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Abstract: This paper investigates a highly efficient method that depends on the Tau method for solving initial and boundary value
problems. The second derivatives of Legendre polynomials (SDLPs) have been used as novel basis functions. A linearization relation
for the presented basis functions has been introduced and proved to avoid any issues arising during tau’s integration, especially for the
nonlinear problems. Consequently, some essential integrations have been determined. Moreover, we used those relations to construct
explicit forms for approximating the solutions of Lane-Emden and the Recatti equations. In addition, the presented strategy’s converge
and error analysis are discussed carefully and in-depth. Finally, the mentioned IVPs have been solved via the proposed method. The
results have been compared with the others’ methods, which showed our technique’s accuracy, efficiency, and stability.
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1 Introduction

Solving differential equations is highly important because
used to simulate scientific and  engineering
phenomena [1-3]. That’s why many authors are interested
in finding the solution to these differential equations
using different methods. However, in some cases, we can
not find the exact solution by traditional methods. So,
numerical methods such as finite element [4], finite
difference [5], and spectral methods [6—8] have been used
to approximate the solutions. Several authors prefer the
spectral method because the approximate solution is more
efficient and accurate than the other methods.

The main idea of the spectral methods is to represent
the approximate solution as follows [9]:

u(@) ~ un(q) =Y Aipi(a),
1=0

where A; is unknown coefficients and p;(q) is the basis
functions.

The spectral methods will convert the differential
equation into a system of algebraic equations. The
unknown of that system is the coefficients {A;}=0.
Then, we can find these coefficients using different
analytical or approximated methods. Consequently, the
approximate solution of the differential equation can be
found using these coefficients.

The spectral methods can be categorized into three
primary types: Galerkin [10], Tau [11], and
pseudo-spectral ~ [12, 13]. In comparison, the
authors [14-16] applied the pseudo-Galerkin method as
one of the residual methods.

Choosing the basis functions is a critical part of the
spectral methods. Polynomials such as Legendre
polynomials (LPs) [17], Chebyshev polynomials [18],
and Ultraspherical polynomials [19] have been utilized as
basis functions. At the same time, the authors
in [14, 15,20-22] applied the first and second derivatives
of Legendre and Chebyshev polynomials. This concept
shows more accurate and efficient approximate solutions.
The authors in [16] used the SDLPs as a new base
function. Some relations of these basis functions, such as
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an operational matrix for derivatives, have been
introduced. The second Legendre derivatives in the
Pseudo-Galerkin method verified accuracy, efficiency, and
stability.

This paper aims to extend the work in [16]. The tau
method will be applied to approximate the solutions of
the Lane-Emden and Riccati equations to get more
accurate and efficient ones. As it is known, we will face
complex integrations via the Tau method, especially in
nonlinear problems. Therefore, a linearization relation for
the polynomials will be derived.

This paper is planned as follows: The second section
presents essential relations and theorems of PLs and
SDLPs. Then, a novel Linearization relation of the
presented basis functions has been investigated in the
third section. In the fourth section, the technique of
solution is discussed. In addition, the third section will be
ended with an Algorithm of the introduced method.
Consequently, error analysis of differential equations is
studied in the fifth section. Then, we will be resolved
examples for Lane-Emden and Riccati equations during
the sixth section. Finally, the paper ended with a brief
conclusion in the seventh section.

2 Preliminaries

During this section, we will present several essential
concepts, theorems, and properties of the LPs, £,,(q), and
SDLPs, SDLn(q), of degree n, where g € [—1, 1].

LPs can be presented via the relation [9]:

(n+1)€nt1(a) = (2n+ 1)aLn(q) — nLn-1(a),
_ (1)
n=1,2,---,
where £9(q) =1, £1(q) = q.

LPs and the first derivatives of LPs satisfy the
following boundaries:

1€n(a)| <1, 2
£,(1) =1, (3)
L.(-1)= (1", “4)
1
£,(1) = gn(n+1), )
_1\n—1
£(-1) = %n(n +1). (6)

' 0 i#j,
/ Eé(q)%(q) (1- C|2) dq Z{ 2i(it+1) ; _ -
-1 2irL =D

(N

SDLPs SDLn(q) of degree n can be defined as [16]:

d* L y2(q)
sD n+2
L, = —" 8
(q) prE ®)
where n be any positive integer.

