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Abstract: In this work, we introduce a new class of harmonically convex functions, namely, generalized harmonically y-MT-convex
functions established on fractal set techniques, for establishing inequalities of Hermite-Hadamard type and certain related variants with
respect to the Raina’s function. With the help of an auxiliary identity associated with Raina’s function, by generalized Holder inequality
and generalized power mean, generalized midpoint type, Ostrowski type, and trapezoid type inequalities via local fractional integral for
generalized harmonically y-MT-convex functions are given. The introduced technique gives the results by establishing some special
values for the parameters or applying restrictive suppositions and is entirely practicable for regaining the existing inequalities in the
related literature.
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1 Introduction Definition 1./12] Suppose T: E C R — R is a real valued
function, then T is said to be harmonically convex function

Through this paper, 7: £ — 3R is said to be convex on & C if following holds

R, if the following inequality holds,

(T +(1=T)x) S Te(x)+(1-T)e(x2). (1) ¢ 1 <(1-T)e(x1)+Te(x2) (3)
Tx+(1—=T)x

VX, xp€&and T €[0,1].

Reader can see ([1]-[9]) for more generalized classes of

convex functions. We will restrict our attention only on  forall x1,X, € Eand T € [0, 1].

Hermite-Hadamard-type inequality (simply H-H type

inequality) [10] [11], which is given as,

Suppose 7: £ C R — R is a convex function, then

T(x1+>42>< 1 /”2 T(X1) + T(x2)

< dx <
> Sa— T(x)dx

In [12], Iscan gave H-H inequality for harmonically
convex function

m B : T(2><11><12>§ X1 X2 /*‘2 T(N)dxgr(m)—’—r(xz).
(2) X1+ X2 Xy — X1 Ju, X2 2

with x| < Xy and X, X, € E. @

Recall, the concept of Harmonically convex function,
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Definition 2./13] A function t: £ C R — R is declared to
be MT-convex on E, if following inequality holds:

(T 1 +(1 = T)xa) < %T(N,H—V;gf(m)

(5)
VX, X €Xand T € (0,])

Definition 3./14] Suppose 1: & C R — R is a real
valued function, then T is said to be harmonically
MT-convex function if following holds

X1 Ao V=T ﬁ
(mtmm) <o RN

forall x;,xy € Eand T € (0,1).

In [15], M.A. Noor gave H-H inequality for harmonically
MT-convex function

T<2><1] ><12) < X X9 /Nz T(N)dxgn
X1+ Xo XNp— X1 Ju, X2 4
(7
Merging the idea of fractional differentiation and
fractal derivative from [15] , [20]-[24] for X-type set R
of real line numbers where, 0 < X < 1 also characterized
by two binary operations, defined by ([26] Proposition 2)

for x7, x5 € RN

and

Then, (R, +),(RM\0™,x) are abelian groups and
(R™,+, x) is field with 0™ being additive identity and

[—x7 = (—x1)"] being additive inverse of x7" uniquely

for (R, +).

also, (1™) being multiplicative identity and
1 *_1%#1 b liolicative i .

[(?1) = ><1_?\ m_f\] eing multiplicative inverse o

x7 uniquely for (R™\0™, x).
Also, (R™,+, x, <) is ordered field like (R, +, x,<) as,

MNP <Xy ERN e X < xpeR

Definition 4./15],/20] A non-differentiable mapping
7: R — R is said to be local fractional continuous at
X10, if for any & > 0, there exists n > 0, satisfying that

|T(x1)—T(x10)| <E™  whenever |x—xi9|<n (8)

if T is local fractional continuous at (X1,X3) then we
denote it by T(x) € Cy (X1, X3)

T(x1) +7(X02)

Definition 5./15],/20] The local fractional derivative of
7: R = R of order ™ at xg = X1 is defined by

d™s(x)
T(X)(NO) 0 DM - d><1>\ X=X
o AN(1(x) — T(%0))
o ><1h%n>140 (><1 — ><10)>\ ©)

if T is local fractional differentiable at (X1, X7) then we
denote it by T(x) € Dy (X1, X2)

