Appl. Math. Inf. Sci. 16, No. 6, 853-861 (2022)

%N S\ 853

Applied Mathematics & Information Sciences
An International Journal

http://dx.doi.org/10.18576/amis/160601

Best Proximity Point of Generalized (F — 7)-Proximal
Non-Self Contractions in Generalized Metric Spaces

Abdelkarim Kari', Hasanen A. Hammad*3"*, Adil Baiz' and Mouline Jamal"

ILaboratory of Analysis, Modeling and Simulation Faculty of Sciences Ben M’Sik, Hassan II University, B.P. 7955 Casablanca,

Morocco

ZDepartment of Mathematics, Unaizah College of Sciences and Arts, Qassim University, Buraydah 52571, Saudi Arabia
3Department of Mathematics, Faculty of Science, Sohag University, Sohag 82524, Egypt

Received: 2 Jan. 2022, Revised: 12 Mar. 2022, Accepted: 1 Apr. 2022

Published online: 1 Nov. 2022
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1 Introduction

The well-known fixed point finding, often known as the
Banach contraction principle, is one of the most
significant outcomes of mathematical analysis [1]. It is
the most often used fixed point result in various
disciplines of mathematics and is generalizable in a wide
range of ways (see [2,3,4]). The fixed point result was
defined in the context of whole metric spaces by
Wardowski [5], who generalized the Banach contraction
principle in metric spaces.

On the other hand, the importance of the FP technique
lies in the fact that it presents a unified process and an
important tool in solving equations that do not have to be
linear. In the case of d(x,Tx) # 0, that is, a contraction
mapping 7 does not possess a fixed point, it became
necessary to search a point x that makes d(x,Tx) is
minimum with meaning the point x is close proximity to
T.

The point x is called the best proximity (BPP(T) of
T : A - B, if dxTx) = d(A,B)), where
{d(A,B) = infd(x,y) : x € A,y € B}. Various best
proximity point results were established on such spaces,
for example, see [6,7,8] and references therein.

Sankar Raj [9] and Zhang et al. [10] defined the
notion of P-property and weak P-property respectively.
Beg et al. [11] defined the concept of generalized

F-proximal non-self contraction mappings and obtained
some best proximity point results.

Many generalizations of the concept of metric spaces
are defined and some fixed point theorems were proved
under these spaces. In particular, generalized metric
spaces were introduced by Branciari [12] , in such a way
that triangle inequality is replaced by the rectangular
inequality

d(x,y) <d(x,u) +d(u,v)+d(v,y),

for all pairwise distinct points x,y,u,v. Any metric space
is a generalized metric space but in general, generalized
metric space might not be a metric space. Various fixed
point results were established on such spaces, the readers
can refer to (see [13,14,15,16,17,18,19]).

Motivated by the above results, in this paper, we prove
a new existence of best proximity point for generalized
(F — t)-proximal contraction defined on a closed subset
of a complete generalized metric space. Our theorems
extend, generalize, and improve many existing results.

2 Preliminaries

Definition 1./20] Let X be a non-empty set and d : X X
X — R be a mapping such that for all x,y € X and for all
distinct points u,v € X, we have
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(i)d(x,y) =0 ifand only if x = y;
(ii)d(x,y) = d(y,x) for all distinct points x,y € X;
(iii)d (x,y) < d(x,u)+d(u,v)+d(v,y).

Then (X,d) is called an generalized metric space.

Definition 2./20] Let (X ,d) be a generalized metric space
and {x,},cn be a sequence in X, and x € X. Then
(i)the sequence {x,},. converges to x if and only if

lim d (x,x,) =0.

n—r—+oo
(ii)the sequence {x,},cy is a Cauchy if

lim d (x;,xn) =0.

n,m—-+oo

Lemma 1./20] Let (X,d) be an generalized metric space
and {x,}, be a Cauchy sequence with pairwise disjoint
elements in X. If {x, },cr convergesto x,y € X, then x = y.

