥n >0,
and  the inequality  (12) holds  for  all
Aye (Bp( N N{03(A )}) U{A*}, then A* is a FP

of 3 in Bp(Ao,r).

Corollary 3.Ler (U,p) be a complete POMS and
3 : U — U be a nondecreasing mapping. Assume that Ay
is an arbitrary point in Bp(Ao,r), {A,} is a Picard
sequence in U with initial guess M and Ay =X Ay. Presume
that there are A € @ and T € ¥ so that

A(p(SA,SY) <T[A(Mp(A,7))],  (13)
where My (A,7) is defined as in Corollary 2 for all A,y in
By (Ao,r) N{US(An)} with & <y and

ZTi(A M) <r, where r > 0.
i=0

Then {A,} is a sequence in Bp(Ao,r), Ay = Ayy1 and

{An} — A* € By (Ao, 7). Moreover; if A* < Ay or Ay < A*
and the inequality (13)  holds for each

Aye (Bp(ﬂ,o,r) m{zssa,,)}) U{A*Y, then A* is a FP
of 3 in Bp(Ao,r).

To reinforce the theoretical results,
example below.

we give the
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Example 2.Let U = [0, 00) with a metric p (1,7) = |1 —7].
Then (U, p) is a CMS. Define the multivalued mappings
3, I':0—EB(V) by

30 A, .
IA = [e_3’e_3]’ if A €[0,1],
[1,A+4],if A € (1,).

340 A,
and A = { [8_476—4], if A €[0,1],
[0,A+5],if A € (1,00).

Consider A = 1, r = 10. Then, By (Ao, r) = [0,11] and

p(A0,3%) =p

obtain a sequence

} in U generated by Ag.

e e
Let A () =2t and y (¢) = <¢. Define the functions,
, if A,y€[0,1],
otherwise.
, if A,y€[0,1],
dn(A
and 1 (A,7) = otherwise.
Now,

A (0,(34,I'6)H,, (34,I6))

5 2 20 20
=7 x 10 > - (2max{2 4,5, — 39 })
80
=—=98.
3e

Hence the condition (1) does nothold on G forall A,y € U
and forall A,y € B, (Ao,r). Now, forall 1,y € Bp(Ag,r) N
{I'S(A)}, we get

= 2max{ sup p(a,I'y), supp(Sl,b)}
ae3A bel'y

= 2max

)
= 2max g 6_3,[64,6_4] 7
) p([ﬁ - 3y)

which yields that
OC*(SJHFY)HP(SAHFY)

RV A 3y
-ome (53) 2 (5:))

3 vyl |A 3y
Mm{?’?’??}
2 3 vyl |A 3y
?m{?'zvzz}

Mfﬂ]kfi,
< — X 2max
e 37**
‘7 pd B ey

It follows that

20, (S, TY)Hp(SA.T) < > [2Mp (1.7)]

which yields that
A (0 (SA,TY)Hp (SA,Iy)) < w[A (My (2,7))].

condition @))] holds on
)}. Also, for all n > 0, we obtain

Therefore the
By (Ao, r) N{I'3 (A,

<ZT’ p(%0,A1))]
“r [A (1-5)]
=(-2)5()

<10=r.
Hence, all requirements of Theorem 1 are fulfilled.
Moreover, {I'3(4,)} is a sequence in By (4o,r),
(A Augr) > N (An, Ans1) and

{r3(A)} — 0 € Bp(Ao,r). Also, a(A,,0) > 1n(4,,0)
or a(0,4,) > n(0,4,) for all n > 0. Further, the point 0 is
aunique common FP of S and I'.

4 Fixed point results for graphic contractions

In this portion, we apply Theorem 1 in graph theory as an
application.

Definition 12./12] Let G be a non-empty set and
G = (V(G),E(G)) be a graph so that V(G) = U and let
I': 0 = EB(). T is called edge preserving if the
condition below hold:

—for ecah u € I'A and v € I'y, if (A,7) € E(G), then
(u,v) € E(G).

Now, we introduce our main theorem in this part.
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Theorem 3.Let (U, p) be a CMS endowed with a graph G,
20 € Bp(Ag,1), r>0,3,I": 05— EB (V) be two mappings,
o,m : U x U — [0,00) be two functions and {I'3(A,)} be
a sequence in U generated by Ay with (A9, A1) € E(G).
Suppose that the postulates below hold:
(V1)the pair (3,T) is edge preserving;
(Va)forall A,y € Bp(Ro,r) N{T'3(A)} and (A,y) € E(G),
there are A € ® and Y € ¥ so that Hy(SA,I'y) >
0 implies

A (Hp(3A,TY)) ST [A (Mp(A,7))], (14)

where

Mp(4,7)

~ max P(LY)ba(%i?gz)vF :
D(y.I'), =Sy 2 [
(OV3)there is Xy € Bp().o r) so that

A (p (20,3 %))
<Y YA (p(%o
i=0

Then {I'S(A,)} is a sequence in Bp(Ag,r),
(A, Ans1) € E(G) and {I'S(A)} — A* Also, if
(An,A*) € E(G) or (A*,A,) € E(G) for alln > 0 and (14)

hddymraﬂl'ye(Bp( NS (A })u{&ﬂ,ﬂwn
A* is a common FP of S and I in Bp (Ao, 7).