Definition 6./15],/20] Let
A = (X=X, XN1,X2,.... 4y = X2),(N € R) and let
T(x) € Cu[X1,%2] be a partition of [x1,X2] which
satisfies Xg < X1 < X < ... < Xy: Then, the local
fractional integral of T on [x1, X3] of order N is defined
as follows

Mlai‘?z = ﬁ‘/):zf(x)(dx])x

= T e Ee0 0 (@)

(10)
where, Yn=max(Axo,AX1,AXy,...,AXy) and AX; =
Hjp1— A,

j=0,1,2,..N—1.

if T is local fractional integrable at X € [X1, x| then we
denote it by T(x) € D3[x1, 2]

For more details one can also read Lemma 6 and Lemma
7 from [15] and Lemma 8 from [29]

Definition 7./27] Let Z C (0,c0) be an interval and let
then ©: % — R*

(0 <X < 1) is said to be generalized harmonically convex
Sfunction if the inequality holds:

) <A =T)(x1) + T (%)
(11)

ol Ra¥)
T
<T ><11—|—(1 —T)Xlz
forall xy,x, € E and T € [0,1].

In [27], Sun gave H-H inequality for generalized
harmonically convex function

1 ‘L'<2><]]><]2)
C(14+X) \ ¥+ 2
X
X1 X2 s T(X)
<(B5) s

C(1+X)
C(1+27)

< [r(xq) +7(x2)] (12)

Merging the concepts of 6 and 11 we introduce,

Definition 8.Suppose 1: & C R — R is a real valued
function, then T is said to be generalized harmonically

© 2023 NSP
Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci. 17, No. 3, 417-429 (2023) / www.naturalspublishing.com/Journals.asp

MT-convex function if following holds

(=)
><11—|—(1 T)Xlz
() s+ () e 09

Jorall x1,x, € E and T € (0,1).

Definition 9./28] Let Y =Y ({);"_, be a bounded sequence

of real numbers, and GT,TX(.)Z, X > 0 be Raina‘s function
defined as

_ye 10
T +)
AT <R x>0 (14)

1(0),r(1),...
(D'T (T) _ wl,)g ), Y (1), (T)

0
LX T

Definition 10./28] Let Y = Y({);_, be a bounded
sequence of real numbers, and 1, > 0. A nonempty set
Eg C (0,00) is said to be generalized harmonically
W-convex set, if

XX +GF,},’X(>42— 1))
X1 +TG)'1TX(><12— ><11)

€ Hg (15)

where, X1,%, € Eg and T € [0,1]
Merging the concepts of 13 and 15, we introduce,

Definition 11.Let Y = Y (¢);_, be a bounded sequence of
real — numbers, and 1,y > 0. A  mapping
T:E = R0 < X < 1) is said to be generalized
harmonically W-MT-convex function if the inequality
holds:

T<><1(><1+67,TX(>42— >41))>

>41+Tw}”x(>42— ><11)
T\ VI—T\?
< <L> 7:(><1])+<7) T(x2) (16)
2WT—T 2VT
where, X1,X € Eg and T € (0,1)

Remark.Choosing X = 1 ,we get
WY-MT-convex function.

T(N](N]jLGTZ‘X(NQN[)))
><11—|—Twz‘x(><lz—><11)

where, X1,%, € Egand T € (0,1)

harmonically

Remark.Choosing w{x(xz —X1) = (X2 — X) ,we get
generalized harmonically MT-convex function.

Remark.Choosing wfl(mz —X1)=(Xp—xp)and X\ =1
,we get harmonically MT-convex function.

2 Hermite-Hadamard type inequalities

This paper is organized as follows, initially in this section
we will present our main results including H-H type
inequalities via fractional integral operators. However the
last section is devoted for applications of our results.