Definition 3./20]. Let (X,d) be a generalized metric
space. X is said to be complete if every Cauchy sequence
{%n}en in X converges to x € X.

Definition 4./5]. Let I" be the family of all functions
F:R" — R such that

(i)F is strictly increasing.

(ii)For each sequence (x,), . of positive numbers,

neN

lim x,, = 0 if and only if im F (x,) = —oo.
n—oo

n—oo
(iii)F is continuous.

Definition 5./21]. Let (A,B) be a pair of non-empty
subsets of a metric space (X,d). The following notions
hold

d(A,B) = {infd (a,b):a € A,b € B},

Ao — a € A there exists b € A

0=\ such thatd (a,b) =d (A,B) [’
B — b € B there exists a € A

0=\ such thatd(a,b) =d (A,B)} ("

Definition 6./21] Let T : A — B be a given mapping. An
element x* is said to be a best proximity point of T if

d(x*,Tx") = d (A,B).

Definition 7./9]. Let (A, B) be a pair of non empty subsets
of a metric space (X,d) such that Ay is non-empty. Then
the pair (A, B) is to have P-property if and only if

{d(xl,yl) =d(A,B)
d(x2,y2) =d(A,B)
= d(x1,x2) =d(y1,y2),

for all x1,xy € Ay and y1,y2 € By.

Definition 8./22]. A set B is called approximately
compact with respect to A if every sequence {x,} of B
with d(y,x,) — d(y,B) for some y € A has a convergent
subsequence.

Definition 9./5] Let I" be the family of all functions F :
(0,400) — (1,+00) such that
(F\)F is strictly increasing;

(F»)For each sequence x,, € (0,+co),

lim x, = 0, if and only if lim F (x,) = —co;
n—0 n—yo0

(F3)There exists k € (0,1) such that lim,_,ox*F (x) = 0.

Definition 10./5] Let (X ,d) be a metric space and T : X —
X be a self-mapping. T is called an (F,T)—contraction if
there exist F € I' and T > 0 such that for any x,y € X,

d(Tx,Ty) > 0
= Fd(Tx,Ty)]|+ 1 < F(d(x,y)),

3 Main results

In this section, inspired by the notion of F-proximal
contraction of the first and second kind, we introduce new
generalized (F,T)-proximal first and second kind on
complete generalized metric space.

We begin with the following definition:

Definition 11.We say that a mapping T : A — B is a
generalized (F,7)-proximal contraction of first kind if
there exist F € I', © > 0 and a,b,c;h > 0 with
a+b+c+2h<1, c#1 suchthat

d (I/ll 5 TV[) =d (A,B)
d (I/lz, TVQ) =d (A,B)
= F(d(ui,up))+71
< F ad (v1,v2) +bd (u,v1)
= +ed (uz,v2) +h(d (va,uy)) |
Sforall uy,uy,vi,vy € A and uy # vy.
Definition 12.We say that a mapping T : A — B is a
generalized (F,T)-proximal contraction of second kind, if

there exist F € ¥, T > 0 and a,b,c,h > 0 with
a+b+c+h<1,c#1 suchthat

d (I/tl 5 TV[) =d (A,B)
{d (I/lz, TVQ) =d (A,B)
= F(d(Tuy,Tuy))+ 7
ad (Tvy,Tvy)+bd (Tu,Tvy)
+cd (Tuy, Tvy) + hd (Tvy, Tuy)

Sfor all uy,uy,vi,vy € A and Tuy # Tvy.

o

Theorem 1.Let (X,d) be a complete generalized metric
space and (A,B) be a pair of non-void closed subsets of
X. If B is approximately compact with respect to A and
T : A — B satisfy the following conditions:
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()T (Ag) € By and the pair (A,B) satisfies the weak P-
property;

(ii)T is a generalized (F,T)-proximal contraction of first
kind.

