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Abstract: The major goal of the study, is investigate solving various kinds of Volterra integral equations via via a new method. This
article presents a novel double ARA- Sumudu (ARA-S) transformation . this novel approach is implemented to handle some integral
equations and partial integro-differential equations. Fundamental characteristics and results related to double ARA-S transformation
are investigated including the existence, inverse derivative and the convolution property. Furthermore, to prove the applicability of the
presented transform, we discuss the solution of some examples on integral equations using double ARA-S transformation.
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1 Introduction

One of the most important techniques recently used to
solve Volterra integral equations of various classes is the
integral transformation approach. For this reason, many
phenomena in the field of engineering, science, and
mathematical physics can be introduced by integral
equations of different types [1,2,3,4,5,6,7,8]. Using
integral transformations, we can transformation integral
equations into algebraic or differential equations and get
the exact solution of the target integral equations.
Developed through the hard work of many scientists and
researchers, these techniques are used today to tackle
challenging problems in contemporary arithmetic. For
example, we mention ARA transform, Sumudu
transformation,  formable  transformation, Elzaki
transformation and others [9,10,11,12,13,14]. Recently,
double transformations are extensively used to solve
partial differential equations and partial integral
equations, which gave good results in comparison other
analytical techniques like decomposition method, power
series method, variational iteration method and homotopy
analysis method etc. [15,16,17,18,19,20]. In addition,
there are other extensions of double transformations in
the previous literature, such as double Laplace

transformation, double Elzaki transformation, double
Shehu transformation, double Sumudu transformation,
double Laplace-Sumudu transformation and others[21,22,
23,24,25,26]. In 2022, authors have presented a new
transformation called the ARA-Sumudu transformation
[25], which is a double transformation that combines
ARA and Sumudu transformation, then it is implemented
to solve differential equations of integer and fractional
orders in [26]. In this research, we use double ARA-S
transformation to solve integral equations of different
kinds. We define the double ARA-S transformation to the
integrable function ®(x,y) as

gxsy [(p (x,y)] =o (S,M)
= E/ / e %(p(x,y)dxdy,
uJo Jo

s>0, u>0,

provided the integrals exist. The kinds of this article is to
investigate the solution of two types of equations: integral
equations and integro-partial differential equations of
Volterra kind.

We apply the double ARA-S transformation to solve the
above integral equations by converting them to algebraic
equations in the double ARA-S transformation space,
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then, the inverse double ARA-S transformation is applied
to get the solution in the initial space. This study provides
some fundamental properties of double ARA-S
transformation to basic functions, derivatives properties
and results related to the double convolution theorem.
Furthermore, we establish new results related to the
procedure of solving integral equations, and we utilize
them to handle examples.

2 Basic Definitions and Properties

In this part, we spotlight the fundamental characteristics
and definitions concerning.

Definition 1./9] Assume that f(x) is a function in wich
|f(x)] < Me™, Vx>0 and M > 0. Then

S[f (x)] = i/ome’gf(x)dx, > 0.

Definition 2.[12] If the function f(x) is of exponential
order defined on [0,00). Then ARA transformation of
order one of the function f(x) is defined and denoted by

G[f ()] :s/:e*”f(x)dx, $>0.

Definition 3./25] Let ¢ (x,y) be a function expressed as a
convergent infinite series. Then double ARA-S
transformation definition to @ (x,y) is given and denoted
by

G:Sylo (x,y)] = D (s

// s

s>0, u>0.

wo(x,y)dxdy, (1)

We define the inverse of the double ARA-S transformation
by

ggxilstil [qj (S,I/l)] - (P(xay)

. ! Y
1 rC+ico esx 1 @+ico eu
L e L e,
270 Jo—iso S 270 Jop—ieo U

Clearly, DARA-ST and its inverse are linear integral
transformations as shown below:

GSy [y (x,y) +ny(x, y)]
/ / ~ (Y9 (x,y) + N (x,y)) dxdy

/ / Sy (x,y) dudy

// —sr—

[ e gty

+ 2 [0 [ e by () ddy

= Y4:Sy [@ ()] + NSy [y (x,y)]
=7 @ (s,u)+1 ¥ (s,u),

(s,u)du .

