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Abstract: We study the concept of strongly harmonically A-convex functions and some examples and properties of them. Here, we
develop few inequalities for this new class of functions, specifically these inequalities are: Hermite-Hadamard and Fejer. In addition,
we establish some applications of our results to special media of non zero and non negative real numbers.
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1 Introduction

In the last few years, many extensions and generalizations
have been studied for classical convexity, and the theory
of inequalities has made necessary contributions in
several fields of mathematics. An eminent subclass of
convex functions is that of strongly convex functions
established by B. T. Polyak [1] as follows: A function f is
said to be strongly convex if there exists a d > 0 such that

f(Bui+ (1 —B)ua)
<Bf(w)+ (1= B)f(uz) —dB (1= B)|us — o],

vV B e[o,1].

Strongly convex functions are broadly used in applied
economics, nonlinear optimization and many other
branches of pure and applied mathematics. Since strong
convexity is a nourishing of the concept of convexity,
some properties of strongly convex functions are just
stronger versions of known properties of convex
functions. For more detailed information on strongly
convex functions, see [2,3,4,5,6,7] and references
therein.

In [8], Shi and Wang introduced the concept of
harmonic set using the harmonic mean and which is used

in some branches of science as electric circuits. It was
defined as: A set [ = [aj,az] C R\ {0} is said to be
harmonic convex set if

uiuy a
— | €,
(tul +(1 —f)u2>
for all uj,uy € I and ¢ € [0, 1].
Also, with the use of weighted harmonic mean it s
possible to define the harmonic convex functions: a

function f: 7 C R — {0} — R is said to be harmonic
convex function on /, if

uiup
! (m) <tf(n)+(1=0f(), (1)

for all uj,up € I and ¢ € [0, 1].

In [9] and [10], Anderson et.al. and Iscan I. have
studied many properties of this kind of generalized
convex functions, also, Noor M.A. et.al. in [11,12,13,14]
have established the geometric significance and
characterization.

Our research are committed to the classical results
based to convex functions defined by Jaques Hadamard
[15] and Ch. Hermite [16].
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Preliminaries

Recently some articles have been published dealing with
the following definitions [11].

Definition 1.A set [ = [aj,a;] C R\ {0} is consider to be
harmonic convex set if

i el
tul—i—(l—t)uz ’

Y uy,us € Fandt € [0,1].
Definition 2.A function f : I C R —{0} — R is consider to

be harmonic convex function on I, if

ujuy
f(m) <tf(w)+ (1 =0)f(uw), (2

Yuy,uy € Fandt €[0,1].

A study of properties, geometric significance and
characterizations regarding this type of functions is given
in a publication of M.A. Noor et.al. [12].

Some others publications have been generalized the
Definition 2 (See [11,13,14])

Definition 3.A function f : I C R— {0} — R is consider t0

be harmonic s—convex function in the second sense on I,
for some s € (0,1] if

ujuy s s
f(m) <Of)+(1=0F ), G)

Yuy,uy € fandt € [0,1].
Definition 4.A function f : 1 C R — {0} — Riis consider to
be harmonic P—convex function on I, if

ujuyp
f<m) < flur) + f(u2), )

Yup,uy €fandt €[0,1].

Definition 5.A function f : I C R — {0} — Riis consider to
be harmonic MT —convex function on I, if

uiuy V91—t
f(tu1+(1t)u2) = 2/t )+

Yuj,uy €landt € [0, 1].

NG
21—t

f(u),
(5)

Definition 6(See [11]). A function f : [ C R — {0} — R is

consider to be harmonic tgs—convex function , if

uiuy
f<m) <t(L=0)(f(ur) + f(u2)),  (6)

Yuy,us €fandt €[0,1].

Definition 7(See [13]). Let h : [Q, I]cJ =R a
non-negative function. A function f : I CR—{0} — R is
consider to be harmonic h—convex function if

ujuy
! (m) <g(0)f(w) +h(1=1)f(w), (D)

Yuy,ur € fandt €[0,1].

The inequality of Hermite-Hadamard and others has
been established for all these types of generalized convex
functions, as we can referin [17,18,13].

About strongly harmonic convexity property of a
function it will be necessary to cite some basics.

Definition 8(See [19]). A function f :1 Cc R—{0} = R
is consider to be strongly harmonic convex function with
modulus d > 0 if

uiuy
! (W) <1 () + (1= () .

upuz

—dt(1—1)

Uy +uy

Yuy,uy € fandt €[0,1].

M.A Noor et.al. in [13] presented the following
definition.