Then there exists a unique u € A such that
d(u,Tu) = d(A,B). In addition, for any fixed element
ug € Ao, the sequence {u,} defined by

d(upy1,Tu,) =d(A,B),
converges to the proximity point.

Proof.Choose an element uy € Ag. As, T (Ag) € By,
therefore there is an element u; € Ag satisfying

d(uy,Tup) =d(A,B).

Since T (Ap) € By, there exists uy € A such that
d(up,Tuy) =d(A,B).

Again, since T (Ag) € By, there exists u3 € A such that
d(us, Tup) = d(A,B).

Continuing this process, by induction, we construct a
sequence x;,, € Ag such that

d (ups1,Tu,) =d(A,B),¥Yn € N.
Since (A, B) satisfies the P property, we conclude that
d(up,uni1) = d(Tup, Tuyy1),Vn € N.
If up, = upy41 for some ng € N, one obtains
d (u,,o,Tu,,O) =d (Mn0+1,Tun0) =d(A,B),

that is, u,, € BPP. Thus, we suppose that d (i, tty41) > 0
foralln € N.

We shall prove that the sequence u, is a Cauchy
sequence. Let us first prove that

r}md(un,u;ﬂ,l) =0.

As T is generalized (F, T)-proximal contraction of the first
kind, we have that

F(d (un,uns1)) + 7

ad (up—1,un) +bd (uy—1,uy)

+ed (upyuni1) +h(d (up,uy))

= F [ad (up—1,un) + bd (uy—1,upn) + cd (un, ty11)]
=F[(a+Db)d (up—1,un) + cd (up,uni1)] -

<F

Since F is strictly increasing, continuous function and 7 >
0, we deduce

d(unaun+1) < (a+b)d (unflaun) +cd (unaurH»l)-

Thus i b
a
1 *C(d (Mnfhun))'

Ifa+b+c+h=1, we have 0 < 1 — ¢ and so, for each
VneN,

d(unaun+1) <

a+b
] _C(d(“rzflv”n)) Sd(”rzflvun)-

Consequently
F (d (un,unt1)) < F(d (up—1,un))-
Ifa+b+c+h<1,wehave 0 < 1—cand so
d (up,ttyi1) < d(ty—1,un),Yn €N,
Consequently
F(d (up,upi1)) <F(d(up—1,un)) — 7.
It implies that

F(d (up,uni1)) (d(xp—1,un)—7

(d(unfzaunfl) -27
<o« < F(d(up,u1) —nt.

F
F

VANRVANVA

Taking the limit as n — oo, we have

F(d (up,ups1)) < liﬁm F(d (up,u1)) —nt = —co.
n—soo

by (F»), we obtain that

1im d (14, tp 1) = O. (1

n—oo

Now, we shall prove that

,}g&,d (Un,Uns2) = 0.

As T is generalized (F, T)-proximal contraction of the first
kind then, we get
F(d (un,uny2)) +7

ad (up—1,up11) +bd (up—1,u,)
+cd (“nH ) ”n+2) +h (d (”na Up41 ))

ad(unf > Un )+
<F {(b+c+h)éd(ut,ll,un))]

< F [max{d (up—1,upr1),d (tn—1,un) }].

<r|

Take a, = d (un,un12) and b, = d (uy,u,1) . Hence
F(ay) < F(max an_1,b,—1)— 7.

Since F is a decreasing and continuous function, then, we
get
a, <max{a,_1,b,—1}.

and
by < b,—1 < max {anflabnfl}-
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which implies that
max {a,, b, } < max{a,_1,bp—1}, Vn € N.

Therefore, the sequence max {a,_1,b,—1 }nGN 1S monotone
non increasing, this implies that, there exists A > 0 so that

r}iigomax{an,bn} =A.