Ny (x,y) dxdy

where y and i are constants, @ (s,u) = %Sy [@ (x,y)],
¥ (s,u) = %S, [y (x,y)], ¢ and y are two continuous
functions. Similarly, we can show the inverse double
ARA-S transformation is linear, i.e

G Y@ (s,u) + 0 (s,0)] = 1 @ (x,3) +1 W (%),
Definition 4./25] If ¢ (x,y) defined on [0,A] x
satisfies the condition

[0,B], and

|(p(x,y)|§Re°‘x+ﬁy, JR>0, Vx>A and y> B,

then, we call ¢ (x,y) an exponential orders function with
o and B as x — o and y — oo.

Theorem 1./25,26] The existence condition of DARA-ST
of the continuous function @ (x,y) defined on [0,A] x [0, B]
is to be of exponential orders o and B, for Re[s| > o and

Re [%] > B.

Proof. The double ARA-S transformation of the function
implies

@ (s,0)| = | xymdy‘
< // “ Hotldray
< Rs [T - oc)xdx/mef(%fﬁ)ydy

u 0 0
- Rs
u(s—a)(%—ﬁ)
Rs

~ ) (- up)’
where Re[s] >  andRe [1] > .0

Definition 5.The convolution of @ (x,y) and y(x,y) is
denoted by(@ * xy) (x,y) and defined by

((p**y/)(x,y):/Ox/oy(p(x—6,y—8)l//(5,8)d5d8.

Theorem 2./25] Assume that G (s,u)
then

— %8, [g (x.y)] and

4.8, [g(x—8,y—e)H(x—8,y—¢)] =~ 7 G(s,u),

where H(x,y) is the Heaviside function defined by

1, x>8,y>¢
H(x—-6,y—¢)= {O, otherwise @)
Theorem 3.(Double Convolution Theorem) If
9GSy (x,y)] = P (s,u) and 4.Sy [y(x,y)] = ¥ (s,u), then

48, [(9++y) (x3)] = < P(s.0)¥ (1) (3)
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Proof. The double ARA-S transformation definition
implies

(=]
3
Q
:
|
==

The definition of unit step function in Eq. (3) implies

SIyse
(_/(;w_/(;w¢(x—5,y—e)H(x_57y_8)

w(6,8)d6ds> dxdy.

9GSy [(@*xy) (x,y)]

Thus,

(8,€)ddde

Syl(@sxy) (x,y)] //
(//
H(x5,y8)dxdy>

— [ [ wis.c)asae (e i)
7<15su/ / uy/8£)d6ds

= SCD(S u)¥ (s,u).

ip(x—8,y—e)

In Table 1 below, we introduce the values of double
ARA-S transformation to several functions.

Table 1: double ARA-S transformation to basic functions [25].

¢ (x,y) G:Sy @ (x,y)] = P (s,u)
1 1
x%yP 5T (a+ DuPC(b+1)
e +By s
o (s—a)(1—bu)
i (ax+By is
¢ [ Ez) %m))
sin ((xx+ By) (azisg (bzsu‘;H)
cos (0tx+ By) (a;ii;(;é’ s
sinh (ax + By) (aZiig;szsu‘;)—l)
cosh (oux +by) (L,zig;zzlz] u’;), )
Jo (/3 ),
Jo the zero order Bessel function 4visczu
O(x—8,y—€) H(x—8,y—¢) e id(s,u)
(@ +y) (x,y) (4) D (s,u) ¥ (s,u)
¢(x) G[9(x)] = D(s)
w(y) Sy[w(y)] =¥ (u)
©)w(y) D(s)¥ (u)

The following theorem, presents double ARA-S
transformation for partial derivatives of order one and
two.

Theorem 4./25] (Derivative properties)
=%.S5,[@ (x,y)], then

145, [8<p(xy)} = 5 (s5,u) — 58, [0 (0,y)].

2.4, [mp(xy)} — %q)(s,u) — %gx [@ (x,0)].

39S, [%} =5>P (s,u) — 5°Sy (¢ (0,)]

_ —58y [0 (0,y)].

4. 957552 = L a(s.u) ~ 1, [p(x.0)
—14 [py(x,0)].

. 82 X,y Ky
5. 98\ [ 52 = £ (D(s,u) —

If @(s,u)

Sy[¢(0,y)]

—%:[o(x,0)]+ ¢(0,0)).
Where Sy and 9, denote the single Sumudu and ARA
transformatlons respectively.

3 Applications of double ARA-S
transformation to Solve Integral Differential
Equations

This part of the research presents the application of double
ARA-S transformation to solve different classes of IEs. We
also mention that the values of the transformed functions
can be found in Appendix 1.