Definition 9.4 function f : [ C R — {0} — R is consider
to be strongly generalized harmonic convex function with
modulus d > 0, for some s € [—1,1], if

uiuy s s
(Gt ) <700+ ) )

uiun

—dt(1—1)

Uy +uy
Yuy,ur € fandt €[0,1].

For our main results, we will require the following
Lemma, which is proved in [10].

Lemma 1.Let f : I: — R be a differentiable function on
int(I) and ay,ay € I with ay < ay. If f' € L(|ay,az)), then

fla)+flaa)  aar [ flx)
2 ay—ay Ja, X*
_aia(ay —ay) "
o 2

1 1 -2t y ayar
/0 (tay + (1 —t)al)Zf (ml +(1 t)az) a
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2 On strongly harmonic 2—convex functions

Now, we define the following definition.

Definition 10.Let i : [0, 1] — R be a non-negative function
with h # 0. The function f : Ry — R is consider to be
strongly harmonic h—convex with modulus d > 0 if

ujuyp
/ (ﬁ) < h(o)f () +h(1=0)f (1) N
2

upy—up

—dt(1—1)

uiuyp
YVuy,up € Ry andt € [0,1].

Remark.(D)If h(t) = ¢, then a strongly harmonically
h—convex functions is reduces to strongly harmonically
convex function [20].

@DIf h(t) = t* for some s € (0,1], then a strongly
harmonic h—convex functions is reduces to strongly
harmonic s—convex function in the second sense [19].

The following theorems are properties of the strongly
harmonic 2—convex functions.

Theorem 1.Consider h : [0,1] — R be a non-negative
function with h % 0. Let f1,g1 : Ry — R be two functions
and k > 0,

LIf f1,81 are strongly harmonic h—convex functions ,
then f1 + g1 is a strongly harmonic h—convex function
with modulus 2d.

2.1f f1 is strongly harmonic h—convex function, then k f
is a strongly harmonic h—convex function..

Proof.(1) Assume uj,up € Ry andt € [0,1],

e ()

— (2
= fi <¢u2+(1 _;)u1>
ujuy
e (m)
< h(t) fi(w) +h(1 =) fi(u2)
2
+h(t)g1(ur) +h(1 —1)g1(up) —2dt(1 — 1) M1x—yu2

=h(t)(fi+g1)(ur)

2
Uy —uz

+h(1 —1)(fi+g1)(up) —2de(1 —1)

upuz

Thus, fi; + g1 is strongly harmonic hA—convex function
with mo-dulus 2d.

(2) Assume uj,up € Ry andr € [0,1],

ujup
(kfi) (tu2+ (1 t)ul)
o uiuy
=kfi (tu2+ (1 t)ul)
< h(r)(kf1)(ur)

2
Fh(1— 1) (kfy) (ua) — dr(1 —1) |22

upuz

so, kf1 is a strongly harmonic A—convex functions with
modulus d .
Hence the proof is complete.

Theorem 2.Let h : [0,1] — R be a non-negative function
with h Z 0.If fi,f> : R — R are strongly harmonic
h—convex functions with modulus d > 0, then

f:=max{f1, f»} so is too.

Proof.Assume uy,u; € and ¢t € [0, 1]. Since f) and f, are
harmonic h—convex function and f := max{fj, >}, then

we have
upu
fl <tu2—|— (1 —t)ul)

< h(t)fi(ur) +h(1 —1)fi(ur)

2
uy—up
—dt(1—1) e
2
< h(e)f () +h(1 1) f () — dr(1 1) [ =2
uiuy

and

ujup
f <tu2—|— (1 —t)ul)
<h(t)fa(ur) +h(1—1)fo(u2)

2
—dl(l —l) Uy —up
ujuyp
2
< () f () +h(1 = 1) f(u) — dr (1 — ) | =2
uiuy

By the above we get
uiun
! <tu1 + (1 —l)uz)

_ upup Uiun
max{f] <tu2+ (1 —t)u1> J2 (tuz—i— (1 —t)u1>}

2
<h(0)Fur) +h(1— 1) f(u) —dr(1 —1) | —22

uruz

Thus, f is strongly harmonic A—convex functions. Hence
the proof is complete.
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Theorem 3.Let h : [0,1] — R be a non-negative function
with h 2 0. If f, : Ry — R is a sequence of strongly
harmonic h—convex functions with modulus d > 0,
converging pointwise to a function f on Ry, then f is
strongly harmonic h—convex function with modulus
d>0.

Proof-.Consider u;,uy € Ry and t € [0, 1]
ujuy
f <tu2+ (1 —I)Ltl)

. ujup
7r}glelofn <tu2+(1 —I)Ltl)
< lim [h(t) fu(ur) + h(1 —1) fo(u2)—

n—oo
21

2
uy—uz
uyu3

dl(] —t) w

uruz

— h()f (1) + h(1 =) f(12) — di (1 1)

Hence the proof is complete.

