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Abstract: In this paper, we study the blow up criterion of the smooth solutions to the three-dimensional incompressible nematic liquid
crystal flows in terms of l; in the multiplier space X; and Vd in BMO. It is shown that the solution (u,d) can be extended beyond

t=Tif
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1 Introduction

In this paper, we consider the initial value problem of
incompressible nematic liquid crystals in R3 (see [1]) :

ou—Au+ (u-Viu+Vrn=-V-(Vdo Vd),
di+ (u-V)d = Ad+|Vd|*d (1)
V.u=0,
with initial data
u(x,0) = uo(x), d(x,0) =do(x), 2)

where u = u(x,1) is the velocity field of the flow, d = d(x,t)
represents the macroscopic molecular orientation and 7 is
the pressure.

Here the 3 x 3 matrix Vd ® Vd is given by
(Vd© Vd);j = did-d;jd (for 1 <i,j <3)and hence

|val*

V-(Vd@Vd)zV( ) +AdVd 3)
using the formula a x (b x ¢) = (a-c)b— (a-b)c, and the
fact that |d| = 1 implies that dAd = — |Vd|*, where “x”
denotes the vector cross product in R3.

In [1], Huang and Wang proved that if ug € H*(R3,R?)
with V-ug = 0 and dy € H(R3,S?) for s > 3, then there
is Ty > 0 which depends only on ||ug || ;s and ||do]| ys+1 such

that (1)-(2) has a unique smooth solution (u,d) in R? x
[O, To) with

ueC'([0,TH ! (R?))NC((0, T]: HY (RY),
{d e ([0, T H (R, $)) nC([0, T H ! (R?,§2)),

for 0 < T < Tp. But, it is still open to prove whether the
local solution is global or not.

In a series of works [2,3,4,5,6], Neustupa-Penel
obtained regularity criteria via only the middle eigenvalue
A, of the strain (deformation) tensor

“

2

while the deformation tensor def # has components

dﬁf o 1 8u,~ 8u,~
(defu)j =Si;= 5 (8xj + Tx:

A = max {0, € LP(O,T:L4RY) g > 2>, >+ 2 =2 (5)
qg P

) ’ 1 S la] S 37
where for § € R3%3

3
NEIO WSS
ij=1
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Recently, Miller [7] obtained another proof of (5).
Later, Wu [8,9] extended (5) to the anisotropic Lebesgue
spaces in the 3D double-diffusive convection equations.

Inspired by [7,2], we establish a blow-up criterion
which impose conditions only on A" in terms of the norm
in multiplier X; space and Vd in terms of the BMO-norm.
We will prove the following.

Theorem 1.Assume that (ug,dy) € H*(R3) x H*(R?) with
V-ug =0 in R? in the sense of distribution. Let (u,d) be a
local smooth solution to (1)-(2) on [0,T). If

r (A Gl
/0 (ln(e+IIVu(-,t)le)Jr

then (u,d) remains smooth on [0, T]. In other words, if the
solution blows up att =T, then

T (1A ol
/0 <ln(e+||Vu(-7t)lxl)+

where the space X is the multiplier space.

||Vd(7t)||123M0 dt < oo
In(e +[IVd(-,1)| pp0) 7

V(im0 40— o
In(e +[|Vd(-,1)[| gp0) 7

2 Preliminaries

2.1 Definitions of BMO and X,

Let ¢4 denotes the standard heat semigroup defined by

2
=G« f, Gi(x) = (4m)‘% exp(—%), t>0,xe ]R3,

where the symbol * is the convolution. Let . = . (R?)
denotes the Schwartz class. The divergence is denoted also
by V-, for example, V- F for a tensor F = (Fj;); j=1,23 is

d
():j 8jFl-j)i:17273, where d; = 3
A measurable function f is in BMO if

1
171l zpo = sup sup

YAy Y) — fBer)| 4V,
wer3R>0 B, R)| JB(x.R) 70) Ta ’R)|

I

denotes the ball in R? of radius R and centered at x € R3.
By the Carleson measure characterization of BMO, a
tempered distribution f is in BMO if

where  fpr) = Here B(x,R)

1
b © ’v Al ‘zd d 2
= sup su e 1 < oo,
Hf”BMO xg]}gR>% |B(X,R)| -/B(X,R) /0 f(y) y

The Carleson measure characterization due to Strichartz
[13] leads us the equivalent norms:

1
1 R zde
= sups R —d < oo,
11l azo x;lgRl;% (B()gR) /B(x,R)/o ‘e f(y)) P

This is equivalent to the standard definition (see [10]).
The multiplier space X, [11,12] for 0 < r < 3/2is

X, ={fell, :VgeH fgel®}

where H" is the completion of the space D(RY) with
respect to the norm

lellpr = I (=4)"%g ]2 = I11EI"4(E)]| 2-

The norm of X, is given by

1fllx, = sup [Ifgll.z -

llgllzr<1

2.2 Some Lemmas

We need also the following lemmas established in [7].