3.1 Two variables IEs

Consider the following IE o Volterra type

Xy
o(y) =gty +a [ [Col—5.y—e)y(s.e)dsde.
“4)

© 2023 NSP
Natural Sciences Publishing Cor.


www.naturalspublishing.com/Journals.asp

730 NS ¥

A. Qazza et al.: ARA-Sumudu Method for Solving Volterra

where @ (x,y) is the function we need to find, a is any real
number, g(x,y) and y(x,y) are two given functions.
Operating double ARA-S transformation on Eq. (4) we
get

ngy [(P (x’y)] = ngy [g (x’y)]

e (5)
+a</ / (p(x5,y8)y/(6,£)d6d£).
0 Jo
Theorem 3 implies that
D (s,u) = G(s,u)—l—azd-’(s,u)‘f’(s,u), (6)
S

where @ (s,u) = 4.Sy[@ (x,y)] .G (s,u) = 4Sy[g(x,y)]
and ¥ (s,u) = %Sy [y (x,y)]. Consequently,

s G(s,u)

Cb(s,u) = m

)

Applying the inverse transformation &, 'S, [®(s, u)] on
(7), we get the exact value of ¢ (x,y) in Eq. (4)

e G(s,u)
Rl B L 8
ol =g s | SO0
The following examples applications on Eq. (8).
Example 1. Consider the following IE:
Xy
oty =b=a[ [o@.e)asae,  ©)
0 Jo

considering a and b are real number.
Solution. Applying double ARA-S transformation to Eq.

(9) and depending on the linearity property and Theorem
3, we get

®(s,u) =b— " d(s,u). (10)
S
As a result,
bs
D = 11
(s,u) P (11)

Running the inverse transformation gx’lS)T " on Eq. (11),
we obtain the exact solution @ (x,y) of Eq. (9) in the
original space as

bs
s+au

<P(x,y)=£¢x'sy‘[ ]:bJo(zm).

Fig. 1: The 3D plot of Example 1 witha =5 = 1.

where Jj is the Bessel function.

Example 2. Solve the following IE:

bzy:/x/yq,(xf5,y—e)(p(5,e)d5d8, (12)
0 Jo

where b real number.

Solution. Operating double ARA-S transformation to Eq.
(12) and hiring the double convolution property to obtain

bPu = %sz(s,u). (13)
Thus,
D(s,u) = by/s. (14)

Running the inverse transformation ¢, 'S;"! to Eq. (14),
we get the exact solution @ (x,y) of Eq. (14) as follows

b 1
o (xy)=9"8"[bVs] = NI (15)

Fig. 2: The 3D plot of Example 2 with b = 1.
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Example 3. Consider the following integral equation:
Xy
/ / € (x—8,y—£)dSde = xe* > —xe*.  (16)
0 Jo

Solution. Applying double ARA-S transformation on Eq.
(16) and using convolution theorem, we get

u D(s,u) s s

G=D(+u) (=17 (U+u) (s—1) 4

After simple computations and applying the inverse
transformation %, 'S;! for Eq. (17), the solution of
equation Eq. (16) becomes

o (xy)=9"s" [—S} =—¢" (18)

s—1

Fig. 3: The 3D plot of Example 3

3.2 First order partial integro—differential
equations of two variables

Given the following Volterra partial integro—differential
equation

99 (x.y)  99(x.y)
ox dy
=W(x,y) (19)

+a/x/y§0(x—5,y—€)l]/(3,8)d5d8,
0 Jo

with the conditions

(P('xﬂo):fo('x)ﬂ (p(O,y):ho(y). (20)

where @ (x,y) is the unknown function, a is a real number,
g (x,y)and w(x,y) are given functions. Firstly, we operate
double ARA-S transformation to Eq. (19), to get

540 (s, — 58, [0 (0.9)] + 1 b (s,4) ~ 4, [ (x,0)]

= G(s,u)+a%<15(s,u)‘f’(s,u).

Substituting the values of the transformed condition Eq.
(20)

_ sFo(s) + suHo(u) + suG (s, u)
N s+ s2u — au®¥ (s,u)

D(s,u) ; 2D
where Fy(s) = % [¢(x,0)] and Ho(u) = Sy[@(0,y)]
Running the inverse transform %X’IS)T ' to Eq. (21),the
solution of Eq. (19) is introduced by

sFo(s) + s>uHo(u) + suG (s, u)
s+ 82u — auW¥ (s,u)

(P(xay) :gxilsyil

(22)
We implement the above technique to solve some
examples.

