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Abstract: The aim of this paper to introduce two incomplete first Appell hypergeometric matrix functions (IFAHMFs) y; and I by
means of the incomplete Pochhammer matrix symbols. Furthermore, there is a derivation of some results such as integral formula,
recursion formula, differentiation formula and finite summation formula of the IFAHMFs y; and I7.
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1 Introduction

In 2012, Srivastava et al. [1] introduced new incomplete
Pochhammer symbols and discussed many related
applications. Recently, Bansal et al. [2] established
certain incomplete X- functions and investigated some
properties of them. Several properties of the incomplete
multivariable hypergeometric functions have been
investigated in the recent papers [3,4,5,6,7,8].

The matrix theory is appearing in the field of
mathematical, physical and engineering. In recent years,
many researchers have introduced and investigated
several kind of special matrix functions [9,10,11,12,13].
Matrix analogue of the two variable Appell
hypergeometric functions are defined in [14,15,16]. The
incomplete  multivariable = hypergeometric = matrix
functions have been studied by many authors (see, e.g.,
[17,18,19]). Recursion formula, infinite summation
formula for the Srivastava’s triple hypergeometric matrix
functions H./, Hp and Hy are presented in [20]. Verma et
al. [21] have obtained some results of the Kampé de
Fefiet hypergeometric matrix function.

Throughout in this paper, let C*** be the complex
space of complex matrices of common order s. For any
matrix E € C, its spectrum V(E) is the family of
eigenvalues of E. Suppose that fi(z) and f>(z) are
holomorphic functions in ® an open set of the complex

plane and E € C*** with v(E) C O, then by means of the
properties of the matrix functional calculus [22], we get
fI(E)f2(E) = f2(E)fi(E). Moreover, let F be a matrix in
Co>s for which V(F) C 0, then
AE)(F) = f2(F)fi(E). A matrix E € C** is called
positive stable (In short, PS) if Re(t) > 0 for all
Te€o(E).
The Gamma matrix function I'(E) is given by [23]

F(E):/Ome_’tE_Idt; tE = exp((E—1I)Int), (1)

where E is a PS matrix in C***,
In addition, if E 4 dI is invertible for each integer d > 0,
hence the reciprocal gamma function [23] is stated as:

r'(E)=(E); I""(E+dI).

Here, (E), denotes the shifted factorial matrix function for
E € C°* stated as ([24]):

(E)y = {f(E—i—I)---(E—F(d—l)I), Zi(l).

I denotes the identity matrix in C**. If the matrix
E € C** is PS and d > 1, so by [23], one has
['(E) =limg_e(d — 1)I(E), 'dE.

* Corresponding author e-mail: ayed.h.aledamat@ahu.edu.jo

© 2023 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/amis/170311

430 NS E

A. Al e’damat et al.: Some properties of incomplete

The Gauss hypergeometric matrix function [24] is
stated as

i -1
2F(E,F;G;z1) = Z%Zﬂ 3)
d=0 :

for matrices E, F and G in C*** so that G+ d]I is invertible
for each integer d > 0 and |z;| < 1.

The incomplete gamma matrix functions y(E,x) and
I'(E,x) are respectively given as (see [17])

Y(E,x) = /0 CeiE gy “4)
and
[(E,x) = / e tE gy, )
x
The next decomposition identity
Y(E,x)+I'(E,x) = I'(E), (©)

is fulfilled. The incomplete Pochhammer matrix symbols
(E;x)q4 and [E; x|, are defined by (see [17])

(E;x)q =Y(E+dl,.x)I"'(E) @)
and
[E:x|ly =T (E+dl,x)["Y(E), (8)

where E and x denote the PS matrix and positive real
number, respectively. By using (6), we get the following
decomposition formula:

(E;x)g+ [E:x]g = (E)q, )

where (E), is the Pochhammer matrix symbol introduced
in (2).

The incomplete Gauss hypergeometric matrix functions
are given as (see [17])

oo

21 |(Esx) F3Gia| = ¥ (Ex)n(F)a(G),' 2L (10)
0 m!
and
L [[Esx). izt | = X [E:da(F)(G); ' L 1)

m=0

where E, F and G are matrices in C*% such that G + ky/
is invertible for each integer k| > 0.