Also, SDLPs can be obtained using the recurrence
relation:

(n+1)*PLys1(q) = (20 +5)q *P La(q)

9
_(n+4) SDLn—l(q)a n= 1725"' ) ( )

where *P Lo(q) = 3, *PL1(q) = 15q.
The boundaries of SDLPs and their derivatives satisfy:

PLa(£1) = (ié)n (n+1)4, (10)
5D/ _ @yt
Dy - (ED”

I'(m+n)

where (m),, = TCm) is Pochhammer symbol.
The orthogonal relation for SDLPs is presented as:

b s 0 i#j
[ P r Pr@utain ={ s, 77 a3
-1 25 =D
where w(q) = (1 — g?)2.
The SDLPs’ moment formula is given by:
r+1
0" *PLa(a) =Y Fr;*PLo-2(a), (14)
j=1
where
Qn r= 17.] = 17
Tn r=1,j=2
Fr,j = Fr7171Qn7T+1 r> 27] = 17
Frijams+Foaja1r>22<j<r,
Fr1 mngr—1 r>2,j7=r+1,
with o, = ;’n—f‘g),'yn = 27::;15, andb=n —r+2j.
The m!" derivatives of *P L(q) is:
D[P L(q)] = M™*P L(q), (15)
where M™ = (?RET)):J;I,
such that:
folm) _ 1 G,i>j,(i+m+ j)even,
J 2m=1(m —1)! 0 otherwise,
(16)

m—2

where G = (2j+3) [ [i+m—2f)(i+m—2f—1)—

f=0
(J+ 1 +2)].
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We will investigate and prove the SDLPs linearization
relation in the next section. Then, some essential
integrations will be determined. Those results will be
used to construct explicit forms for the algebraic systems
of the coefficients A; of Lane-Emden, and the Recatti
equations’ approximated solutions via the Tau method.

3 Second Derivatives of Legendre
Polynomials Linearization Formula

The section starts with the linearization formula of SDLPs
as follows.

Lemma 1.The product of two SDLPs can be presented as:
8 min(n,m)
SDLn(q) SDLm(q) = g Z Kn,m,i SDLn+m72i(q)v
i=0
)
where
e(n—i+1s(m—i+1)s(m+n—i+i)s

Kpmi = ;
” (m+n—2i+1),

)

andc = (2m +2n — 4i +5)(i + 1)s.

Proof.From [23], the product of two Ultraspherical
polynomials is

CO@C (@) = Y. LmnsChinoia), (18)
i=0
where
I ~omAn A4 =2 (V);(V)m—i(V)n—i
T et n v —i il(m — i) (n — i)
(20)mtn—i (m+n — 2i)!
(U)m-i—n—i (2U)m+n—2i ,
Since )
LoD el w), (19)
q
d2c(v)
‘5&32 @ 4o(v +1)C ) (). (20)

and using the relation between Ultraspherical
polynomials and Legendre polynomials as:

2 (q) = £.(q), @1

Thus:

5 1
i (a) = 5 P Lu(a). 22)

Using relation (18) and relation (22), the required relation
will be obtained.

Lemma 2.The integrations of SDLPs multiplied by q, q°
and q* are determined by:
1
s (M +2)(n+3
| aPratada = @ - -y g

-1

23)
[ @ L@ = (1= (-
) (24)
[ @ L@ = - o)
) (25)

Proof.Use Egs. (5), (6), and (14) to get the desired
relations.

Lemma 3.The integration of the product of two SDLPs
given by:

1
s s 8
i=0

-1 (26)
1
S (r+2)(r+3)[1 - (1)1,
where r = n+m — 21, and K, , ; as in Eq. (17).
Proof.From Eq. (17):
1 min(n,m)
/ éDLn(q) éDLm(q)dq = 3_7T Z Kn,m,i
-1 i=0 (27)

1
/ SDLnerfQi(q)dqa

—1
Using the definition of the SDLPs (8) and the
boundaries (5) and (6):

1
P L) = (€ @m-2isal
1 . .
= §(n+m—22+2)(n+m—21+3)—
(—1)ntm=2it1

2
(n+m-—2i+2)(n+m—2i+3)

[1 o (71)n+m72i+1]7

(n+m—2i+2)(n+m—2i+3)

DN =

(28)
Thus the proof is completed.