Let A > 0, then

lim supa, = hm n sup max {an,bn} = hm max {ay,b,}.
n—yo0

Taking the limsup,, — o< in (3.7), and using the properties
of F3, we obtain

(hm supa,,) < F(hm max{a,_1,b,— 1})

n—yoo

Therefore
F(A)<F(A)-

By (Fi), we get A < A, a contradiction. Therefore
lim d (it +2.1n) = . )
n—oo

Next, we shall prove that {u,},. is a Cauchy sequence,
i.e, limy—yed (ttn,um) = 0, for all n € N. If otherwise there
exists an € > 0 for which we can find sequence of positive

integers {“”(k) }k and {”’”(k) }k of {u,} such that, for all
positive integers k, n(y > my > k,
d (um< "
Now, using (3) and the rectangular inequality, one has
e<d ( u,,(k))
(xmm b ) +d (“m 1 Umg )
d (um —1 7un(k )

d (um ) +d (um(k)ﬂ,um(k) ) + €.

,,))>£andd( g )<e. 3)

_|_

N

Then
1im d (it ) = . @

we have
d (um(k)+l’u”(k)+l) <d (“m(k)ﬂ’um(k)) +d (“”’(k)’u”(k))

+d (”"(k)vun(k)+|) .

d (”m<k> ) “”(k)) <d (um<k)’”m(k)+l) +d <um<k)+1 7””(k)+1)

+d< K)+1 7”"<k))

By rectangular inequality,

e<d (“m(k)a“n(k)) <d (“m(k)a“n(k)4)

+d (u"(k)—] U m]) +d (”” ()+1 ’”"u)) :

Letting k — oo in the above inequalities, and using (1) , (2)
and (3), one can write

11m d (um(k " 7”"<k)+1) =g, %)
and
1im d (10, ) =€ ©)
On the other hand, we get
M (”’"(k)’””w)

d (MM(k) ) Mf’l( )) ’ d (um<k) ) Tum(k))
,d ( k)vT””(k)) d ( k),Tun

d Mrn(k);urz(k)) ,d (um(k);um(k),l)
5d “n(k) I ”n(,‘,)q ) 7d (“m(k) ) “n(k)q

Letting k — oo in the above inequalities and using (4), and
(6), we have

= min

= min

hmM( w””(k)) =E.

k—roo

By (5) and for each A =
that

£ >0, there exists ng € N such

|d (um(k)+] ;Mn(kH]) _8| SA) v”l Z no,

which leads to

d (“”’(k)ﬂ ’“"(k)+1) >A>0, Vn>ny.

Again by (6) and for each B = § > 0, there exists nj € N
such that

M (um<k),un(k)) >B >0, Vn>n,.

Substituting u; = U,y U2 = Un VI = Uy and v; =

Ung, in assumption of the theorem, we get

F (d (“m<k)+1 7”"(k)+1)) )

ad ( ]\),un(l‘))

+bd (un1(k)17un(k))
+cd (un )1 g ))

+hd( o <k>+')

Letting k — oo in (7) and using (F}) and (F3), we obtain
that

F (€) < [F (ag +be+ce+ he)].
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Hence € < &, which is a contradiction. Thus
limy, 0o d (tn,um) = 0, that is {x,} is a Cauchy
sequence, then there exists z € A such that

lim d (up,u) = 0.

n—yoo
Also
d(u,B) <d(u,Tuy)
<d (u,un) +d (up,upi1) +d (upi1, Tuy)
=d (u,un) +d (up,uny1)+d(A,B)
<d (u,uy)+d (up,ups1)+d(u,B).

Therefore, d (u,Tu,) — d (u,B). In spite of the fact that B
is approximately compact with respect to A, the sequence
{Tu,} has a subsequence {Tu, } converging to some
element v € B. So it turns out that

d(u,v) = r}gl:od (unkH,Tunk) =d(A,B). (8)

Thus u must be an element of Ag. Again, since T'(Ag) € By,
there exists t € Ap such that

d(t,Tu) = d(A,B), ©)
for some element ¢ in A. Using the weak p-property and
(8), we have
d(up41,1) = d(Puy,,Pu),¥ny € N.

