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1 Introduction

Throughout the paper, we will use the symbol “x” for
convex function (and its generalizations). Let
¢ : R xR — R be a function of two real variables unless
we shall specify otherwise.

In the present section, we give some basic definitions
and inequalities, which already exist in the literature, we
use them through the paper. In Section 2, we investigate
four forms of already defined ¢ —convex function [6]. By
using one of the four forms and m—convex function [6],
we introduce our new notion ¢,,—convex function, which
is a generalization of convex, ¢ —convex and m—convex
function. Let’s see later. The remaining sections are clear
by their title.

The following definition [1, 2], is the base of the
literature:
kK : A C R — R is known as convex function if,

K(ru+ (1 —rpy) < rk(u) + (1 —r)x(v) (1)

forevery u,v € Aand r € [0,1].

An inequality [3, 4], which is very basic and
fundamental for the literature:
If x:ACR — R is convex function and p,q € A with
p < q. Then

is called Hermite-Hadamard inequality.

Another inequality [5], which is the generalization of
above inequality (2) was derived in the year 1905 by
Leopold Fejér, as the following:

If x:[p,gg CR — R is a convex function, and
X : [p,q] — R is symmetric about pTW, integrable and
non-negative. Then

K<”T+q) /:x(u)dug L/qu(u)x(u)dug
HEED e o)

is known as Hermite-Hadamard-Fejér inequality .

G. Toader [6] , generalize the convex function as
m—convex function, in the year 1984, as the following:
k:[0,g) CR — R, g > 0 be an m—convex function if,

K(ru+m(l —r)v) <rk(u)+m(l —r)x(v) 4)

holds for every u,v € [0,q) and r,m € [0, 1].

M. Eshaghi Gordji, M. Rostamian Delavar, M. De La
Sen [7], generalize convex function as ¢ —convex function,
in the year 2016, as the following:
let ACRand ¢ : R xR — R be a function of two real
variables then, a function k¥ : A — R is called ¢ —convex
if,

pta L K(p) + K(q)
K( 5 ) <— / fe(u)du < == @kt (1= ) < k() +rg(k(w), k(1)) 5)
q9—PJp
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for every u,v € Aandr € [0,1]. Note that n—convex
function [10] and ¢@—convex function [8] are the same
notions. So we can also termed @,,—convex function as
Nm—convex function.

2 Basic definitions.

In this section, we investigate different forms of
¢—convex function. One of these forms is required for
our new generalization. We make some important remarks
and examples for our new notion ¢,,—convex function.

Now we give the following four forms of ¢—convex
function, or it can be defined in the following four different
ways.

Definition 1.Let A C R, then a function x : A — R is called
@p—convex if,

(1= ) < ric(u) + (1 =)o (), <(v) ) (6)
K(rut (1= r)v) < (1= 1)) + 7o (), k() ) (7)
(1= ) < k() + 7o ((u), k(1)) ®)
K(ru+ (1= 1) < K@) + (1= e (k(w), k() ©)
foreveryre[0,1] and for every u,v € A. Above inequality

(8) is defined in [7].

The above definitions will become classical convex
functions if we take:
¢(u,v) =vin (6)
o(u,v) =uin (7)
o(u,v) =u—vin (8)
o(u,v) =v—uin (9).
Remark.All four definitions are similar to each other. Let’s
see. If we set @(u,v) =1 (u,v) + k(u) in the inequality (6),
we get inequality (9) and if we set @ (u,v) =1 (u,v) +x(v)
in inequality (7), we get inequality (8), where 1 (u,v) is
another function of two real variables.

Definition 2.If we take equalities in place of inequalities in
Definition 1, we get @—affine functions, for all r,u,v € R.
Clearly, we can also get classical affine functions.

We give one example to illustrate the @—convex
function (6).

Example 1.Let x(u) = u®> which is convex. If

o (u,v) =2v+u, then K is ¢— convex.
Solution.
K(ru+ (1 —r)v)

= (ru+(1—r)?
= r2u® + (1— r)zv2 +r(1—r)2uv
<r® + (1 =4 (1 =r) (> +v?)
=ru® + (1 —r)(u®+2%)
=rk(u)+(1—r)(k(u),x(v))

N

which shows K is ¢ —convex.
Now we give different forms of the ¢—quasi convex
function.