Theorem 1.Suppose, 1,% > 0,Y =Y ({),_, be a bounded
sequence of real numbers, and T : Eg =
[><1],><I| +sz‘x(><127 ><I[)] C 9?/0 — 9’{%(0 <A< 1) be
generalized harmonically W-MT-convex function, where
X, X +G)'IX(><127 ><I|) € &g also WIX(sz ><1]) >0
such that t(x) € Dy[x1, %) + wfx(xz — x1)] and
(%) € Co[x1, %1 + ZDIX(XIQ — X1)] then, following
inequality holds;

1 T(2><11(><11+67,Tx(>42><|1)))

C(1+X) 2><11+G711;X(><12— X1)
X+ B8, (0 —x) 7(n)

ST @Gy e

SF(1+>\)B(%,%)W

(13)
where,
1 1
Bn = T>\(n171) l_T >\(f’l271) T N
= T (1= TP D)
; (n1,m>0) (19)

Proof.Since 7 is generalized harmonically ¥-MT-convex
function,

T<><1(><1+67,TX(>42— ><'1))>

X1 +ng‘l(><|27 ><I|)

(i) o (5

_ 1
wheanz

T(Zm (1 + @Y (32— ><11))) < T +70x0)

2)41-}-@1}:‘%()42—%1) 2
Taking,
><I|(><I[ +(D'IY;X(><127 ><1]))
A = T
X +(1 —T)G)'l,x(XIz— ><11)
and
2 X (><11 +wfl(>42— ><11))
Ay =

2><1]+wa%(><|27 ><I|)
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Then, by local fractional integral over (0,1) we get,

s U720 (1 + @) (32— %))
1x1+xy47( 2x1+@&&z—mﬂ )(‘mX

1 (X1 + @ (30— 1))
: /01 [T< le‘(llj—f)’;’fx(zﬂz—lm)>

—i—T(N'(N'erZX(NZ N])))](dT)%

X1 +Tw{x(>42— 1)

_2>\ X1 (1 + @, (g — %)) 1
B (w}fx(xz—m))% F(1+>\)

>41+wzl,.x(>42*>41) T(I’l) N
x/xl ﬁ(dx)

. 2>\ ><|i\ (XI[ +(DZZ(><12— ><1]))>\
(@, (X2 — 1))

D>\ T(N)
X1 ><11+w,1"x(x27x1) ><]2>\

Also,

™ 1 2>41(>41+65,TZ(N2—>41)) N
i T< )(dT)

C(1+X 231 4+@F (32— 1)
27 231 (M1 + @), (X2 — 1)) N
:F(1+>\)T< 2><,+w{x(><|2—>41) )(dT)
So,
1 2><|1(><|1+ZDZX(><12*><11))
F(1+>\)T( 231 +@F, (22 — x1) )
X (@8, (0 —x1) (%)
- (@L, (X2 — >1))™ B () g2
21

For other inequality, by 16

( X1 (X1 4@, (32— 1)) )

X1 +(17T)wfl(><12— ><1])

T(x](qurw,Tx(Xlle)))

X1 +TG)'IX(><IQ* ><I|)

(5

N
o) () oo

local fractional integration over (0,1) and 19 yields,

X (31 4+ @5, (2 — )™
(@, (X2 =)™

(%)
X 4B, (3p=x1) 52N

SF(1+>\)B(%’%)W

(22)

both 21 and 22 give the required inequality.

Corollary 1.Choosing \ =1, we get

T(2><|1 (X1 + @) (%2 — ><11)))

2><I|+G)'Z‘X(><IQ* ><I|)

Y _
><Il(><ll+wl,x(><]2_><]1)) /><11+IHIZ(><2 1) T(X])(dXI)
1

- (szx(NZ_NI)) 1 2

< S0 +100)] @3)

Corollary 2.Choosing @), (x7 — 1) = (X2 — %)
we get,

1 . 2 X1 X3 X X5 o T(x)
r{+x) X1+ X)) = (Mg —x)™ RS IVION
[T(x1) 4+ 7(x2)]
SF(1+>\)B(§17%)2—>\ (24)
Corollary 3.Choosing X = 1 and
wt]rx(xzfNI)Z(NZ*Nl),Weget
T(2><|1>42)§ X1 X2 /‘”2 7(121)
X1+ X2 (M2 —x1) Jw, n
T
<[t +T00)l5 (@25

3 Hermite-Hadamard type inequalities via
fractional integral operators

In this section, by using following Lemma one can extend
to some new H-H type inequalities for generalized
harmonically ¥-MT-convex function.