Theorem 1.The integration of two SDLPs multiplied by
q% — q can be presented as:

min(n,m)

1
8
sD sD *
[T E P @i =g 3 K

-1

(1 +2)(+3) 3] 1],
(29)
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wherel = n+m—2i, K, m; asin Eq. (17), and w*(q) =
2
q°—q.

Proof.From Eq. (17):

mzn(n m)

Z Knmz

1
/_1 SDLn+m—2i(Q)7~U*(Q)dCI-
(30)

[ L) P L

The proof will be completed using Eqs. (23) and (24),

Now, the mathematical relationships and integrations are
ready for us to apply the Tau method easily.

4 Second Legendre derivatives Tau Method
(SDLP-TM)

This section will introduce the technique of finding the
approximate solution of IVP and BVP using SDLPs via
the Tau method.

Consider the linear/nonlinear ordinary differential
equation:

£ (@™ (@), o1 (@D (@),

€19
(@) (a), o (@)u(a), w(a)) =0,

where —1 < g < 1, subject to the initial and boundary
conditions:

u(—1) = ao,
u'(—1) = ay,

u(1) = Bo,
U/(l) = B,
(32)

u(s)(*l) = s, u™ ( ) Brs
such that {«a;}§ and {8}, are constants, u(q), p;(q) are

real valued functions. The required solution will be
approximated by:

u(@) = un(q) = Y Ai *PLi(q)
=0

where A; are constant.
Egs. (15),(16) can be used to represent the derivatives
of the unknown function u(q) as follows:

(33)

n i—m

=33 ARGV P Li(q).

1=0 k=0

dmun

(34)

At m = 0: the equation (34) will be equivalent to equation
(33). Substituting from Eq. (34) into the BVP (31-32) to

i—m

get the residual:
Z Al m) SDL (q) )

Rn = f <:um(q)
=0 k=0

n i—m—4+1

(@S ARGV P Ly(q), -

=0 k=0 (35)
Q)Y Ai*PLi(a), u(a) | =0,
1=0
with initial/boundary condition:

5> S A0+ 1)a = o,
5=0
> s Ai(i+1)a = Bo,
1=0
n 1—1
Y Y ELARD (k4 1) = ay,
i=0k=0
> ARG (k+1)s =B, (36)
1=0 k=0
> iR (k+ 1)1 = a,
i=0 k=0
S ARG (k+1)4 = 6,
1=0 k=0

Then, by applying the Tau method to get the
integration:

1
/ R.*PLi(qw*(q)dq, k=0,1,2,...,n—m,

(37)
where w*(q) = q% — q is the appreciate weight function.
Egs. (36) with Egs. (37) generate an algebraic equations
system for unknown coefficients A,,. Consequently, we
will solve this system to get the approximate solution of
ODEs.

The steps of the solution will be summarized in
Algorithm (1). This Algorithm helps the reader to code
the approximation methods easily with any suitable
software.

The following two subsections will explicitly express
the Lane-Emden and Riccati Equations’ algebraic systems.

4.1 Riccati Equation via SDLP-TM

Theorem 2.Consider the following Riccati equation:

u'(q) = P(q) + Y(q)u(q) + Z(q)u’(q), 0<q<1.

(38)
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Algorithm 1 Steps for solving ODE via SDLP-TM

Step 1: Input n € N.

Step 2: Expand the dependent variable of the BVP using the
spectral expansion (33).

Step 3: Shift the independent variable to [-1,1].

Step 4: Construct the operational matrix (Eq. (15)).

Step 5: Expand the BVP as depicted in Eqgs. (35) and (36).
Step 6: Apply Tau method’s integration Eq. (37) to get the
algebraic system of the unknowns A;.

Step 7: Solve the previous system to obtain A;.

Step 8: Substitute into the spectral expansion, step (2), by A;,
step (7), to get the approximated solution of the BVP.