M) <r, forr>0,

Proof.Define the functions ¢, : U x U — [0,4c0) by

1,if (A,y) €E(G
a(d,y)=n,y) = {07 :)tlgerv?//i)se. )

Since {I"'S(A,)} is a sequence in U generated by Ay with
(Ao, A1) € E(G), we have

(X(A,Q,ll) > 77(30,/11) > 1.

Let a(A,y) > n(4,y) = 1. Then (A,y) € E(G). From
(V1), we obtain (u,v) € E(G) forallu € SA and v € I'y.
This implies that at(u,v) > n(u,v) =1 forall u € A and
v € I'y. It follows that
inf{a(u,v):uec3A,vely}

> sup{n(u,v):uc3A,vely}=1.

Thus, (3,I") is a pair of o,.-admissible
multi-functions wrt 1 on Bp(Ag,r). Moreover, if
(A,7) € E(G), we have o((A,7) = n(A,y) =1 and hence

0. (SA,T'y) =n.(3A,T'y) = 1.

semi

Now, condition (©;) can be written as
A (0 (3A,TY)Hy(SA,T'Y))
= A (Hp(3A,Ty)) <Y [A (Mp(2,7))],

forall A,y € By (Ao, r) N {I"3(A,)}. Condition (V3) leads
to that all assumptlons of Theorem 1. Now, we have
{r'S(A,)} is a  sequence in  By(Ao,r),

(A, Ani1) > N (An, Aui1), thatis, (An, Ayt1) € E(G) and

{FS( 2)} — A* € By(2g,r). Further, if (A,,A*) € E(G)

r (A*,A,) € E(G) for all n € >0 and inequality (14)
holds for all A,y € (Bp( ) N{Ir3 (4 )}) U{A*}, we
can write

a(Ap, A%) > (A, A*) or
a(A*,A) = (A", A) Vi > 0.

Therefore, the existence of a FP A* in By(Ag,r) of 3 and
I' follows immediately by Theorem 1. This finished the
proof.

Now, we preset some consequences that can be directly
proven from Theorem 3. If we put 3 = I in Theorem 3,
we have the result below:

Corollary 4.Let (U,p) be a CMS endowed with a graph
G, A € Bp(Ao,r), r >0, 3 : 0 — EB (V) be a given
mapping, o,M : U X U — [0,00) be two functions and
{US(A))} be a sequence in U generated by Ay with
(A0,A1) € E(G). Suppose that the postulates below hold:

—the mapping S is edge preserving;

~forall A,y € By (Ag,r) N{US(A,)} and (A,y) € E(G),
there are A € @ and Y € ¥ so that Hy(3A,3y) >0
implies

A (Hp(3A,37)) <T[A (Mp(2,7))], (15)

where
MP ()’7 ’Y)
= max ()L Y) A(QASA%S
(Y7SY) l+p)(7L %’ V) '

—there is Ay € Bp(Ao,r) so that
A (p(20,3%))

<ZT’ p (Ao, A1))] <1, forr>0.

Then {US3(A,)} is a sequence in Bp(Ao,r),
(AnsAnt1) € E(G) and {I'S(A)} — A% Also, if
(An,A*) € E(G) or (A*,A,) € E(G) foralln > 0 and (15)

holds for all 1,y € (Bp( r)N{Ir'3 (4 )}) U{A*}, then

A*isa FP of S in Bp(Ag,r).

Corollary 5.Let (U,p) be a CMS endowed with a graph
G, A € Bp(Ao,r), r >0, 3,I' : U — EB(U) be two
mappings, o,M : U x U — [0,00) be two functions and
{I'S(A&)} be a sequence in U generated by Ay with
(A0,A1) € E(G). Suppose that the postulates below hold:

—the pair (3,T") is edge preserving;
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~forall 2,y € By (Ao,r) N{I'S(A,)} and (1,7) € E(G),
there are A € ® and Y € ¥ so that H,(SA,.I'y) >0
implies

—there is Ay € Bp(Ao,r) so that
A (p(%0,3 %))

<ZT’

Then {I'S(A,)} is a sequence in Bp(Ao,r),
(AnsAnt1) € E(G) and {I'S(A)} — A* Also, if
(A, A*) € E(G) or (A*,A,) € E(G) for alln > 0 and (16)

holds for all L,y € (Bp( r)N{Ir3(4 )}) U{A*}, then
A* is a common FP of S and I in By (Mg, r).

p (Ao, M))] <, forr >0,

Proof.In Theorem 3, take My(A,y) = p(A,7) to obtain a
common FP A* € By (A, r) so that A* € SA*NIA*.
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