Lemma 1.(/26] Lemma 16) Suppose,
LY >0,Y =7Y({),_, be a bounded sequence of real
numbers, and T : EZ = [x, X +G)'IX(><12 — )] C

R/0 — R0 < N < 1) (ES is interior of Eg) be
generalized harmonically W-convex function, where
X1, X +w{l(><|2— X1) € Eg also wfl(xz— x1) >0
such that t(x) € Dy[x1, %] + Gf{l(mz — x)] and
TN(%) € Co[X1, %1 + @, (%2 — x1)] then, following
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inequality holds;

E(><I1,><1]+wlyywl(><127><1]);ﬁ,>\)

(@ - xa)) [ 1
X+ @5, (a0 — ) [T(1T+XN)
X/‘lhTX(X]](XHﬁ*wZ'X(XIZN])))ZX

0

><I[+TG)'Z‘X(><IQ*><I|)
x1(X]+ @, (xy — %
xr*< (X1 ;x( 2 1)))(dT)X
><11+TG)'1’X(><12—><11)
L
T(1+X)

1 ><I[(><I|+(D'Z' (><127><1])) e
x/lh(l—T)*( X )

><I|+—|—G)'Z‘x(><127 ><1])

>\(><1](><1]+G)'Z‘X(><IQ><I|))
XT
><11—|—T@Zx(><12—><11)

)(dT )*] (26)
where,

E(xy, +wfx(><2— X1)sh,N)

_ (1H)XT<><I1(>41+GTIX(>42— ><11))>

X1+ ToL, (X — )
r
(e X1 (X1 4@, (32— x1))
X +Tw{x(><27 X1)

B (>ql(><l+zsz,c(><z><1)))x

Gi{x(xz— ><11)

N T(x)
r(1 +>\)”19m+w&(xrm>—xzx

Vhel0,1]and > € (0,1].

Theorem 2.Letting the assumptions of Lemmal are
satisfied. If |9 is a generalized harmonically
WY-MT-convex function on . for
p,q> 1, p~ '+ g7 = 1. Then following holds,

|E(><11,><|1+67£{(><12— x1)sh,N)|

(@ (32— >x)) ra+x) 1"
AP (31 + BT (302 = >) ) [F(1+2>\)}

1

f)2la=1x [Vl |‘L'(><'1)|q+V2|T(><12)|q] ) '

0
(@2 e+ vlsear] )| e

where,
v |
S N TN
1=h (1 (1 + @ (30 — 1))\ 2
></0 < X1+ Tol (32— %) )
><<7T% >X(dT)x (28)
2v/1—T
S
2T Tr(+N)
1-h ><11(><11+wl}:‘l(><12—><11)) 2
X/O < ><1]+—|—(D'ZY;X(><IQ*><I|) )
N
v 1
STT+N)
></l (NI(NIJF(I’I%(NZNI)))MX
—n \ X1+ TaL (32— )
x
x<7T(;T)> dT)™ (30)
v 1
M NTESN

y /‘1 <>41(>41+Gfl}jx(>42— ><1)))qu

1=h \ X1+ ToOL (X2 — )

ERNDN
1-T
X <(7)2> dT)y™ (31)
VT
Proof.From Lemmal, generalized power mean inequality
and 16
|E(><]lv X1 +wl},fx(><]27 N[);ﬁ,>\)|

_ (sz%(>42*>41))>\ 1

(B, (0 — X)) [F(1+>\)
h g (3 4+ B (0 — %))\ 2

A )