So, the unknown coefficient A; for the Riccati equation’s
algebraic system:

min(r,k)

Z A; %(I)Krk ler,k,sl

1
=0 r=0 s1=0

t1 e1+1
- § § pelFel,01Q201—e1,k,1
€1 =0 0171

ta  ea+1min(hy,k

n
Z Z Z Z Alyez 62,02Kh1,k sthl,k S2

1=0 e2=005=1 s2=0

n i—

ts es+1min(j,k) min(ha,hs)

977‘2 Z Z Z Z Z AiAjZestiz,Og

i=0 j=0e3=003=1 53=0 s4=0

Kj7k753 Kh27h3154Qh2,h3754 )
(39)

where

hl :Z.+2027€272,

ho =1 —e3+ 203 — 2,

hg = j + k— 253,

F, m asin Eq. (14),

Kpm,iasinEq. (17),

Qnoms = ((=1)"T"25[(n +m — 25+ 2)(n + m — 2s

+3) =3 - 1),
P(q) = Zpel

61—

V(@)= 3 pead®

€2 =0

t3
Z(q) = 3 7,9,
63:O
Derr Yeq aNd zeq are constants.

Proof.Using Egs. (33), (34), we obtain the residual:

n 1—1 t
Ry=23 3 ARY L)~ Y pa
1=0 r=0 e1=0
n tz
o e sDy .
gggihqwh L@ (40)

n n t3
=200 D Ay, P Lia) “PLj(a),
i=0 j=0 e3=0
—l<g<l

By applying relation (37) with the aid of relations (14),
(17), and (29), the proof will be completed.

4.2 Lane-Emden Equation via SDLP-TM

Similar to the previous subsection, an algebraic system for
the spectral’s coefficients of the Lane-Emden equation will
be introduced.

Theorem 3.Consider  the Lane-Emden

equation:

following

qu’(q) + au'(q) + Bqu(q) = U (q,u(q)),  (41)

where 0 < q < X.

Then, the Lane-Emden equation’s algebraic system for
the unknown coefficient A; will be:

i— 2 min(t,k)

n 2
ZZZ Z A§R F1J1Ktk:51th:51

107‘0]11810

n  i—1 min(r,k)

xS S A K

=0 r=0 s2=0
n 2 min(p,k)

XQﬁZZ Z AFl]g p,ksde,ksd_’yVVv

1=0 j2=0 s3=0

42)
where
«, B, and vy are constants,
t=r + 2]1 — 3,
p = l + 2_72 - 37

U(q,u(q)) is a real-valued function,
1 s *
W= [2, X**PL(q)U(q, u(q))w* (q)da,
F, m asin Eq. (14),
Ky m,iasinEq. (17),
Qum,s = (=)= [(n + m — 25+ 2)(n +m — 2s
+3)—3]—-1).

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

442

M. Abdelhakem et al.: Second Legendre derivatives Tau Method...

Proof.Using Eqgs. (33) and (34), the residual of the shifted
Lane-Emden equation will be:

n t—2
R =44>_ Y ARE PL,(q)
=0 r=0
n i—1

+2Xa Y S AR PL(q)

=0 r=0 (43)
+X%89)  Ai*PLi(q)

=0
- XQ’}/U(C[, U(q)),

where —1 < q < 1.
By applying relation (37) and using relations (14),
(17), and (29), the required result will be proved.

In the next section, the error analysis and convergence
will study the proposed method’s accuracy. Moreover, we
will investigate the global errors of the Lane-Emden and
the Recatti equations.

S Error Analysis

The following definition and theorems are necessary to
discuss error analysis and convergence.

Definition 1.Lipschitz Condition: [24] Let u(q) be
piecewise continuous in q, and defined on [a, ], then u(q)
is said to satisfy a Lipschitz condition on |a,b] if there
exists a constant ¢ > 0 such that:

[lu(a) = w(@)|| < ¢lla - all,vq € [a, ],
where ( is called the Lipschitz constant.

Theorem 4. [16] If |uP)(q)| < M, that can be spectrally
expanded, as presented in Eq. (33), in terms of SDLPs.