Definition 3.Let A C R, then a function K : A — R is called
¢—quasi convex if,

K(ru+ (1 —r)v) < max{x(u), ¢
¢

k(ru+ (1 —r)v) < max

{
K(ru+(1—r)y) < max{K(v),

{

{

13)

Sorevery r € [0,1] and for every u,v € A.

The above definitions will become classical quasi convex
function if we take:

o(u,v) =vin (10)

o(u,v)=uin (11)

o(u,v)=u—vin (12)

o(u,v) =v—uin (13).

Definition 4.If we reverse the inequalities in Definition 1
and Definition 3 then we get @—concave and Q—quasi
concave functions.

Through  the rest of this paper, let
[0,g] =T CR,q > 0,[0,4) =J C R and m,r € [0,1],
unless we specify otherwise.

Now we come to our main concern and construct the
¢»—convex function.

Definition 5.x : I — R is @, —convex function with
respect to non-negative @ if,

K(ru+m(l—r)v) <

() +m(1 = ) (), k(v))
(14)

Sor every u,v € I and for every r € (0,1).

We are denoting the set of all ¢,,—convex functions as
aclass Cy, ().

If we choose @(u,v) = v, we come to m—convexity
4).

If we choose m = 1, we come to @—convexity (6)
(actually ¢—convexity [8]) for the interval /.

Definition 6.If we reverse the inequality in Definition 5,
then we get @,,—concave function.

We give one example to illustrate our ¢,,—convex
function.

Example 2.let k(u) = u®> which is convex. If ¢ (u,v) = 2v+
u then, K is ¢,,— convex.
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Solution.

K(ru+m(l—r)v)
= (ru+m(l —r)v)
=2 +m*(1 = r)2 4 rm(1 — r)2uv
< +m(1 =) +m(1 —r)(u? +v?)
=i +m(1 —r)(u* 4 2v?)

= ricu) + m(1 = 1) (1e(u), k(1) ).

2

Which shows k is ¢,,— convex.

3 Some properties for ¢,,-convex function

In the present section, we shall give some basic properties
for our notion of the ¢,,— convex function. We first give
various conditions for the function ¢. We use these
concepts often in our results.

Definition 7.We say that ¢ is,

(i)additive if, @(u1,vi)+ @(u2,v2) = @(u + uz,vi +v2)

forall uy,uz,vi,vo €R

(ii)non-negatively homogeneous if, ¢(Bu, fv) =
forallu,yeRand B > 0.

Beo(u,v)

(iii)Jnon-negatively linear if, it satisfies conditions (ii) and

(i)-

The following is a trivial fact of calculus for the function
of two variables:

Let limit of u, and v, exists in R and f : R2 - R? i
continuous, then

B o) = it i ).

The incoming results and corresponding proofs are
mostly inspired by [7, 8].

Proposition 1.Consider x,) : I — R be two ¢, —convex
functions and @ is additive, then x + ) : I — R will be
@m—convex function.

Proof.
(k+x)(ru+m(l—r)v)
:[ (ru+m(1—=r)v)]+ [x(ru (1—r)v)}
S[ k(u)+m(1—r)o(Kk(u), )]+

)+ m(1 =) (), 2(v))]

= r[x) + 2]+
m(1=1)|o(k(w),x()) + ¢ (). 20))]

= r|(k+ )@+

m(1 =)o (k) + (). k() + 1) )]

= r|(k+ )W)+
m(1 =] ((x+2)w), (c+ 1)) |

Hence the result.

Proposition 2.The function Bx : I — R is @,—convex for
any B >0, if K : I — R be @,,—convex function and @ is
non negatively homogeneous function.

Proof.
(Bx)(ru+m(1—r)v)
=Bk [ (ru+m(1— r)v)]

< B[r(w)+m(1 =)o (k(w), ()]
= r(B) ) +m(1 =)o (), k()
= r(Bx) () +m(1 =)o ((Br) ), (BR)())

Hence the result.
Theorem 1.The function x = Y} Bik; : I — R is
Qm—convex  for B > 0,i = 1,2,..n if
Ki:1—R,i=1,2,...,n be ¢,—convex functions, such
that @ is non-negatively linear.
Proof.
n

(Z Bix:)(ru+m(1—r)v)

i=1

=

HM: T\'M:

[ﬁz{Kz(Fu+m(1 —rv)}]

IN
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Hence the result.

Proposition 3.The function K := max}
Sfunction if, k;: J - R,i=1,2,.
functions.