Furthermore, the integral representation of the incomplete
Gauss hypergeometric matrix function I is stated as:

2N [[Esx],F;Gz1] = (/01 L [[E:x]; —zie]eF (1 *I)G’F”dt)

< (F)P (G- F)L(G), [a1] < 1,
(12)

where G, F and G — F are PS, GF = FG, and
11'(‘){[E;x];—;zlt} is the
hypergeometric matrix function of one numerator.

incomplete Gauss

The Bessel matrix function (see, e.g.,[25,26,27]) is
stated as:

)

(13)

where k;I + E is invertible for all integers k; > 0. Also, the
modified Bessel matrix functions are defined as follows
(see[27]):

Jp(z) = i (—1)" T~V ((m+1)I+E) (%I)mez

|
m>0 m:

—FEi 1 7[
Ig = e%JE(zleTE); —w<arg(z)) < >

2 Main Results
This section deals with the IFAHMFs 7y, and I as follows:
il [(E;X),F,F’;G;ZI ,w]}

. -1
_ (E’x)ml+m2 (F)ml (F/)m2 (G)ml+n12 Zmlwmz
My >0 mﬂmz! ! b

5)

L [[E;x],F,F’;G;ZhWJ

= LB Xmy 4y (F)my (F")imy (G);1|l+m2 T
my,mp >0 mi 'mz' 1 1 >
(16)

where E, F, F', G are PS matrices in C*** such that G+ k;
is invertible for every integer k; > 0 and z;, w; are complex
variables.

From (9), we get the following decomposition formula

N {(E;x),F,F’;G;m,m} +1; {[E;x],F,F';G;m,m}

— R |EFF5Gizw, (7)

where  F {E,F,F';G;z],wl} is the first
hypergeometric matrix function [16].

Appell

Remark.If we set z; =0 or wiy = 0 in (15) and (16), we
obtain the classical incomplete families of Gauss
hypergeometric matrix functions [17].

By means of the properties of ¥ [(E;x),F,F’;G;zl,wl ,

we can determine the properties of
I [[E;x] JF,F';G;z1, wl} using the decomposition
formula (17).
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Theorem 1.Let E, F, F' and G be matrices in C* such
that FG = GF,FF' = F'F and F'G = GF'. Then the
following function:

S =S (a1, w1) =n [(E:x), F,F': Gz, wi]
+1 [[E;x],F,F';G;Zl,WI}

meets the system of partial differential equations:

*T *T 07
1—z1)—=—5+(1— E+1

Zl( Zl) az% +( ZI)WI azla ( + )aZ]

lea—nywla—yFJra—yGfEﬂF:O,

(921 8w1 aZl

(18)

*T 2T 07

Wl(liw])8—w%+(17W])zl 710w, (E+I)8w1
07 pi 9T 1 0T -

(19)

Proof.The relation (17) succeeds into the following proof
conjoined with Fj [E,F,F’;G;zl,wl

fulfil the matrix differential equations given in [14, 15].

} which adequately

Theorem 2.Let E, F, F' and G be non commuting
matrices in C*% so that E and G are PS, then we have the
following integral representation:

H{[E;x]aFvF,§G§ZI;W1}
:Fil(E)[/ e "tE T Dy (FF; Gyt wit)de |, (20)
JX

where @, is Humbert’s hypergeometric matrix function
given by (see [28])

D, (F,F';G;z1,w1)

/ —1
_ Z (F)ml (F )n12 (G)m| +my Zr]nl ernQ ) (2])
my,my >0

mj !mz!

Proof.By substituting [E;X|m,+m, in (5) and (8) by its
integral representation in (16), we have

H[[E;x],F,F';G;zum}

— F*l(E) Z /weft tE+(ml+mz71)1dt)

Theorem 3.For matrices E, F, F' and G in C*** such that
FG=GF, FF' =F'F and F'G=GF', and F, F', G are
PS, we have the following integral representation:

I [[E:4],F, '3 Gizywi

= [/0 /0 eI [[EQX]§G;Z1t1 +wltz]tf*’t§
x T~YFYC~(F). (23)

LIdtl dtz}

ProofBy using the integral representation of the
Pochhammer matrix symbols (F),,, (F), in the definition
of (16), we get

n [[E'x] FF"G'z],w]]

/ / Thee E x]m1+mz

F—I,F'—I 1 (@)™ ()™
Xt 't (G)m1+m7w

m ,m7>0
dt]dtz]l"*' (F)L~\(F).
(24)
With the help of the summation formula [29]
)

Y fm = ) fm1+m2) S , (25)

M>0 my,my>0

Z+w

we get (23).

Theorem 4.For matrices E, F, F' and G in C*** such that
FG=GF, FF'=F'F andF’G: GF',and E, F, F', G
are PS, the following integral representation holds true:

n [[E;x],F,F’;G;Zl,Wl]

_ E) /N/m/me—s—tl—tstfl
0 Jx

th 15 IoF](—;G§Z1t1S+Wltzs)dtldtzds}
r~YFrY(r". (26)

Proof.By substituting [E;x] ;1 in (5) and (8) by its integral
representation in (23), we are led to the desired result (26).

