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Abstract: Orthogonal Double Cover (ODC) is a set ¢ of 2n subgraphs of a complete bipartite graph K, , of a graph G such that each
edge in graph Kj, , appears once in both subgraphs of set ¢, and all subgraphs are isomorphic to graph G. we aim to construct two
graph squares by a new engineering method that uses two induced starter functions to find the ODC of K, ,. we also compose ODC
from small to obtain a larger ODC. Starting from ODC .7 of K, 4 by ¢K> we replace each point with n new points and each edge with

the ODC of Ky, , to obtain the ODC of Ky, g» by Some disjoint caterpillar unions, where ¢,n € Z™.
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1 Interdiction

In this paper, we will use of the usual notation:

Nomenclature
The complete bipartite graph with
K o .
partition sets of sizes m and n.
DUF The disjoint union of D and F.
DU*F The joint union of D and F' in one vertex.
K1 =5, The star on n+ 1 vertices and n edges.

sG s disjoint copies of G.

Pi1 The path with m 4 1 vertices and m edges.

The caterpillar (tree) obtained from the
path P. = x1x; - - - x,- by joining
vertex x; to n; new vertices;
i={1,2,...,r}

Cr(nlan27 s 7nr)

The vertices of a complete bipartite graph K, are
marked by elements of Z, x Z;, where
Z, ={0,1,2,...,n— 1} is an additive group of Order n,
such that {x,,y.} ¢ E(K,,) for x,y € Z, and fixed r € Z,.
It will be later shown that these groups can be used to
construct an ODC of K, ,,. If there is no risk of confusion
write (x,y) = xy instead of {xp,y;} for edges between
vertices xo,y. For construction, we need the order of the
elements of Z,,.

Let 4 = {Gy,....,Gy—1, Fo,F1,....,F,—1} be the set of
2n subgraphs (called pages) of K,,. ¢ is called an
Orthogonal Double Cover (ODC) of K, ,, if:

(i)Every edge of K,, is exactly on one page of
{Go,...,G,—1} and exactly on one page of
{F()vFlv"'aFn—l}-

(iFori,j € {0,1,2,....n—1}andi# j:

[E(Gi)NE(G))| = |E(F) NE(F))| =0

and
(G NE(F)|=1.

If all edges in ¢ are isomorphic to a graph G, then ¥ is
called the ODC by G. Obviously, G must have exactly n
edges. The original purpose of obtaining ODC stems from
the question posed by Demetrovics et al. [6] on minimal
databases, and a question raised by Hering and Rosenfeld
[3] on the organization of statistical testing programs. The
ODC by G has been considered for several graph families:
short cycles [1], clique graphs [2], trees [5], small graphs
[8]. A survey on this topic can be found in [4].

El-Shanawany et al. [8] presents a basic definitions that
usually relies on half-starter vectors.

Below, we give a formal basic definitions of K,
subgraph induced by a function on the additive group Z,,.

Definition 1.Let Gy be a subgraph of K, , induced by the
Sfunction f : Zy — Zn. Then Gy is called f—starter if

E(Gyp) ={(f (), f (i) + i) : i € Zn}. (D
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Definition 2.Let G be a f—starter subgraph of K, ,,, and
let x,i € Zy. Then the graph Gy + x with E(Gy+x) =
{(f@) +x () +i+x): (f(),f() +1i) € E(Gp)} is
called the (x, f)—translate of G .

Definition 3.If G is a f— starter subgraph of K, ,, then the
union of all translates of Gy forms an edge decomposition
of Knp i.e. E(Ky ) = Uxez, E(Gr +x).

In the following, we give the formal basic definitions
of a G-square over additive group Z,.

Definition 4.Let G be a subgraph of K, ,. A square matrix
M of order n is called an G-square if every element in Z,
occurs exactly n times, and the graphs G, i € Z,, with

E(Gi) ={(x,y) : M(x,y) = i:x,y € Zn}, ()
are isomorphic to a subgraph G.

Definition 5.Two square My, My of order n are said to be
orthogonal if for any order pair (a,b), there is exactly one
positive (x,y) for My(x,y) = a, and My (x,y) = b.