If for some ng, d(t,up41) = 0, consequently
d(Pup,,Tu) =0. So Pu,, = Tu, hence d(A,B) = d(u,Tu).
Thus the conclusion is immediate. So let for any n > 0,
d(t,un+1) > 0. Since T is a generalized (F,T)-proximal
contraction of the first kind, it follows from this that
F(d(t,unt1)) + 7 (10)
ad (u,u,) +bd (t,u)
+ed (upy 1) + hd (up,t)
Since F is continuous function, by letting n — oo in
inequality (10), we obtain
F(d(t,u)) + T < F[(b+h)(d (u,1))]
< F[(d(u,1))]
< F(d(t,u)).

<F

It is a contradiction. Therefore, u = ¢, that
d(u,Tu) =d(t,Tu) =d(A,B).

Uniqueness: Suppose that there is another best proximity
point z of the mapping 7 such that

d(z,Tz) =d(A,B).

Since T is a generalized (F, 7)-proximal contraction of the
first kind, it follows from this that

ad (z,u) +bd (z,7)
+ed (u,u)+h(d(z,u))

=F[(a+h)d(z,u)],

which is a contradiction. Thus, z and # must be identical.
Hence T has a unique best proximity point.

F(d(z,u))+T<F

Assume that £ € Q. It is obvious that £ € Ry (¢,p)
for p > Uz. This yields
p € Ry (6,p) € Urc p>0:Raz (4,p).

Next, we state and prove the best proximity point
theorem for non-self generalized (F,7)-proximal
contraction of the second kind.

Theorem 2.Let (X,d) be a complete generalized metric
space and (A,B) be a pair of non-void closed subsets of
(X,d). If A is approximately compact with respect to B
and T : A — B satisfies the following conditions :

()T (Ag) € By and the pair (A,B) satisfies the weak P-
property;

(ii)T is continuous generalized
contraction of second kind.

(F, t)-proximal

Then there exists a unique u € A such that d(u,Tu) =
d(A,B) and u, — u, where uy is any fixed point in Ay and
d(ups1,Tuy) = d(A,B) for n > 0. Further, if z is another
best proximity point of T, then Tu = Tz.

Proof.Similar to Theorem 1, we can find a sequence {u, }
in Ag such that

d(tpsr, Tun) = d(A, B). (11)

for all non-negative integral values of n. From the
p-property and (11), we get

d(up,uni1) = d(Tup—1,Tuy),Vn € N.

If for some ng, d(upy,,,un,.,) = 0,
d(Tupy, Tupy+1) = 0. So  Tup, = Tupyy1, hence
d(A,B) = d(Tuyy,Tyy+1). Thus the conclusion is
immediate. So let for any n > 0, d(Tu,, Tu,41) > 0. We
shall prove that the sequence u, is a Cauchy sequence.
Let us first prove that

consequently

,}ijri,d(“"’”"*') =0.

As T is generalized (F, T)-proximal contraction of the
second kind, we have

F(d (Tup, Tupi1)) + 7

<F ad (Tup—1,Tuy) +bd (Tup—1,Tuy,)
= +cd (Tup, Tupy1) + hd (Tuy, Tuy)
<F ad (Tup—1,Tuy) +bd (Tup—1,Tuy,)
= +cd (Tuy, Tupy1)

=F[(a+Db)d (Tuy—1,Tu,)+ cd (Tup, Tuyi1)].
Since F is strictly increasing, we deduce that

d (Turn Tun+1)
< (a+b)d (Tup—1,Tuy) + cd (Tuy, Tupi 1),
which leads to

a+b
d(Tup, Tup41) < I—_C(d(Tun,],Tun)).
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Ifa+b+c+h=1,wehave 0 < 1—cand so
a+b
d (Tup, Tunt1) < :(d (Tup—1,Tuy))
< d(Tup—1,Tuy,),VneN;
Consequently
F(d(Tup,Tupy1)) < F(d(Tup—1,Tuy)) — 7.
Ifa+b+c+h<1,wehave 0 < 1—cand so
d (Tup,Tupy1) < d(Tuy—1,Tuy), Vn € N.
Consequently

F(d(Tup,Tupy1)) < F(d(Tuy—1,Tuy)) — 1,

which implies that

F(d(Tup,Tuyi1)) < F(d(Tup—1,Tuy) — 7
<F (d(Tunfz, Tunfl) —27
<. <F(d(Tug,Tuy) — nr.