Theorem 4.Let f: R — R be a harmonic convex function
with f(uy) > uy, and g : R — R be a non-decreasing and
strongly harmonic h—convex function with modulus d > 0,
such that f (Ry) C Ry, then go f is a strongly harmonic
h—convex function.

Proof.Since f is a harmonic convex function we have, for

any uy,up, € Ry andt € [0,1], we obtain,

ujuy
! (m) <tf() + (1= 1)f (u2)

In addition, g is a non-decreasing function and is a strongly
harmonic convex function, therefore

s (G iim)

<g(tf(ur)+(1—1)f(u2))
< h(t)g(f(u1)) +h(1 —1)g(f(u2))
flun) = f) |
D )
h(t)(go f)(ur) +h(1 —1)(go f)(ua)
—di(1 1) |[H 2
uiuy

Thus, go f is a strongly harmonic ~—convex function.
Hence the proof is complete. 0O

3 Hermite-Hadamard type inequality

Theorem 5(Hermite-Hadamard type left-inequality).
Let h: [0,1] = R be a non-negative function with h % 0.

Let f: Ry — R be a strongly harmonic h—convex with
modulus d > 0. Then

f(2a1a2)<hl 2 2611612/ f
ay+ar ay—aj
d
12

,  (n

a —da

ajaz

Proof.Since Let f : Ry — R is a strongly harmonic
h—convex with modulus d > 0, then

2a1 +ay
(252)-
ar+ap

f 1 1 1

1
b ajas + b ajas
tay+(1—t)ay tay+(1—t)a;
apaz

sh(1/2>f(m
+h(1/2)f( 0

tay+ (1 —1t)a;

[
N— N —

8]

az —aj

—dt(1—1)

2[1](12

By integration over the interval [0, 1], it is obtained that
2(1102
<
f(al +02) B
1 ayrar
h(1/2 / — | dt
( / ){ 0 f<ta1+(1—t)a2)
1 ayar
(e
of(ta2+(1t)“l) }

a—ar|* !
S / t(1 —r)dt.
Jo

—d

2(1102

Since

1 ayar o 1 ajar
/o ! (ml (1 —t)a2> d */o ! <m2+ (i —t)a1> i

(12)
ajay [? f( )du
az—al ul !
and | |
/ t(1—1)dt=— (13)
0 6

then we get our desired result.

Theorem 6(Hermite-Hadamard type right-inequality).
Let h: [0,1] = R be a non-negative function with h 0.

© 2023 NSP
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Let f:R. — R be a strongly harmonic h—convex with
modulus d > 0. Then

ajay [ f(uy)
ay —ai Ja, ”l
< max { f(a)li(h)+ f(az2)la(h), f(az)I; (h)
d

2R

dul

2
az —dai

+f(ai)h(h

aaz

/lh(l—t)dt
0

Proof.Since f is a strongly harmonic A—convex function
for all uy,u; € R, then we have

uiuyp
! (tul +(1 t)l/lz)

where

- /0 h)dt and h(h) =

2
< () fn) +h(1 =) () —de(1 = 1) | =2
ujuy
In particular, if u; = a; and u» = a, then
ajap
2
< h(t)f(ar) +h(1 —1)f(ar) —de(1 — 1) | 2—LL
ajar

Integrating over r € [0, 1] it is obtained
'l a1az
——— | dt
/() ! (ta] + (1 l‘)az)
<f aq / ]’l
/ 1(1—1)dt
0

az —aj

—|—f(a2)/olh(1 —1)di—d

ayaz

Similarly

1 ayjar
/0 f<ta2+(1 —t)al) d

< flax) [ nioya

and
ayax flu
d < I
+/ ur < fla)h(h)
d a) —daq 2
L(h)——
+fa)h(h) - ¢ s
where

S| 'l
L(h) = / h(t)di and b(h) = / h(1 —1)dt.
0 0
Hence we easily deduced the desired result.

Corollary 1.Let f : Ry — R be a strongly harmonic
convex function with modulus d > 0. Then

2(1102
(@t
a)+ap
d ar —day 2 ayay an( )d
- u
12| ajap T ax—ay Ja ul !
cSla)+fla) dlar—a ?
- 2 6| ajap

(14)

Proof.Using Theorem 5 and Theorem 6 with the function
h(t) =1t, for all r € [0,1], then it is attained the desired
result. 0O

This last result coincides with Theorem 2.2 in [20].