Then:
p+2

2
|A|< —M, Vi>2. (44)

Theorem 5. [16] Let u(q) be any continuous function that
satisfies the previous theorem, then :

mm>—uam|so(l)p3

n

(45)

Corollary 1.Let u(q) be any continuous function that
satisfies Theorems (4), (5), then:

D@ - 50 (). @0
') - @50 (). @)
il - 2@l 0 ). 6

Theorem 6.Consider the function wu(q) that satisfies
Theorems (4), (5) and let U(q;u) satisfies Lipschitz
condition (1) for the variable u with constant (, then the
global error of:

i)The Lane-Emden equation
qu”(q) +aw(q)+5qu(q)
will be O (ﬁ ,

ii)The Ricatti equation
u'(q) = P(a) +Y(a) u(a) + Z(q) v*(a),
will be O (npl,e,

Proof.Lane-Emden equation and its residual in the shifted
domain —1 < q < 1 will be:

4qu” + 2X o’ + X2Bqu —

=7U(qu)0<qg<X,

;0<qg<1,

X*U(q;u) = 0. (49)

4qu’ + 2X au!, + X2Bqu, — X2yU(q;u,) ~ 0. (50)
So the global error takes the form:
=4q (v (q) — uy (9))

+2Xa (u'(q) — uy,(a))

+ X289 (u(q) — un(q))

— X%y (U(q;un) — Ulasw))| -
Since U satisfies Lipschitz condition, |q| < 1, and by

corollary (1):
<40 ! +2X a0 !
|en| ~ np—8 np—6

X640 ()

1
s0(=)-

Similar procedures can prove the global error of the
Ricatti equation.

|en]

(51

(52)

2u'(q) — P(q) = Y(q) u(q) — Z(q) u®(q) = 0. (53)
2uy,(q) — P(q) — Y (@)un(q) — Z(q) up(q) = 0. (54)
Then:
len] =12 (u'(q) — un(a)) — Y(a) (u(q) — un(a))
55
~Z(q) (u*(q) —up(a))]- 6
Consequently:
i220(L) o (1)
-0 <nP1—4> (56)

1
<o)

In the next section, the introduced method SDLP-TM
will be applied. Several tables and figures will be
presented to prove the accuracy and efficiency of the
method compared with the other methods.
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6 Numerical Examples

In the present section, we will find approximate solutions
for the Lane-Emden and Riccati equations by applying
SDLP-TM. Consequently, the SDLP-TM’s accuracy,
efficiency, and stability have been shown.

Example 1.Consider the standard nonlinear Lane-Emden
equation [16,25-28]:

2
u”(q) + au’(q) +u'(q) =0, 0 <t <5, (57)

where initial conditions are «(0) = 1 and «/(0) = 0. The
Lane-Emden equation has physical importance for the
value of g with u(q) = 0 and for t = 0, 1.

The first case at t = 0, q € (0,2.5) with the exact
solution is u(q) = 1 — %i, Shifting q from (0,2.5) to the
domain [-1,1], and applying the explicit form of the Lane-
Emden equation using SDLP-TM (42):

i— 2 min(t,k)

2 2
Z Z Z Z A §R F17j1 Kt,k,sl Qt,k,sl

10T0]11510

i—1 min(r,k)

Z Z A; %(I)Kr k,s2 Qr,k,SQ

=0 r=0 s9=0

Ct-’J|OO
RS

2 min(p,k)

2
g Z Z Z AiF17j2KP7k753Qp,k,53 =0.

i=0 jo=0 s3=0
Consequently, we will get the system:

340 — 1541 + 454, = 1,
154, — 10545 = 0, (58)
—2404; + 67245 = 5.

Then: Ag = 252, A =
us(q) = & — F2q— 524°%,

forq e (-
The second case at t = 1, and the exact solution is
u(q) = %& Table (1) shows the point-absolute error

(point-AE) compared with the methods in [16,27,28].

144, and Ay = 1008 Finally,
which equals the exact solution

Example 2.Consider the following nonlinear Riccati
equation:

u'(q) —u?(q) =1,

with the initial condition u(0) = 0, and the exact smooth
solution:

0<q<1,

u(q) = tang.

The explicit form of the Riccati Eq. (39) will be used.
Table (2) shows the efficiency of the presented method
compared with [29, 30]. While Fig. (1) illustrates the
stability of the SDLP-TM.