Lemma 1.For all o € ]—3, %[ and for all u divergence
free in the sense that & - u(&) = 0 almost everywhere,

1

1
2 2 2 2
1177 = 1Al 77 = 5 @ llga = 5 Jullpaer - (6)

Lemma 2.Suppose

S € L2([0,T);H (R?)) N L*([0,T];L*(R?)) be a strong
solution of (1) on R x (0,T) and let Ay < Ay < A3 be the
eigenvalues of the strain tensor S associated to the
classical solution u. Letting

A5 = max{4,,0}.

Then, the following inequality holds

—det(S) <

1
<5187

2.3 Reformulation of the original equation (1),

We first define some matrices. The gradient tensor is given
by

_ u;

h 8xi ’

where i, j = 1,2,3. The vorticity is given by @ =V x u,
which is related to

1 8uj du;
Aiji 5 ((9)6,' - 8x,~)’

(V@u)i

by
1 0 0w —0n
A=—-| -3 0 . @)
2 o —o 0

Then, obviously we have V@ u = S+ A.
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2
Thanks to (3) and V x V (%) = 0, the evolution
equation for vorticity is

G0—A0+ (u-VYo=So—V x(Ad-Vd). (8)

Now we define a differential operator that maps a vector
to the symmetric part of its gradient tensor :

1 /dv;, v
v == = - ).
Sym(v)l] 2 <8x,~ + 8va)
Note that S = Vymit = Veym(—A) 71V x ©. We apply Vym
to (1)1, we find

|Val*

;S —AS+Veym((u- V) u) +Hess(p+ 5

) = Vaym(Ad - Vd).

©
We have

Vym((u-V)u)

3 duj  du;
; ( (axl “5)
Z duy, auj Jduy Ju;

dx; axk axj dxp )’

We see from our definitions of S and A that

duy  du duy  du;j
2 — k L (e i}
i Z’ (8x, +8xk) (axj+8xk)

B li 8uk8uk+auk% du; duy  du; du; (10)
B S\ dx; dx;  dx; dxg dxg dx; I Ixg
and
Agj:li(auk,a”l‘) (2w
4=\ dx Ix dx;  Ox;
_ Ly (O du;  dug g Owi duj O dwi) ),
B dx; dx;  dx; dxj  Oxx dx  Odxy dx;
By combmmg (10) with (11), we obtain
Juy du;  Jdu; duy
%4+ A% = = 2R
i T4 Z <8xl dxy, + dxy Ox;
Therefore
Vsym((u : V) M) = (H : V)S+ SZ+A2.
We have | !
A?=- — — || L.
{0@0) 0P
Hence

S —AS+ (u-V)S+8>+ (w@w)——|w| L (12)

IVdI2
+ Hess(p + T) = Vim(Ad-Vd). (13)
From (7), Aw = 0, therefore
So=(S+A)o=(0-V)u.

3 Proof of Theorem 1

Suppose that [0,7*) is the maximal interval on which the
local smooth solution exists. For 7" < T, we will show
that

lim sup (llAu(ut)lliz + HVM('J)'@) <%
t—T*

under the assumption (22). Thus, [0,7*) cannot be
maximal, which conflicts with the definition of 7*.

Step 1. We mutiply (1); by u and integrate by parts,
weuse 3)and V-u=0

S Ml )2+ Va0l =— | Vd-Ad-udx, (14)
R3

We multiply (1), by —Ad and integrate, we use |d| =1,
A(|ld]*) =0and |Vd|* = —d - Ad

S S IVACE:+ 1AdC I — [ (- V)a-adas

—/3|Vd|2d-Addx
JIR’

/3 d-Ad?dx < /3 Ad|? dx. (15)
R R
Summing up (14) and (15)

1d

S 1) 2+ V(e

)Iz2) + IVu(-,0)|l72 < 0. (16)

Integrating (16) in time gives

IVd(-, )7 + (-, 1)1 72

+/ [|Vuu(-,

forall 0 <t < oo,
Taking the L? inner product of (8) with @, we have

7)|72d7 < | Vdo|[72 + lluoll72 (17

— (40,0)+ =L o015 + (V) 0,0)

2dt
=(Vd-Ad,V x 0)+ (S0, ). (18)
We integrate by parts, we get
d
(07 +2Vo( 1)} =2(5. 0@ 0) +2(Vd-Ad,Au),

19)
using Vx 0=V x(Vxu)=—Au+VV-u=—Au and
the divergence free condition.