Corollary 2.Let f : Ry — R be a strongly harmonic
s—convex function in the second sense. Then

_ 2a1a;
25 1
/ (a, +az)

— 2 A
L4 |e—a L 2f( )dul
12 ayjan a) —daq l
< Jlar) + f(a2) 7% w—a |
- s+ 1 6| aja

Proof.Using Theorem 5 and Theorem 6 with the function
h(t) =1, for all ¢ € [0,1] and some s € (0, 1] then it is
attained the desired result.

Corollary 3.Let f : Ry — R be a strongly harmonic
P—convex function. Then

1 2a1a2
1 2 2/
" ar —aj ay+ap
+f(a1)/ h(l1—1t)dt—d / t(1—1t)dt 5
Jo apaz 0 i ar —aj
As it was mentioned in (12) and (13) we can write 24| ma
alaz e f( )dlxll <f(a|)
ajay [ f(ur) T am—a; u?
du <f(a])I| (/’l)
artay o ui d|ay—a |’
e (h)_é ar—ar +f(az)*g Taray
2 6| aia (15)
© 2023 NSP
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Proof.Using Theorem 5 and Theorem 6 with the function
h(r) =1, for all 7 € [0, 1], then it is attained the desired
result.

Corollary 4.Let [ : Ry — R be a strongly harmonic
MT —convex function. Then

1 2ay1a;
o (ate)
ay+an
d a) —dap 2
24 ayan
ayaz

a2 f(uzl)dul

T ay—ay Ja uj

n(fla) +f(a2)) d

<V VIR
- 4 6

2
a) —dap

ayaz

Proof.Using Theorem 5 and Theorem 6 with the function
h(r) =1, for all ¢ € [0, 1], then it is attained the desired
result. 0O

Corollary 5.Let f: R — R be a harmonic tgs—harmonic
convex function. Then

2(1102 )
2
f(al—i—az
d a) —daq 2
6 ayar
a
< M@ zf(ul)du1

(@—a1) Jay  uf

fla)+f(az) d

< _Z
- 6 6

2
aj —da

apaz

Proof.Using Theorem 5 and Theorem 6 with the function
h(t) = t(1 —1), for all + € [0,1], then it is attained the
desired result. 0O

Corollary 6.Let f: R, — R be a generalized harmonic
tgs—harmonic convex function. Then

_ 2ay1a;
2] 2s
! (a] +02)

27254 ay —dai 2
3 ayan
< e B f(zl)dul
(Clz—al) aj ul
d a) —dap 2
< (fla) + f(a2)Bls +1s+1) — 2
ayay

where B(x,y) is the Beta function.

Proof.Using Theorem 5 and Theorem 6 with the function
h(r) = t5(1 —t)*, for all ¢ € [0,1], then it is attained the
desired result.

Remark.If in Corollaries 1-5 we make d = 0 it follows the
following results:

1.for harmonic convex functions

2(11(12 ayay a2 f(u])
f<a1+a2) = a) —ay -/al u% duy
fla1) + f(a2)

2

(16)
<

making coincidence with a result found in [10].
2.for harmonic s—convex function in the second sense

s—1 2a1a2
2 f(al +az)
@ f(L;')du,

T ap—ai Ja uy

o Jfla) + flaz)
- s+ 1

ajaz

A7)

making coincidence with a result presented in [21].
3.for P—harmonic convex functions

1 2ajas
Ef (a] +az)
“ f(ur)

Sty @ duy < f(ar) + f(a2)

ajar

(18)

making coincidence with Corollary 3.4 in [13].
4.for harmonic MT — convex functions

1 2(1102
Ef (Cll —l—az)
ay +
fiu%l)dul < ﬂ(f(a1)4 f(a2))

apaz

N ajz —day Ja;
5.for harmonic tgs— convex functions
2a1an ajay @2 f(u
; ( . 1) g,
ay+ay (a2 —ai1) Jay uj

< fla) +fla2)
- 6

(19)

6.for harmonic generalized harmonic #gs—functions

_ 2a1a;
21 2s < >
! a1 +ar
a2 f(ur)
T (—ar) Joy i

< (f(a1)+ f(a2))B(s+1,s+1).

apaz

du1

Now we discuss the right side of the
Hermite-Hadamard inequality for the product of two
strongly harmonic h—convex functions with modulus
d>0.

© 2023 NSP
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Theorem 7.Let f,g : [ — R* be two strongly harmonic
h—convex functions with modulus d > 0, ay,ay € I with
ay < ap. If fg € L([a1,a2]) then

ajay  [® f(ul)f(”')du,

(Clz —al) aj ul

SM(al,az)/Ol (h(1))2di

N(a1,a2) / Wh(1 —)di

where

M(ay,az) = f(ai)g(ar) + f(az2)g(a2),

N(ay,az) = f(a1)g(az) + f(az2)g(ar),

L(ay,a2) = f(a1) + f(a2) + g(a1) + g(az)

and B (-,-) is the Beta function.