That is, the two graph squares have the property that,
when superimposed, every ordered pair occurs exactly
once.

For a subgraph G of K, , with n edges, the subgraph
G, induced by the function g with E(G,) = {yox1 : xoy1 €
E(Gy)} is called symmetric subgraph of Gy.

Definition 6.Caterpillar graph is a tree with central path
and the ended vertices with degree 1.

We will give an example that will illustrate the above
definitions.

Example 1.Let Gy ~ C4(0,0,0,0,0,2) be a caterpillar
subgraph of K77 such that f—starter subgraph Gy
induced by the function f : Z7 — Z7 defined as follows

0; i=0,2
fliy=<4; i=5,6 ;i€
2;i=1,3,4

Note that, every edge in the subgraph G formed from
equation 1 as follows, E(Gy) = {(f(0),f(0) +
0),(F(1).£(1) + 1),(f2),£(2) + 2),(F3).f(3) +
3), (F(4), £ (&) +4), (£(5). /(5) + 5, ((6), £(6) +6)} =
{(0,0),(2,3),(0,2),(2,5).(2,6),(4,2),(4,3)} . as shown
in Figure 1, then (x,f)— translates is form an edge
decomposition as shown in Figure 2, where x € Z7; which
is associated with the C¢(0,0,0,0,2)-square as follows by
using the equation 2

(0505533 (0451254
4161664 5156236
5520200 0626034
M=1[1663131| M =|5103014
2200424 5621412
5331153 3603252
4644226 13401436

20 30 4o 50 6o

O 21 31 4 5 b

Fig. 1: The subgraph G ~ C¢(0,0,0,0,0,2) induced by the f-
starter w.r.t Z7.

2 Main result

In this particular section we are especially interested by
making extensions of the small ingredient ODCs of K,
in the theorem 4 by using the Latin squares to get larger
ODCs of Ky gn-

Theorem 1.(see [7])There exists ODC of K, , by G if and
only if there exist two orthogonal G-squares of order n.

Theorem 2.(see [9]) Let n be a positive integer and let
f and g be starter functions of a subgraphs Gy and Gg

of Ky, where g(i) = f(i) +i,i € Zy,then there exist two
orthogonal squares My and Mg of order n defined as

(Mf(aﬁb)ﬁM}-(a,b)) =(a—f(b—a),b—f(a—Db)); wherea,b € Z,. (3)

Theorem 3.(see [7]) Assume that there exist symmetric
starters ODCs 4 of K, by G; for | =0,1,....m — 1.
Furthermore, assume that there exists an ODC of Ky, by
mkK, which is generated by a symmetric starter. Then
there exists a symmetric (Go UG U ....UGy_1)—square
of an ODC of Kyup mn.

Theorem 4.(see [10]) Let n and m be integers such that
2 <m < 10 and m < n. Then there is an ODC of K, , by
Pm+1 U* Snfm.

Theorem 5.Let g > 3 be a prime number, and n,m be
integers such that 5 < m < 10 and m < n. Then there is an
ODC of Kynqn by ¢Cin11(0,...,0,n—m).

——

m-times

Proof. To prove that theorem we need to have two ODCs.
The first one, we got it from the Latin square (see [7])
when there exist ODC of K, , by gK, with gK>-square
defined as follows

Lo(i,j) = [i+j}, and Ly (i, j) = [2i + J]

where ¢ is a prime number and 7, j € Z,. The second ODC

we get it from theorem 3 which it prove the existence of

an ODC of K, , by Cpy1(0,...,0,n —m) where n,m are
——

m-times
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Oo To 20 30 40 50 6o Oo To 20 30 40 50 6o

o T 21 31 4 5 b

Gf Gi+1
Oo To 20 30 40 50 6o

OO v 21 & 4 B b o 21 31 4 B 6

Gf+2

Oo To 20 30 40 50 60

Gf+3

o 21 31 4 5 6

Gf+4

Gt+5

Oo To 20 30 40 50 60

o 21 31 4 B b

Gf+6

Fig. 2: Edge decomposition of the subgraph Gy =~

positive integers such that m < n; and according to the

theorem 1 and the theorem 2 the ODC of K, , has

Cun+1(0,...,0,n — m)-square defined as equation 3.
——

m-times
Now, we can make the combination of the two ODCs
of K,, and K,, according to the theorem 3 and we
getting two ¢C,,+1(0,...,0,n — m)-squares of order gn by
——

m-times

superimposing the matrices My with Ly and Mjf with L;
as follows

S(rt) = [n(i+j)+a— fi(b—a)], and %)
S*(rnt) = [n(2i+j) +b— fila—b)].

where the elements 7,1 € Zg, defined as follows
r=ni+a,andt =nj+b.