X1 +Tw},”x(><127 ><I|)

X |\T

s (0@ (e — 1)) N
( X1+ ToOL, (X2 — %) )‘(d—l—)

1 1 N
INTESS /lfh(li—r)

y <>41(>41+Gfl}jl(><z— >41)))2X

X1 +TG)'1TX(><12 - ><11)

T>\(><|1(><11 +wfl(>qu N])))’(dT)x]

>41+wa%(>42— X1)

X
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(@7, (32— 1))
TP (0 B, (32— xq))

X [<ﬁ/l hTX (dT) >];
s

<><11 X1+ @8, (32— x1) )2%

><11+TG)'T ><12 ><11
q
@)’

>\(><1](>41+ZD 7 (X2 — ><1])))

X |\ T
><11+TG)' (><12 ><11)

1
+ (r(ux)
o1 17%
X ./Hi(l — T)*(dT)*)
1 1
8 (r(1+x). ARG
y <><l1(>41-l-wl},f;g(xz—><1)))2qx

X1 +TG)'IX(><12— ><11)

1

)]

X |\T

x(>ql(>ql+zzf,’r,((><z>41)))

><I|+—|—G)'Z‘x(><127 ><1])

(@7, (32— 1)
BN +@F, (X2 — x1))»

) [<ﬁ/l ") >] 0
(k)
’ [(zﬁ—TWw

(Y o)

+ <ﬁ/fﬁ(1 — T)*(dT)*)

(Famsy -

X (N'(NIJF(DZ%(NZ ><11)))QQ>\

><I|+—|—G)'Z‘x(><127 ><1])

1
1=

(@Y, (32— 1)
X (X +@L, (X2 — x))™

()
x/olh<>41(>41+6”x(>42_>41))> 1

X1+ ToL, (X — )

R
+ (T ”) (> )ﬂ(ﬂ) )
(Fiaho)
/] <><11 >41+Gf (X2 — Nl)))qu

><11+TG)' ><12 ><11)

> [T()]9

+(“w?3) o] |

(@F, (2 — =)™ {F(1+>\)T$
37 (21 +OF, (g — )™ [T(1+2X)

X ({(1 — h)2a=D~
o r _ 290
x (r(11+x) ./o1 h < ><]>1<|(l>11 ig?j((:; :11)))) q
5 T - 2g™
(g [ (i
1 T(;‘T’)xwo«z)w(ﬁ)*)}%

L) (a4 @8, (30— %))\ 2
X/lh( 31+ Taf (32— %) )
— N
< (V) ety

1 /" (><1(><1+1I7}”X(>42><1)))2"x
L ,
F(1+>\) 1-h X +T(DIY;%(><127 ><1])
1

(S i)

+

—~
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(@5 (42— ) [r(ux)}';
=3 (e + @5 (2 — x> [T(142X)

1

. [<(1 —hyte [Vl |T(><'l)|q+V2|7:(><12)|q] > !

from 28, 29, 30 and 31 we get the required inequality.
Corollary 4.Choosing h = 0 we get, from 27

WE‘X(sz ><1])

N
[o(2) = (><'1(>41+sz%(>42— ><11)))

N (%)
XF(] +>\)>4]D>41+G711:x(>42*>4|) 2N |

(@ (2 =) [r(ux)yé
- ><|1*(>41+w}fx(>427>41))* F(]+2>\)

1

< ([wlete vt )’

where
Ve 1 /‘1 <><'1(><11+wl},’x(>42— ><1)))qu
T TN, X+ TOL, (12— x1)
3 x
T2
——) dT) (32
<(57=) @ @
v | /" X1(31 + @ (X2 — x1))\ 2
T T(+N). X+ T@L, (2 — 1)

X (y)x(cﬁ)* (33)

Corollary 5.Choosing h = 1 we get, from 27

WE‘X(sz ><1])

PN
[£00n) = (><'1(>41+fo(><'2>41)))