Corollary 1.We have

0 [[E;x],F,F/;G-O-I;—Zl,—WI}

- Y A A E-§—1 P11
E)[/ / / e TR A
0 JO Jx

X (Z]l‘] +W]tz)igJG(2\/Z]l]S+W1t2S)dl‘1dl‘2dS

my ,my >0 Fﬁl(F)Ffl(F/)F(G%*I) 27
, 1 Zmn/vmz
X (F)'m (F )mz (G)m1+m2 m |m2| ’
—t,E— I 1 I | [E;x],F, F;G+1;z1,w
Z / ! m| (Fl)mz (G)m1+m2 ! [[ ] “ ]]
my iy >0 —1 E)[/'“/”/'“efsfr, E———Itf‘ It;‘ -1
) (mit)™ dr) (22) N
P : % (2111 +wit2)~ 2 Ig(2y/21t1s + witas)dtydtrds
Hence, the proof is completed. r='(F)r (F[(G+1), (28)
© 2023 NSP
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Theorem 5.For non commuting matrices E, F, F' and G
in C% such that E and G are PS, we have the following
recursion relation:

L {[E;X],FJrsl,F’;G;z;,wl}
ZH{[E;x],F,F’;G;m,m}
n
+11E[ZH [[E+1;x],F+k1,F’;G+1;z,,wlﬂG*‘.
k=1
(29)

Also, if F —kl is invertible for every integer k < n where n
is a non-negative integer, then

n [[E;x],F —sl,F’;G;zl,wl}
=L [[Ed, F.F oz w]
n—1
fz]E[ZF] {[EJrI;x],F—kI,F’;G;z],WIHG*'.
k=0 0,
Proof By using (20) and the following formula:
(F+ D= F(F)u(F -+ m),
we have
I {[E;x],FJrI,F';G;z],w]} =1 [[E;x],F,F';G;Zl,Wl]

+zlE[H[(E+I;x],F+I,F’;G+I;zl,w1]} G .
31

Now, applying (31) to the matrix function I; with the
matrix parameter F + 2/, we find that

I [[E;x],F 21 F'; Gz ,w,} =T [[E;x],F,F/;G;Zl ,Wl}

2
t2E [ Y L {[E+I;x],F—f—kI,F’;G—i—I;zl,leG’l.
k=1
(32)
Recursion formula (29) follows by repeating n-times the

process of result (31).
Again, replace F with F — I in (31) to get

L [E;x],F—I,F';G;m,WJ ZH[[E;x],F,F’;G;m,m}

—2E {Fl {[E—f—[;x],F,F’;G—i—I;zl,wl}}G".
(33)

Iteratively, we obtain (30).

By using the relations (31) and (33), we have another
form of recursion formulas for I7.

Theorem 6.For non commuting matrices E, F, F' and G
in C% such that E and G are PS, we have the following
recursion relation:

n [[E;x],F +nl,F';G;zy,wy

(e

% [R[[E+ kbl F+ kL FG+aLizm | (G)
(34)

Also, if F —kl is invertible for every integer k < n (where
n is a non-negative integer), then

L [[E;x],F — nI,F’;G;Z1,W1}

_ n o \k
= L ()@=
X [Fl[[E+k,1;x],F,F’;G+k|I;Z1,w,]}(G),;]l. (35)

Proof.To prove the result (34), it suffices to apply the
induction on n € N. For n = 1, (34) holds. Suppose (34) is
true forn =1, i.e.,

n {[E;x],FHI,F’;G;zuwl] -

y (l;)(E)klZ,]q [G[[E+kEa,F 4L F Gk |G G6)
ky <t

Replacing F with F 41 in (36) and using (31), we get
L [[Esal, P+ (4 1)L Gz m | =
klzg (l;)(E)klzf' [F. [[E Sl F +k,1,F’;G+k.1;z.,w,}
+2(E+kD [[E+(k + DI, F o+ (K + DLFG+(k + Dz
(G+hl)! | < (G);). 37
After some simplification, (37) takes the form
I [[E;x].,F+(t+1)1,F’;G;z.,w|} =

t
Y (kl) (Eyy 4! Ti[[E+ kLA, F +kLFG+kilzm] (G)y]
ky <t

+k1§+l (Iq i 1)(G)k] dn [[E+k11;x]ﬁF+kllﬁF’;G+kll;zlﬁwl](G);l'A
(38)
By applying Pascal’s formulas (38), we obtain

I [[E;x],F+(t+1)1.,F’;G;z|,w1}

-y (tljl)(E)klz’l('ﬂ{[EJrk]I;x],F+k]I,F’;G+kll;zl,w1 G)" (39)
ky <t+1 1

We get the desired formula (34) for n = ¢ + 1. Hence,

through induction, the relation (34) stands true for all

values of n. A similar argument will establish the formula

(35).