It is easily to verify that the order pair (S(r,7),5*(r,1)) is
orthogonal and form an ODC of K, 4,. Then we will
prove that the pages obtained from each entry y in Zg, is
isomorphic to  ¢Cp41(0,...,0,n — m) such that

——

m-times
S(rit)=y=n(i+j)+x where x € Zy, i,j € Z,. Also, a
similar argument can be applied to the pages in S*(r,1).

1.Atm =5, their exist an ODC of K,, ,, by C(0,...,0,n—
——

5-times
5) = PsU* S,,_5 defined with the starter function f] as
follows

0; i=0,2
4;,i=2,n—2.i€Zy
2 ; otherwise

fi)) =

with Co(0,...,0,n — 5)-square (M, (a,b),M} (a,b))
——

5-times
defined as equation as follows

My (a,b) =a— fi(b—a), M]*cl(a,b) =b—fi(a—b).

In that ODC the pages obtained from each entry
x € Zy such that My, (a,b) = x is isomorphic to
C6(0,0,0,0,0,n—35). Also, a similar argument can be
applied to the pages in M]*(-] (a,b), so from the
definition of the caterpillar we know that
Ce(0,...,0,n—5) is consist of two part the first one is
——
5-times

a path Ps of length 5 with the 6 vertices as:
(x)1,(x)0,(2 + x)1,(4 + x)0,(3 +x)1,(2 4+ x)o, and the
second part is the star as: {(2+x)o, (@ 4 x)1}; such
that5 <o <n-—1.

So, the ODC of Ky 4, 1is isomorphic to
q(Ce(0,...,0,n—6)) because the page y is isomorphic

——
5-times

to g paths of length 5 with 6 vertices as follows:
(x+nj)1,(x+ni)o.(2+x+nj)1,(4+x+ni)o.(3+x+
nj)1,(2 +x+ni)o, and isomorphic to g stars of length
n—735 as follows: {(2+ x+ni)o, (&t +x+nj);}; such
thatnj+5 <o <n(l+j)—1.

Hence there exist an ODC of Ky gn by q(PsUS,—s5) =
qCs(0,...,0,n—75).

——

5-times

2.Atm = 6, their existan ODC of K,, , by C7(0,...,0,n—
——

6-times
6) = P;U* S, _¢ defined with the starter function f5 as
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follows
2 ;o i=0
. n—1 ;i=1ln—-1 .
)= 0 i=2n—2°Ch

n—i—1; otherwise

where the pages obtained from each entry x € Z, such
that My, (a,b) = x is isomorphic to C;(0,...,0,n —6)
——

6-times
as follows: (x)1,(n— 14+ x)o,(n—2+x)1,(x)0,(2+x)1,
24+x)0,(n—14+x)1, (n—14+x)1,(0t+x)o where 3 <
oa<n—4.
Then the pages 'y is  isomorphic to
C7(0,...,0,n — 6) with the following vertices
——

6-times
(nj+x)1, (n(1+i) =1+ x)o.(n(1 + j) =2 + x)1,
(ni+x)o,2+nj+x)1,(ni+2+x)o,(n(1+1i) —1+x)g
and (n(1 + j) — 1 + x)1,(a¢ + ni + x)g where
ni+3<o<n(l1+i)—4.
3.Atm =17, their exist an ODC of K,, , by C3(0,...,0,n—
——

7-times
7) = Py U*" S,,_7 defined with the starter function f3 as
follows

0; i=0,3
. 1; i=1n—1 .
fi) = 6;i:n73,n—2';l€Z”