Table 1: The point-AE of Example 1 for t = 1.

q [27] [28] [16] SDLP-TM
n=16 | n=10 | n=12 | n=10 | n =12
0.1 | 6.2e-13 | 8.8e-13 | 3.3e-16 | 3.3e-16 | 1.le-16
0.2 - 2.8e-12 | 1.1e-16 | 7.8e-16 | 1.le-16
0.3 - 7.9e-13 | 2.2e-16 | 1.6e-15 0
0.4 - 5.1e-12 | 2.2e-16 | 5.4e-15 0
0.5 | 5.8e-13 | 1.0e-11 | 3.3e-16 | 1.7e-14 | 1.le-16
0.6 - 9.6e-12 | 2.2e-16 | 2.5e-14 | 1.le-16
0.7 - 3.4e-12 | 3.3e-16 | 2.1e-14 0
0.8 - 5.3e-12 | 3.3e-16 | l.4e-14 0
0.9 | 4.6e-13 | 1.2e-11 | 3.3e-16 | 7.4e-15 | l.le-16
Table 2: The point-AE for Example 2.
q [29] [30] SDLP-TM
n=14 | n=15 | n=15 | n=25
0 0 0 1.6e-16 | 3.5e-17
0.1 | 6.8e-10 | 8.2e-10 | 7.8e-11 | 4.2e-17
0.2 | 6.0e-10 | 1.1e-07 | 5.2e-12 | 1.7e-16
0.3 | 1.3e-09 | 1.9e-06 | 5.2e-10 | 8.3e-16
04 | 1.3e-10 | 1.6e-05 | 2.0e-09 | 2.0e-15
0.5 | 7.4e-10 | 8.1e-05 | 3.7e-09 | 8.1le-15
0.6 | 2.7e-09 | 3.3e-04 | 3.9e-09 | 5.6e-15
0.7 | 2.6e-09 | 1.1e-03 | 5.6-09 | 9.9e-15
0.8 | 2.6e-09 | 3.5e-03 | 9.0e-09 | 1.3e-14
0.9 | 85e-10 | 1.1e-03 1.2-08 3.9-14
1.0 | 1.2e-09 | 2.8¢-03 | 1.4e-08 | 1.5e-13
of
: ol
LN
-10?
5 10 15

n

Fig. 1: Log-error for Example 2.

Example 3.Consider the following nonlinear Riccati
equation [29,31]:

u'(q) +u?(q) =1,

with the initial condition u(0) = 0. The exact solution of
that equation is u(q) = tanhgq. The efficiency and
accuracy of the proposed method have been shown in
Table (3). Fig. (2) presents the stability of the
approximate solution.

0<q<1, (59)
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Table 3: The point-AE Example 3.

q [31] [29] [32] [33] SDLP-TM
0.2 | 3.4e-11 | 5.0e-11 | 2.0e-11 | 1.7e-05 1.4e-16
04 | 2.9e-11 | 5.3e-11 | 5.0e-11 | 1.4e-05 1.7e-16
0.6 | 2.4e-11 | 1.0e-11 | 1.4e-10 | 1.3e-05 0
0.8 | 1.8e-11 | 3.0e-11 | 3.0e-11 | 8.9e-06 2.2e-16

1 1.5e-11 | 1.0e-11 | 2.0e-11 | 7.8e-06 1.1e-16

0 ET |
5L i

“i I
= -10 B
_15: 4
é 1‘0 1‘5 2‘0

Fig. 2: Log-error for Example 3.

Example 4.Consider the following nonlinear Riccati
equation [34]:

(60)

with the exact solution:

u(q) = 1+ V2tanh(} log(Y2=1) + v/2q). Table (4)
shows the efficiency of the presented method compared
with other methods.

7 Conclusions

This study presented a highly effective strategy that
employs the second derivative of Legendre (SDLPs) as
basis functions. Those novel basis functions have been
used via the Tau method (SDLP-TM) to approximate
solutions for linear and nonlinear ordinary differential
equations. A linearization relation for the SDLPs has been
investigated and proved. Additionally, some important
integrations have been introduced. The established
relations and integration have been used to utilize the Tau
method’s integration. These procedures are used to
construct explicit algebraic systems for the Land-Emden
and Riccati equations. Then, an algorithm for the
presented method is created. Also, the converge and error
analysis of the proposed technique are well covered, and
the global upper bounds of the errors for the discussed
problems have been determined. Finally, the SDLP-TM’s
accuracy, efficiency, and stability have been demonstrated
numerically.
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