Proof.Note that

~a
ajar 2f(u1)§(u1)dul
(a2 —a1) Ja, ]

[ o) )
N of ta;+ (1 —1t)ay & tar+ (1 —1t)ay

and since f and g are strongly harmonic h—convex
functions, we have

ajap
! (tal +(1 t)@)

2
<h(t)f(ar) +h(1 —1)f(az) —di(1 —1) aiu_ajz
and
ajar
(i)
2
< h(t)g(ar) +h(l —t)g(az) —dt(1 —1) %

SO

ayay ayaz
f (tal +(1 t)az) § (tm +(1 t)az)
< h(t)h(t)f(a1)g(ar)

+h(0)h(1 1) f(ar)g(az) — h(t) f(ar)dt(1 1) %
+h(1—1)h(r) f(a2)gar) + (1 —1)h(1 = 1) f(a2)g(a2)
—h(1 =) f(az)dr(1 )| D=2
ajar
2
—h(t)g(ay)dt(1—1) a-h
ajar
2
—h(1—1)g(az)dt(1 —1) a-h
ajan
+d2 (11?2 4
ajan

Integrating over ¢ € [0, 1]

[ ) (o)
of tay + (1 —t)a & tay+ (1 —1t)ay

< (lan)slan) + flaz)glan) [ (o)

F(an)glan) + a)gtan) [ B0
—(f(a1) +gla1) + f(a2)

a2
+glan))d |22 / 1(1—0)h(t)dt
ayay 0
a4
+a? |22 / (1 —1)%dr.
ayay 0

Letting ’

M(ay,az) = f(ar)g(ar) + f(a2)g(a2),

N(ai,az) = f(a1)g(a2) + f(az)g(ar)

and

L(ay,a2) = f(ay) + f(az) + g(a1) + g(az)

then we achieve with the desired result.

The following results are established with the use of
Lemmall .

Theorem 8.Consider f : I — R be a differentiable function
onint(l), aj,ar € I with a; < as, and f' € L([ay,a))). If

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

646 NS B

M. Vivas-Cortez: Integral Inequalities for generalized h1—convex functions

|F'|”,v > 1.is a strongly harmonic h—convex function then

‘f(a])Jrf(ag) (@ f(”;')dx‘

az —ajy Ja uj

< alaz(azfal) 1 l/u
X
- 2 u+1

{vmenw»wfwﬁvhm>

a)—a» 2 1/v
—d _— %(al,az)}
ayran
where l ho)
Il(h):/ i,
0 (tax+(1—1)ay)
1 _
B = [ My,
0 (tax+(1—1t)ay)™
and
1
‘g(al,ag) = WX

1
b372v 32
{2(2v25v+3)( @)

(4v=5) 2-2v 2-2v
o T G R ON ¢

Proof.Using Lemma 1, Holder’s inequality and the
strongly harmonic 2—convexity of | f’|” then we have

’f(al)Jrf(az)  aay @ f(“l)

(ar—ay) Ja, w2

du1

- ajax(ar —ay)

- 2
1-2
S TR
(tay+ (1 —1t)ay) tay + (1 —1)az

0102 1/u
< Qaln —a) {/ 11— 2" dt} x
1 q 1/v
U e (@t )
0 (taa+(1—t)a))™ tay+(1-1)a
<a]a2(aga])< 1 )l/ux
- 2 u+1

1 1
</0 (taz + (1 —t)a1)2V> '

b

{{molrar
2}dt}1/v

| —as

h(1—=1)|f(a2)]" —de(1—1) |2

- a]az(az—a]) 1 I/VX
n 2 u+1

N h(t)
{‘f (al)’ /0 (taz—i-(l—t)al)zvdt

, - h(1—1)
+l7(@)] /o (taer(lt)a])zvdt}

aaz

ar—ap 2/1 l‘(l*l‘) dl‘}l/v
ar+ax| Jo (tay+(1—1)a))* '
Letting
1 h(t
Il(h)z/ Y s=dt, , L(h)
0 (tax+(1—1)ay)
'] h(1—
= Cl) 5yt
0 (tax+(1—1t)ay)
and
Cg(a[,az
-1 a
ta2+ )
_ 1 372v 3-2v
~(w—a)? [ 202 5v+3)( a )
(4v— 2-2q _ 2-2v
T2 10y +6(a T T “2)

Hence we get the desired result.
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