2, otherwise

where the pages obtained from each entry x € Z,, such
that My, (a,b) = x is isomorphic to Cg(0,...,0,n—7)
——

7-times
as follows: (24x)1,(1+x)o,(x)1,(x)0,(3+x)1, (n—3+
X)0,(4+x)1,(24x)o, and (2+x)o, (&t +x); where 6 <
oa<n-—2.
Then the pages 'y is  isomorphic to
Cg(0,...,0,n — 7) with the following vertices
——

7-times

(2 4 nj + x)1,(1 + ni + x)o,(nj + x)1,(ni + x)o,(3 +
nj + 1+ j) - 3 4+ xp,
4 + nj + 0,2 + nmi + x) and
2 + ni + x)o.(a + nj + x) where
nj+6<o<n(l+j)—2.

4. Atm =8, their exist an ODC of K,, , by Cy(0,...,0,n—

——

8-times
8) = Py U* S,,_g defined with the starter function fj as
follows
0; i=0,2
4;i=1,n-2
fa(i)=<3:i=3,n-35i€Z,
6; i=n—1

2 ; otherwise

where the pages obtained from each entry x € Z,, such
that My, (a,b) = x is isomorphic to Cy(0,...,0,n —8)
——"

8-times

as follows:

(n — 4 4 x)0,(5 + x)1,(4 + x)0,(2 + x)1,(x)0,(x)1,

(34 x)p,(n —4+x)1,(24+x)p and (2 +x)o, (a +x);

where 7 < oo <n—2.

Then the pages y is

Cy(0,...,0,n —
——

8-times
(n(i+1) —4+x)o,(nj+ 5+ x)1,(ni + 4 + x)o,(nj +
2 + x)1,(ni + x)o,(nj + X)1,
(ni+3+x)o,(n(j+1)—44+x)1, (ni +2+x)y and
(ni + 2 + x)o,(nj + o + x) where
nj+7<a<n(l1+j)-2.
5.At m = 9, their exist an ODC of K,, by
Clo(o, ...,0,n — 9) = PjpU" S,_9 defined with the
~——
9-times
starter function f5 as follows

isomorphic  to
8) with the following vertices

0; i=0,4

1; i=1ln—1
fs(i)=<4; i=2n-2 Li€Z,

8;i=n—4,n-3

2 otherwise

where the pages obtained from each entry x € Z,, such
that My, (a,b) = x is isomorphic to Cyo(0,...,0,n—9)
——
9-times
as follows:
(n =5 4+ x)1.(4 + x)0,(2 + X)1,(1 + x)o.(x)1.(x)o.
4 4+ x),(n — 3 + x)0,(5 + 2)1,(2 + x)o, and
(2+x)o,(0t+x); where 7 < a <n—3.
Then the pages y is  isomorphic to
Ci0(0,...,0,n — 8) with the following vertices
——

9-times
(n(j+1)=35x)1,(ni+4+x)o,(nj+2+x),(ni+14+
X)o,(nj + x)1,  (ni + x)o,(nj + 4 + X,
(n(i4+1)=3+x),(nj+35+x),(ni +2+x)y and
(ni + 2 + x)o,(nj + o + x) where
nj+7<a<n(l+j)-3.

6.At m = 10, their exist an ODC of K,, by

CII(O,...,O,n —10) = Py 2 S,.—10 defined with the

~——

10-times
starter function fg as follows

0; i=0,4
1; i=1ln—1
. 4 i=2 .
f(,(l): 5. i=3.n-3 SIE Ly,
8
3

ci=n—4,n—2
. otherwise

where the pages obtained from each entry x € Z, such
that My, (a,b) = xis isomorphicto Cy1(0,...,0,n—10)
——
10-times
as follows: (4+x)0,(6 +x)1,(n — 4+ x)0,(4+x)1,(x)o,
() 1,(1 +x)0,(24+x)1,(5 +x)0,(n — 4+ x)1, (3+x)o,
and (3 +x)p,(¢+x); where 9 <o <n—1.
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Then the pages y is  isomorphic to follows
Cy1(0,...,0,n — 10) with the following vertices
——
, NOtimes : . (610456017 (62211160
(ni+4+x)o,(nj+64+x)1,(n(1+1i) —4+x),(nj+
. . . . 27215671 17332227
4 + x)1,(ni + x)o,(nj + x)1, (ni +1+x)o,(nj+ 2+
; ) . 23032670 02044333
)1,(ni+5 +x)o, (n(1 + j) = 4+ x)1,(ni + 3 +x)o, and 13414370 . » |41315544
(ni ;%3<jrfb@”1+ @ + xh where  Mp=115452540 M= 55242665
njt9<a<n(l+j) -1 12356365 66635377
62346747 07774640
107345705 ] | 11000575 |