© 2023 NSP
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formulas for
are obtained by replacing

The recursion
L (E;x),F,F’inI;G;m,m}
F < F' and 71 <> w; in Theorems 5 — 6, respectively.

Theorem 7.Given the matrices E, F, F' and G in C*** so
that EF = FE, F'G = GF', and E, G are PS, then we have
the following recursion relation:

I [(Esx), F,F'G—mlzzy,w |

=0 [[E;X],F,F’;G;m,wl}

m
+11EF[ZF1 [[E+1;x],F+1,F’;G+ 2- l)I;Zl,wl}
=1

% (GG~ (- 1)1)*'}

(ngE

+W1E[ L [[E+I;x],F,F'+I;G+ (Z—I)I;zl,wl}

S
I

1

< (G—11)"N(G—(I— 1)1)*'}F’. (40)

Proof.Applying the integral formula (20) of I and the
following transformation:

(G =D eny = (G, [[+m(G =D 4 ma(G=1)7'],
we obtain the contiguous matrix relation

L [[E§x},F,F/;G*I;Zl7W1]

=R [[Esx), Gz w

+2EF [1‘1 [[E+l;x},F+1,F’;G+I;zl,wl] (G—l)*l(G)*l]

+WIE[F1 [[EH;x],F,F’+I;G+I;z1,W1] (G—I)*I(G)*I]F’.

(41)
Replacing G with G — 1 in (41), we arrive at
I [[E53), . F'.G = 2520, m |

=TI [[EQX]aFaFIQZIaWI}

+zlEF[ZF] [[E+I;x],F+I,F’;G+ (2f1)1;z,,w,}
=

< (GG~ (1 — 1)1)*1}

—_

2
+w1E[Zn [[E+1;x],F,F’+1;G+ (2—1)1;zl,w1}
=1

$ (G—1)"N(G—(I— 1))*1}F’. 42)

Repeating this relation s-times on

I {[E;x],F,F’;G—mI;zl,wl},we get (40).

Theorem 8.Given the matrices E, F, F' and G in C*** so
that E and G are PS, then we have the following derivative

formulas:

Dl [1"1 {[E:X]ﬁF,F';G;zumH

=(E)y, [rl [[E SR LA FF 4+ LG ki Lz ,W,H (F'), (G F'G = GF";

43)
D {1". [[E;x].,F,F’;G;z.,w,}w,ﬂ*“"”’}
_ {r, [[E;x],F.,F’ +hI:Giz ,W.H W' (F), F'G = GF'; (44
D3 [ [[Es). o' Gizown i [
= [B[IEsd, F.F3G —kLziwym || (DR (= @)y wy O, @5)
where D,,, f = % and G — I is an invertible matrix for
1

(45).

Proof.By differentiating (20) with respect to w, we get

—[ﬂ [[E;x],F,F';G;zl,WIH —ErY(E+1)
dW1
X {/ e 1D Py (E E' + I,G + Izt wit)dt | F'G ™
X
(46)
From the relations (20) and (46), we find that

a
dW1

:E{l—i [[E+1;x],F,F’+1;G+1;z1,WIHF’G*I. A7)

[Fl [[E;x],F,F’;G;m ,WIH

Hence, (43) is true for k; = 1. The significant formula
comes by the principle of induction on k;. Thus, we
obtain (43). Formulas (44) and (45) can be established in
a similar way.

Theorem 9.For matrices E, F, F' and G in C*** such
that F'G = GF' and E, G are PS, the following
summation formula holds true:

ky k
) (ll)(E)lWl]Fl [[E+11:x), FF 11,6+ 1121, w | (G
=0

=1 |[Esx), FoF +11:Gsziwi . (48)
Proof.From definition of incomplete matrix function I
and the generalized Leibnitz formula for differentiation of
a product of two functions, we have

Dl [ [ (B, PP/ Gozgwn | wf 0]

k kl) ; [ F (=11
= Dl (I |[Esx], F,F';Gszy,wi | | DR wy T8
¥ ()] ]| D ]
ky k
-y (l‘)(E),[F, [[E+11;x],F,F’+11;G+11;z,,W1H
=0
(FN(G); twy T (49)

We used (43) and some simplification in the second
equality. From (44) and (49), we get (48).
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Remark.The first Appell hypergeometric matrix function
F will be obtained if we assume x = 0 in the [IFAHMF I;.
Hence, taking x = 0, the obtained formulas for I} convert
to the formulas for the Appell hypergeometric matrix
function Fj.

3 Conclusion

In this paper, we studied the IFAHMFs I and 7. We
obtained some integral formula, recursion formula,
differentiation formula and finite summation formula of
the IFAHMFs I and ;. The particular case of our results
coincides with the results obtained in [4] when taking
matrices from C!*!,
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