' Ki s Q—convex
,n are all @y,—convex
Proof.

Ki(ru+m(1—r)v)
< rii(u) +m(1—r)o(Ki(u), K (v))
< rlialx Ki(u)+m(1—r)¢p (r}l}lx lq(u),r?}]x K,(v)) ,

=rk(u)+m(l— r)(p(K(u), K(v)) .

Hence the result.

Proposition 4.Let k,, : J — R be a sequence of ¢,,—convex
Sunctions, ¢ is continuous and for alln > N € N, (u) —
K(u), (on J), then K is @ —convex function.

ProofEach x, is @,—convex function implies, for all
u,vel

Kn(ru+m(1 —r)v) < ri,(u)
+m(1 =) (), k(1))

r}grolo Ko(ru+m(1—r)v) < r,}g‘; Kn (1)

+m(1=r) lim ¢ (), k(7))
K(ru+m(1—r)v) <rk(u)
+m(1 =)o (x(u), k(v)).
Hence the result.
Proposition 5.The function yox will be ¢,,—convex if, K :
I — R be m—convex function and y : A C x(I) — R be
non decreasing ¢, —convex function.
Proof.
K(ru+m(l—r)v) < rk(u) +m(1—r)x(v)
X [K(ru +m(1— r)v)} <x [rK(u)
+m(l—r) K(v)}
(10%) (ru+m(1 — ) < 1 [ic()]
+m(1 =)o (i [x(w)] 2 [x(v)]

(xoK) (ru+m(1—r)v) < r(xox)(u)
+m(1 =)o (0w (w), (xox)(v) ).

Hence the result.

4 Hermite-Hadamard type inequalities.

The incoming theorems follow ideas from [7-9]. The
following theorem gives boundedness of ¢,,—convex
function and will be used in Theorem 4.

Theorem 2.The function k will be bounded on [p,q] C I
forp,q € lwithp <qif, x: I — R be @,—convex function,
such that @ is bounded from above on k(I) x k(I).

Proof.Firstly,
Asevery u € [p,q] can be represented as u =rp+ (1 —r)g
for r € [0,1], then

K(rp+(1- 1))
< ) +m(1 =)o (x(p).x(2) )
< x(p) +M,

Which is upper bound for k and My, is upper bound for
function ¢.
Secondly, Let

p+q —r=ué€|[p,q|, then

A
(259)- ( AR

- ([ } s[5 +)

which is lower bound for k¥ and M, is upper bound for
function ¢.
Hence x is bounded on [p,q] C 1.

Now we are going to establish Hermite-Hadamard type
inequalities.

Theorem 3.If k € L[p,q] and x : [ — R be @, —convex
function, such that @ is bounded from above on k(I) x
K(I). For p,q € I with p < g, then we have

1

K(u)dugmin{
q—DPJp

K(p)/()lrdr+m(p<K(p),K<
K(q)/ol rdr +m(p(K(q),K(

3 =

)>/01(1r)dr, (15)
))/0](1—r)dr}.

SN

®© 2022 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 16, No. 6, 1009-1016 (2022) / www.naturalspublishing.com/Journals.asp

%N ==y 1013

Proof.Since k is ¢,,—convex, we have
K(ru+m(1—r)v) < ric(u) + m(1 —r)g (K(u), K(V))

, which gives:

k(rp+(1—1)q) < ric(p) +m(1 r)(p<,<<p>,x(1))

and
k(rq+(1—r)p) <rk(q)+m(l— r)(p<’<(€/)’ K(%))

integrating on [0,1], we have
1
/0 kK(rp+ (1 —=r)q)dr

< K(p)/()lrdr+m(p<K(p),K<%)>/01(1r)dr

and

] kK(rg+ (1—r)p)dr

K(q)/ol rdr—i—m(p(K(q),K(%)) /O](l —r)dr

this implies,

S—

IN

1 q

K(q)/olrdr—l—mgo(lc(q),x(%))/Ol(]—r)dr. 17

However,

1

1
/K(err(lfr)q)dr:/ K(rg+ (1—r)p)dr
0 0

1 4

q—plp
Hence we get Inequality (15).

K (u) du

Hermite-Hadamard type inequality for m—convex
function in [9] will be obtain after putting @(u,v) = v in
above Theorem 3.