As mentioned in the above theorem there exist ODC
of Kyn.gn by gCuy1(0,...,0,n —m) and we proved it in six
’ ——
m-times
cases. So, we will give examples for each of these previous
cases where g = 3 every time as follows.
For m =5, n =7, and in case 1 described by the

example 1, then the combination has two squares of order
21 from equation 4 as follows

12
13 13 11
9 7 7
8

18 1520 15 20 20 18
19 19 16 14 16 14 14
152020 17 15 17 15
16 16 14 14 18 16 18
17 1515 19 17
18 20 18 16 16 20

1
R RV SR Ny <)

—_
050N WU —
SNhRwWOoONOO
PO LN =R =W

Jk'—‘OLA)O'—ﬂkha
N = B =W

[
—— —_ —_
X NZS NG E—OoWwWo —~ W
AW O —

Nk LoD

[\
[
—_—

<
X050
TR

—_
%)

<3 ©
e
o =
o
o=

I I N,
el

_ e

LoV up®

—_
—_
—_
—_
Nl
Nl
—_
%)

10 10 14 19 14 19 19 17 177

then the combination has two squares of order 24 from
equation 4.

For m =7, n = 9 there exist two orthogonal
Cs(0,...,0,2)-squares of order 9 in case 3 defined as
——

7 times
follows
[087077338] (005623657
010818844 811673476
512102005 702278458
662321311 081338056
Mp=|277343242| Mp=|710244016
338845435 782135512
644005654 380324662
575511676 340143577
768662278 845125468

then the combination has two squares of order 27 from
equation 4.

For m = 8, n = 10 there exist two orthogonal
Co(0,...,0,2)-squares of order 10 in case 4 defined as
——

7 times
follows

%)
Y
I
|
CoTINbUN—, UL RO
— g
ORI DR oW N~ W
STOnNbkwoNO
—_—
ToSNURDwWOo W

—_
[

—_

(=]

—_

o

—_ —_

OO\]O\]OON-P'—‘OWO—AUI

19 17 17 15
L18 20 18 18 16 16 20

For m = 6, n =
C4(0,...,0,2)-squares
——

7 times

18 15 20 15 20 20 18

—_ = —
Do XL DR —

A—O WO~
®)
S o

1113

8 there

N bk WLWOoOOAANDAO
B —_OoWwWwo =W

_.._..—
oYwYew
© NS N

—_ -

11

—_

i AN Nrl il S S )
— =

O oo

NN WO

Covwo

O o

exist two orthogonal

of order 8 in case 2 defined as

06078887647
5171899987
8628290009
0973930111

' 2108404122

4 3321951523

4443206263

4555431737

8566654284

15967776539

05802344857
6169134559
0727024566
7183813567
8829492467
8993050357
8900416146
7901152725
6801226383

14791233749

then the combination has two squares of order 30 from

equation 4.

For m =9, n =

11 there exist two orthogonal

C10(0,...,0,2)-squares of order 11 in case 5 defined as
——

8 times
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follows 3 Conclusion
8 1]0 (7) z ]% ? ]90 ]30 i Z 180 In this paper, we got a larger ODC of Ky, 4, by making
91219020055 combination of two .ODCs first one i.s a .caterpillar of Kn.,n
61023 2101 3116 and the second one is the one factorization ODC of Latin
7703 430 2422 squares of K, , and we proved six cases of ODC of K, 41
My=|38814541353], by ¢Cn+1(0,...,0,n—m); where 5 <m < 10.
4499 25 6 5246 m-times
75510103 6 7635
6866 004 7874
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