N (%)
Xr(l +>\)>4]D>41+G7},.x(>42*>4l) SEIN |

(@ (2 =) [r(ux)}l;
o ><|1*(>41+w}fx(>427>41))* '(1+2X)

1

< ([plete+wletai] )’

o L+ @7, (g — 1))\ 2
V77F(1+>\)/0 ( ><11+TG)'1TX(><12—><11) )
x( T(1-T)

8 N
3 > dT)™ (34)

Voo — /1(”1(N1+G’Zx(>42—>41))>m
87F(1+>\) 0 ><11+TG)'1TX(><12—><11)

X (%)x(dT)x (35)

Corollary 6.7aking mean of Corollary 4 and Corollary5
we get, from 32, 33, 34, 35

(If}fx(mz—m) )>\
><11(>41+Gfl}f%(>42— 1))

X T(14+ %), =),

><11+G)'Ix(>427>41) ><]2>\

(@ (12 — x1)™ r(1+x) 1"
T PO+ @8 (2 = )N [F(1+2>\)]

T(x1)+1(X3)
| 12>\ 2 <

xﬂWﬂmW+mﬂmwr

i+ i) )

Corollary 7.Choosing h = % we get from 27

2 X Xa wt]‘lx(x27><]l) »
(22 ) - i
X1+ Xp X (X + @) (x2—x1))
N 7(x)
XF(1+>\)>4‘D>41+GTIX(><2*><|) 2N |
(@5, (32— )™

T (@8, (o — 3™

RO

1
q

x ([V9|T(>41)Iq+V1o|T(>42)|q}

+ [Vulr(wlq+V12|T(”2)'q] )

where,

Vo 1 )./‘%(NI(NI“FWZX(NQ><1])))27>\

N NTED X1+ T@L, (32— 1)

Vi — 1 /‘5 (><1](><||+ZDZX(><12><1])))24>\
TN o\ x o+ Ta, (0 — )

(AT
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Vi — 1 /1<>41(>41+67sz(>42—>41))>2®
"TTO0 U TaL, (0 — x)
T(1-T)\
><<7( )) dT)™
2
v 1 /I(XH(X]]+(D'Z‘X(X|2X||)))2q>\
12_F(1+>\) 3 ><11—|—T@Zx(><12—><11)

Theorem 3.Letting the assumptions of Lemmal
are satisfied. If | 7|7 is a generalized harmonically
WY-MT-convex function on Zg.

for p,g>1, p~'+q ' = 1. Then following holds,

|2 (1, +wl}jl(><lzf x1);h, N

(@, (32— 1))

= 0N+ B G — ) KUl)p
y <{A(ﬁvx)“(x,)|q+B(ﬁ,>\)|f(><2)|q]>

+ <U2>[]’ X ([C(ﬁ,%)lf(m)l"

o] )| co

1

q

where,

1
TT(1+n)
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from 37, 38, 39, 40, 41, 42 we get the required inequality.
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1 1 VT O
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where,

_ 1 1-h ><1](><1]+[:y1(><lzf><ll)) 2qn
WI_F(1+>\)/0 ( ><1]+—|—Eyl(><lzf><ll) )
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5 Conclusions

In this study, we discussed some inequalities of
Hermite-Hadamard type and certain related variants with
respect to the Raina’s function for a new class of
harmonically convex functions, namely, generalized
harmonically y-MT-convex functions established on
fractal set techniques With the help of an auxiliary
identity associated with Raina’s function, by generalized
Holder inequality and generalized power mean,
generalized midpoint type, Ostrowski type, and trapezoid
type inequalities via local fractional integral for
generalized harmonically y-MT-convex functions.
Further, the presented technique yields results by
establishing some special values for the parameters or
applying limiting suppositions, and it is completely
practicable for restoring the existing inequalities in the
associated literature. In the future, reviewers may
discover many novel inequities from a variety of applied
and pure disciplines based on our findings. They can also
use our technique to establish applications to special ways
for diverse generalized harmonically y-MT-convex
functions.
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