From Lemma 1 with @ = 0 and (19), it follows that

d

7 ISC,0)lI72 +2[IVSC 1)l = (S, 0® @)+ (Vd - Ad, Au),
which yields

——\S \2+%ws t\zflSw w+l<Vd Ad,A
3 77 ISl + 3 IVSC0l =3 (S0 0)+7 ;Au).

(20)
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Now, taking the L? inner product of (13) with S, we deduce
that

1d
S ISCDI + (~45,5) + (55)

1
Z<|0’|213,S>

| |2),S>+<Vsym(Vd~Ad),S>.

+%<(a)®a)),5>

—((u-V)S,S) +

vd
- <Hess(p+ 5

By using the following identities

(l15)
= [ loP (Z Sij ,]>dx/ |02 tr(S)dx = 0

i,j=1
(s%.5)

/R . tr(S%)dx

(- V)$,8) =0,

and

2 (Vym(Ad-Vd),S) =2(V® (Ad-Vd),S)
= (Ad -Vd,—2div(S))
= (Ad-Vd,—2div(Veymu))
= (Ad-Vd,—Au—Vdiv(u))
= (Ad-Vd,—Au),

thus
2V 0) -+ 5 1S B +2 [1(s%)an
+%/(a)®w)~5dx

- /R}Ad-Vd-Audx,

which is equivalent to

2
3dt”( HL2+ IVS(0)llz2
= - /tr(S3 xf—/ (0® ) - Sdx
3 JRr3
2
- —/ Ad -Vd - Audbx. 1)
3 JRr3

From (20) and (21)
d
7 ISC0lE +20V8 ()l

4
:——/ tr(s3)dx+/ Ad-Vd - Audsx. (22)
3 R3 R3

We apply A to (1),, we dote the resulting equation
with Ad, we integrate by parts and use the divergence free
property, we use

I
/(u-VAd)-Addx:—/ (u-V)(|Ad|?)dx = 0,
R3 2 R3

we obtain

1d 2
[VAd(, )||L2+ ||Ad( M2

—/ (|Vd|*d) Addx/

:72/ Vu~VVd~Addx—/ Au-Vd-Addx
]R3 R3

)-Addx

+ /3 A(|Vd|*d)- Addx,
R
By adding (22) and (21), we find

d 2 2 2 2
E(HS('J)HLZ +1Ad|72) +2(IVS( 1) [lz2 + VA 72)

4 3
=5 [u(s )dx+/R}(Vd~Ad)~Audx 23)

+ /RSA(|Vd|2d)-Addxf/ﬂ.@A((u-V)d)-Addx
=N+ I+ IS+ Iy (24)

Moreover, we use tr(S) = V-u = 0 and the fact

A+ A2+ A3 =0, Lemma 2 and Young’s inequality
yield
4 3 4 3023V
I =—= | w(S)dx=—= (Al+/12+k)
3 JRr3 3
4
= 5 [ OF A8+ (= )

= 4/ 113,2(3,1 +)~2)dx =—4 / MArAzdx
JR3 JR3

— 4 [ desyax<2 [ [572fdx
R3 R3
< C|4 |y, ISll2 V5]l 2

1
< S IVSIE+C 1A |5, I (25)

with the aid of the following inequality

2
VAl < Clifllmo 1A 2

Owing to Young’s inequality, .#; can be estimated as
follows

fﬁ%:/}(Ad-Vd)-Audx—/A V)d) - Addx
R R’

3
=~ ¥ [ 2Vuavadad+wdddad)ds
i,k=1

) Z / VoV Adydx
i,k=1

< CllAd|fa || Vull2

< C||Vull 2 [IVAd| 12 VAl gpo

1 2 2 2
< 7 IVAd| + €IVl gy IS]72
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By using |d| = 1 and |Vd|" = —d - Ad, after
integration by parts, by using the Holder inequality, the
Young inequality, .#,; can be estimated as