Theorem 4.If ¥ € L[p,q] and x : [ — R be @, —convex
function, such that @ is bounded from above on k(I) x
k(I). For p,q € I with p < g, then we have

1 ra
ZK(p—Jrq)—mM(pS—/ K(u)du <
2 q—prJp

1 m 1
7'((”);'(@/0 rdr+5M¢/0 (1—r)dr

, Where My, is upper bound for function .

Proof Firstly,

Kk is bounded by Theorem 2.

Secondly,

Adding inequalities (16) and (17) we get,

1 q 1
_ K(u)du < 7’(@) +x(q) / rdr+
q—pJp 2 0

1 m 1
< 7’((1))—2‘_’((61)/0 rdr+ EM(p/o (1—r)dr

, where My, is upper bound for the function ¢.
Thirdly,

For p, qGIweknoprJrqEI

K(p;LQ) _ K(rp+(1 —r)q;L(l —r)p+rq)

K(%(err(] —r)Q)Jr%i(l _r;pﬂq)

K(rp+ (1— r)q)

() 1) =)

Where My is upper bound for function ¢.
On integrating in the interval (0,1) we get,

K(p;q) < Z(ql—p) ./:K‘(u)dqu(%)M(p

Hermite-Hadamard type inequality for the ¢—convex
function [7] defined on interval I will be obtain after
putting m = 1 in Theorem 4 and we obtain classical
Hermite-Hadamard Inequality (2) after putting m = 1,
¢(u,v) = v, in Theorem 4.

@© 2022 NSP
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5 Hermite-Hadamard-Fejér type inequalities.

Now, we prove Hermite-Hadamard-Fejér type inequalities,
an inspiration from [8].

Theorem 5.For p,q € [p,q] with p < q and with
K € Li([p,q]). Suppose x : [p,q] CJ — J be @y—convex
Sfunction, and ¥ : [p,q] — R is non-negative, integrable
and symmetric about 214

>, then we have
./:K(u)x(u)du
/: ) du
( ~«<5>>+<»< (1))

4y —
/p (q_i)x(u)du.

Proof.Since y is integrable and symmetric about ”T” and
Kk and ) are real non-negative functions, then we get

/pq K(u)x (u)du = % [/pq K () x (u)du

+

+/:r<<p+qu>x<p+qu>du]

/ () + K(p+ g — )] (1) du

[0
) < (i) o

/p{ =) m@—_p)(,,(,((p),,((%))
(4 ( €(2)) + (A=) ko)t

1
2
1
E

| /\

- ) er <) ./pq (Z:Z)x( Jdu+3 [(P(K(P)nc(%))

+<P<K(q),1<(%)>} /pq (Z:Z)x(u)du.

Hence we get our require result.

Hermite-Hadamard-Fejér  type  inequality  for
m—convex function [6], will be obtain after putting
o(u,v)=v.ie;

‘ K(p)+xq) [¢(q—u
/pK(u)x(u)dug p)t kg /,, (=) ) du

(2) ()] [/ (=)

+

|3

Corollary 1.With the same conditions of above Theorem 5
and if x(u) =1, we have

elo(x@x(2)) +o(xrx(2))]

Proof:Putting x(u) = 1 in Theorem 5, we get

/‘qK(u)du
Jp
< K(P);‘K(CI) _/:(Z:Z)d”

[ (=0 au

then from Jensen Inequality,

1 q

q—PJp
SK(p)JrK(cz) 1 /q(q—”)du
2 q—prJp \q—p

(

K(u)du

+<p<1<<p>,x(%))],

which is right side of Hermite-Hadamard type inequality
Theorem 4.

Theorem 6.For p,q € [p,q] with p < g,k € Li([c,d]),
where ¢ = mzn{m,p}, d = max{q,%}. Suppose
K :|pyg)] CJ — J be @u—convex function and
X : [p,q] — R is non-negative, integrable and symmetric

®© 2022 NSP
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about PTW_ Then we get
ptq /"
K( 3 ) px(u)du
< (l) /‘qx( ) (u)d
=\z)J, u)y (u)du

+m(%) /:<P<K(p+qu)ﬂ<<%))x(u)du-

Proof.-We have,

Hermite-Hadamard-Fejér  type  inequality  for
m—convex function [6] will be obtain after putting
o(u,v) =v,ie:

1 14
< 3 K (u)x (u)du
+§ qK(%)x(u)du

We may expect that the notions and results which, we
have used in this paper may inspire and encourage the
interested readers to derive and explore some new notions
and results, in various fields of mathematics and other
sciences.
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