Taking the limit as n — oo, we have

F(d(Tup,Tu,+1)) < im F(d (Tug,Tuy)) —nt = —oo.
n—yoo

Since F € I', we obtain

lim d (Tuy, Tup41) = 0. (12)

n—eo

We shall prove that

lim d (Tuy, Tu,12) = 0.

n—so0

As T is generalized (F, t)-proximal contraction of the first
kind, we have
F(d(Tup,Tu,i2))+ 7
ad (Tuy—1,Tupy1) + bd (Tuy—1, Tuy)
+ed (Tupy 1, Tupo) +h(d (Tup, Ty 1))

ad(Tunf s Tuy )
SF{+(b+c+h)(dl(Tun+ll’T“"))]

< F [max{d (Tup—1,Tuns1) ,d (Tup—1,Tu,)}.

<F|

Take o, =d (Tup, Tuy12) and B, =d (Tup, Ty ), we get
F(a,) < F(max &,;_1,B,—1)— 7. (13)
Since F is decreasing and continuous, then, we have

0y, < max{oy,_1,B,-1},

Therefore, the sequence max{0,_1,B—1},cny IS
monotone non increasing, there exists 4 > 0 such that

lim max {a,,B,} = U.
n—oo
Now, we assume that u > 0, then
Jggosupan = r}iﬁrr;supmax{a,,,ﬁ,,} = r}iﬁn;max{a,,,ﬁ,,}.

Taking the limsup,, — o in (13) and using (F3), we obtain
that

F (lim sup(xn) <F (lim max{(x,,,l,B,,,]}) — 1.
n—yoo

n—eo

Therefore
F(u)<F(u)—r.
By (Fy) we get 4 < U, a contradiction. Hence

lim d (Tups2 Tuy,) = 0. (14)
n—yoo
Next, we shall prove that {7'u, }, . is a Cauchy sequence,
i.e, limy—ed (Tup Tuy) = 0, for all n € N. Suppose to the

contrary, there exists € > 0 and sequences {Tn()} and
{Tm)} of natural numbers such that

Tmgy > Tngy > k, (15)
d (Titnyy Tuny, ) = &,
d (Tum(k)f],Tun(k)) < E.
Using the rectangular inequality, we find that
e<d (Tu,n<k),Tu,,(k)) <d (Tumw,Tun(k),l)
+d (Tun(k),] , Tu,,<k)+l) +d (Tun(k)H , Tu,,<k))
<e+d (Tun(k),l , Tu,,(k)ﬂ)
+d (Tuygy 1. Tty )
It follows from (12) and (14) that
lim d (Tum(k) , Tu,,(k)) —¢.
Using the rectangular inequality, we get
& < d (Tumy) Tuny,)
<d (Tum(k) , Tu,,(k),]) +d (Tun(k),] , T””(k)H)

d (Tiagey 1Tt

and

and & < d (Tumy) Ttnyy,, )
Bn < Br—1 < max {Olnq , ﬁnfl} . M) N(k)+1
which yields that <d (T“m(k) Tu, (k)) d (Tun (k),Tun(k>,l)
max{anaﬁn} < max{anflvﬁn71}7 Vn € N. +d (T”n(k)flvT”n(k)H) ,
© 2022 NSP
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which implies that

limd (Tum<k) : Tu,,(ml) —¢. (16)
Similarly
lim d (Tum oy Tt ) —e. (17)