Iy < /3A(|Vd|2d)-Addx‘: /3V(|Vd|2d)-VAddx‘
R R

< /g |Vd|2Vd-VAddx‘ + ‘/%dV(|Vd|2).VAddx’
R’ R’

< /%|Vd|2Vd(VAd)dx+ / (Vd)Ad~dVAddx‘
R‘

R3

< Clldadvd] . |[VAd]»
< C|IVdll s |Ad]|s | VAd] 2

IN

1 2 2 2
3 IVAd||;2 +C||Vd||;4 ||Ad]|}a
1 2
<3 [VAd||72 +Clld|| - [|Ad|l 2 (V| gpo IVAA]| 12
1 2 2 2
< 7 IVAd|2 +CllAd] 3 [|Vdllpyo
using

2
IVAllze < ClAfl 2 A1l -

By substituting the above estimates into (24), we
obtain

d 2 2 2 2
E(HAd”LZ HISC.0)ll2) + IVAd| 72 + VS 0)l72

2
< I8Nz + lAd (22 (14 Iy, + 1Vl 3m0)- (26)

Due to (22), one concludes that for € > 0, there exists T* <
T such that

IVd(-.0)Fmo
e+ [[Vd (1) 72)

dt < e.

r 14 ol
<\ In(e+||Vu(-,1)||g1)

For any ¢ € (T*,T], we denote

27

Z(t)= sup

Te[T* 1]

(I Dl + D)

It should be noted that the function Z(¢) is nondecreasing.
Applying the logarithmic Sobolev inequality, we get that

foranyr € [T*,T),

ISC.0l72 + [ Ad () 172 +/T; (IVSC,2)ll72 +[IVAd(, 7)72)dT

< (ISC.T)I72 +14d(,T*)172)

ol
WW&A%MHWMMMMHWWWW

X exp C/[ IVd (-, ) 3ar0
Jre In(e+[[Vd(-.7) | o)

. oGl
< C(T*)exp (C/r*<1n<e+|vt«<-:r>]|x,>

In(e+ HVd<'7T)HBM0))dT>
ln(e+|u(»,‘r)|Hg)d‘t>

2O
X exp <C/r eV s n(e + \|Vd(~,1:)\|Hz)dr>
[ 12 )5,

< (1) exp (c‘ 1n<e+|u<»,r>|,,z>dr>

S\ 2GR 1
o (e vy e e

2
cr 125 ol V(21240
< C(T")exp Jrs L e R LT PYv)
xIn(e+[lu-,7) 152 + 14 (- 7) 73 )de
2
125 2, 1Vd(, ) o

< Cew (C/ (ln<e+ Nt o) m<e+|w<-ﬁr>|m>> f”)

X{ sup 'n(€+|\u('~,f)|ﬁ,zHld(wf)lﬁﬂ)}

T*<t<t

< C(T")exp{Celn(e+ Z (1)}, (28)

where C(T*) depends on ||S(-,7%)||,2 and ||Ad(-,T*)]|,2.
We apply Gronwall’s inequality on (28) for [T*,1],
2 2
[Ad( 0|72 + IS¢ 0172
t
2 2
+ [ (IVAdC )l + VS Dl )de

S C(T*)(e+Z (1)

Step 2.

We apply A in (1);, then multiply the resulting
equation by u, and integrate by parts

1d
2 2
IV AuC0l + 55 AuC0):

:/ [AV-(Vd@Vd)]-Audx—/ A((u-V)u) - Audsx
R3 R3

- —/3A(Ad-Vd)-Audx—/}A((u-V)u)-Audx,(29)
R R
Take VA in (1),, then multiply by VAd, and integrate

1d 5 2
S IVAdC DI+ 4% 0)

12

:/.VA(|Vd|2d)~VAddxf/VA((u~V)d)-VAddx. (30)

© 2023 NSP
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Summing up (29) and (30), we get

1 d

57 UlAu(-r D7)
)l 1V AUl
= —/ A(Ad-Vd)-Audx—/ A((u-V)u)-Audx
R3 R3

+/ VA(|Vd|2d)~VAddx7/ VA((u-V)d) - VAddx

R3 R3
= N+ P+ I3+ s (32)

Use V-u =0 and integrate by parts, we bound J; as follows

= —/R3A((M-V)u)-Audx

O +1IvVAd(., (31)