Example 4. Solve the partial integro-differential:

8(p(x,y) +8(P(x7y) :—1+ex+e‘y+€x+y
ox dy

hed (23)
+/O/O¢(x—6,yfs)d5d£,

with the conditions
¢(xﬂ0):ex:f0(x)v ¢(07y):ey:h0(y)' (24)

Solution. Substituting the transformed values:

FO(S) :gx[g‘] = S,L]a
Ho(u) = Sy[ey] = 1]Tua
G(s,u) =4Sy[—1+e +e + e (25)
i s " 1 " s
s—1 1—u (s=1)(1—u)

into Eq. (22) and after simple computations, we obtain the
solution of Eq. (23)

N

ot =5 [y

] =", (26)

Fig. 4: The 3D plote of Example 4
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3.3 Second order partial integro—differential
equations of two variables

Given the following partial integro—differential equation

e(xy) e(xy)

ayz axz + ¢ (xay)
Y 27)
+ [ [ we—6.-e)9(5.¢)a6de
=g(x,y),
with the conditions
d ,0
00)=fo), 20y,
d (?) ) (28)
90 =ho (), “2 =i (3).

Applying double ARA-S transformation on both sides of
Eq. (27), we get
1 1 1
ﬁd) (s,u) - ng [(P (x,O)] - ;gx [(Py (x,O)]
— (8P (5,u) — 58, [0 (0,7)] = 58, [@c (0,y)])  (29)
+ P (s,u)+ E<15(s,u) ¥ (s,u) =G(s,u).
s
After simple calculations, one can obtain
 sFy(s) 4 suFy (s) — s>u?Hy (u)
s — $3u* + su? + udP (s,u)

—s2u?Hy (u) + su*G (s,)
s — 3u” + su + 13 (s,u)

D (s,u)

(30)

where Fy (s) =% [¢ (x,0)], Fi (s) =%, [@y (x,0)], Ho (u) =
Sy[@(0,y)] and H; (u) =Sy [@, (0,y)]. Running the inverse
transform gx’lSy’ ! to Eq. (30), we obtain the solution of
Eq.(27) as follows

sFy (s) + suFy (s) — s>u®Ho(u)
s — 53U + su? + 13V (s,u)

o(xy)=%"s;"

(3D
—s2uH, (u) + su*G (s,y)

s — $3U° + su? + 13V (s, u)

Example 5 below, is an application of Eq. (32).

Example 5. Consider the following partial integro -
differential equation:

¢ (xy) *@(xy)
0y?

+¢(x,y)

ox?
+/x/y IV (5,e)dbde (32)
0 Jo

:eery +xyex+y7

with conditions

¢@m=&=ﬁ@»9%§9=w=ﬁ@»

, d9(0,
@ (0,y)=€"=ho(y), %;ﬂ

(33)

=& =n(y).

Solution. Firstly, compute double ARA-S transformation
to the conditions in Eq. (33) and the source function
g(x,y), we get
Fo(s)=F(s) =,
Ho (1) = Hy (u) = 15, (34)
— N
Gls:1) = e=nir=m + ool

putting the values of Eq. (34) into Eq.(31) and simplifying,
one can obtain the solution of Eq. (32) as follows

N

e e

} =, (35)

Fig. 5: The 3D plots of the solution of Example 4

4 Conclusion

In this research, a new method for solving different types
of integral equations was developed. We apply the double
ARA-S transformation transformation to resolve
Volterra’s partial integro-differential equations. To show
the validity of the method, several examples were
introduced and discussed. For possible future work, we
are planing to solve nonlinear problems, and fractional
differential  equations.  through  the  proposed
transformation combination using one of the iteration
methods. New results of DA-FT will be discussed in the
future and implemented for solving fractional PDEs and
nonlinear PDEs [27- 32].

Appendix 1. The values of ARA and Sumudu
transformations of several functions.
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Table 2: double ARA-S transformation to basic functions [25].

o(x) Gpx)]=2(s) Slo(x)]=P(u)
1 1
x% u'l'(a+1)
ox 1
e T—au
x.ex (l—]au)2
sin (ax) W
cos (ax) ; +i2u2
sinh (ax) TP
cosh (ax) 1—;2u2 ,
(pxy)(x) HELIAMEL us(p()S(y (v))
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