+ ||A2d

= -2 Z/ dju;i0d;dju - Audx —

i,j=1
< C|lAullzs |[Vul 2

/g Au;oiu - Audx
=1/K

1 7
< Cl|Vull/, [|Vull 2 [[VAu]|

1 2 8 2
< g IVAul2 +Cl[Vull (Va2

where the identity [p3 u;d;Au- Audx = 0 and the following
Gagliardo-Nirenberg inequality are used

1 7
IV2ull o < ClIVullf [ VAl
It follows from Young inequality that
= A}V(Ad-Vd)-VAudx
< |[VAul 2 [IV(Ad-Va)| 2

< C|VAd-Vd+ad-Vd|}, + |VAu||Lz

< C(|VAd - Vd|3 + HAd~V2d||L2 )+ = |\VAu||}{2

< C||VAd||7: |IVd|z: +C|Ad||4 + 5 HVAulle

= C||A2d||§2 IIAdHZz HAdHL2 1]l

+C|\Ad|\ HAZdHL2 |VAuHLz

—HA2d||Lz+CHAdIILz+ IVAu|2,
where we have applied the following Gagliardo-Nirenberg

inequality

1 1 3
IV Al < ClIAll - |1Afllq » for g > 5.

In order to estimate the term _#3, recall that
1A°(fg) = fA%8ll e < C IV llza [|A° gl + 1A Il llg o)
for f,g € Wh? with 1 < p < eoand 1 < s < k such that
1 1 1
— =4 -,
P q r

1 <g<oo, 1<r<oo,

where [A*, flg=A%(fg) — fA*(g) and A = (fA)%.Using
the cancelation property (u-V)VAd-VAd = 0, one has

A3

- /Ra [VA(u-Vd) —u-VA(Vd)] - VAddx
|VA(u-Vd) —u-VAVd] o |VAd]|s
< C(||Vull 2 IVAd|| s + |Vl 4 [ VAUl 12) VA4 14

IN

1
< C|[Vul|2[1Ad]| 2

7 1 1
1 2
+ Clld| - 1Ad] 2 || A% \lAd|\£z+—\|VAM\|Lz

8 2
< C||Vul; llAd|: + HA +ClAd] + £ VAl

4 is simply bounded as

_ 2 o2
/4_/R}A(|Vd| d)-V?Addx
:/[2V(|Vd\2)Vd+A(|Vd|2)d+|Vd|2Ad]~V2Addx
= / [2V2dVdVd 4V (2V*dVd)d — dAdAd) - V? Addx
= /[Z(Vzdvzd+V3dVd)d72V2d(dAd) —d|Ad)?]-V*Addx
212 |v3 2 2 o2
g/[z(’v d‘ +‘V d’|Vd|)\d\+2‘V d’|Ad|+|d| |Ad]-V2Addx

<c(|[wdwal, + |7

C(IVAd| | Vdl| s +||v2a

1 1 1 |
B 2118 2 2 2
SCHAdHE2 Au LszHi“HAdHZZ A“d

3
+CllAd]|

1
<clad|+ < HA

Insert the above estimates into (32) and absorb the
dissipative terms,

d 2 2 2
_(HAM('vt)HL2 +IVAA(-,t1)||72) + (IVAu(-,1) |72
+ A% (1) 12

8 2 2
< C(|IVully +11Ad]Iz2) ([ Vull 72 + [ Ad]7).

which together with basic energy (17) yields

£)7
(33)

1)+ o) ) + ) s+

8 8 2 2
< C([[Vull2 +[[Ad] 2)([[Vullz2 +[|Ad]12)-
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Integrating the inequality (33) over (T*,1), we get
lae (o) 72+ Il o) s = (e, )z + 1 G ) g
< C./;(HW(',T)llgﬂL 1Ad(- 7)) (IVu(-, 7)ll3
+lAd(-,7)[3)de

< C/Tl (e+ 2 (0))*“(|Vu(-,7)l[72 + |Ad(-, 7)1 }2)dT

< Cle+ 2@ [ (1Vu ) + 0l )ae

< Cle+ Z(1))°Ce.

Hence, it follows that
Z(t)— Z(T*) < Cle+ Z(1))CC.

Now we choose € small enough such that 5Ce < 1 to
deduce that
e+ Z(t) <C(T7) < oo,

which implies

2 2
max (Jut- 2l +1dC. )1 )

< C(ug,do,u(T*),d(T*),T*,T) < oo.

Therefore, we get the boundedness of H? x H3-norm of
(u,d) for all + € [0,T]. The local existence results allow
us to extend (u,d) past time T. This achieves the proof of
Theorem 1.
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