From the rectangular inequality, we obtain that
d (Titnyy, T, ) (18)
<d (um(k +l7Tum ) +d (Tum(k),Tu,,(k))
+d (Tung), T, ) -
Also, we can write
d (Tt T, ) (19)
<d (Tum(k),Tum(k)H) +d (Tum +17T”"<k )
+d (Tun 41 Tu,, ) .
Letting k — oo in the inequality (18) and (19), we get

lim d (Tumm“ : Tu,,(ml) —¢. (20)

Substituting u; = Tum<k)+l,u2 = Tun(k)ﬂ,vl = Tum(k) and
V) = Tu,,<k) in our assumption of the theorem, we have

F(d (Tum(kH,Tu,, )) e @1
ad (Tum(k) , Tu,,(k))
+bd (Tum(k)+l ) Turz(k))

+cd (Tu,,(k)ﬂ , Tu,,<k))

+hd (T“n(k) ) Tlxlm(k)+])
Letting k — oo in (21) and using (F}) and (F3), we get
F(€)+ 1t <F(ae+be+ce+he).

which yields that &€ < & a contradiction. Hence
limy, oo d (T, Tuy) = 0, thea is {Tu,} is a Cauchy
sequence. Then there exists v € B such that

lim d (Tuy,v) = 0.

n—yoo

Also

d(v,A)

<d(v Tu,)
d (vyuy) +d (ty, 1) +d (ups1, Tuy)
d (vyun) +d (un,upi1)+d(A,B)
d (vyun) +d (un, 1) +d (v,A).

Therefore, d (v, Tu,) — d (v,A). Since A is approximately
compact with respect to B , the sequence {u,} has a
subsequence {u,, } converging to some element u € A. So
it turns out that

d(u,v) = lim d (w1, Tuy,) = d(A,B).  (22)

n—

Because T is a continuous mapping
d(u,Tu) = lim d(u,+1,Tu,) =d(A,B).
n—soo

For the uniqueness: Suppose that there is another best
proximity point z of the mapping 7" such that
d(z,Tz) =d(A,B).

Since T is a generalized (F,
first second, then we have

T)-proximal contraction of the

F(d(Tz,Tu))+ 1

ad (Tz,Tu) +bd (Tz,T7)
+cd (Tu,Tu)+h(d (Tz,Tu))

=F[(a+h)d(Tz,Tu)],

<F

which is a contradiction. Thus z and u must be identical.
Hence, T has a unique best proximity point.

Theorem 3.Let (X,d) be a complete generalized metric
space and (A,B) be a pair of non-void closed subsets of
(X,d). Let T : A — B satisfies the following conditions:

()T (Ao) € By and the pair (A,B) satisfies the weak
P—property;

(ii)T is a generalized (F,
first ans second kind.

T)-proximal contraction of the

Then there exists a unique u € A such that d(u,Tu) =
d(A,B) and u, — u, where uy is any fixed point in Ay and
d(ups1,Tu,) =d(A,B) forn > 0.

Proof.Similar to Theorem 1, we find a sequence {u, } in Ag
such that
d(upy1,Tu,) =d(A,B)

for all non-negative integral values of n. Similar to
Theorem 1, we can show that the sequence {u,} is a
Cauchy sequence. Thus it converges to some element u in
A. As in Theorem 2, it can be shown that the sequence
{Tu,} is a Cauchy sequence and converges to some
element v in B. Therefore

d(u,v)zgilgad(un+1,Tu”) =d(A,B). (23)

Eventually, u becomes an element of Ag. Using the fact

T(Ap) € By, we have
d(t,Tu) =d(A,B).

for some ¢ € A. From the P—property and (23), we get

d(upt1,t) = d(Tup, Tu),¥n € N.
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If for some ng, d(t,up+1) = 0, consequently d|o, c) = dl1, 7)= d 3

d(Tup,,Tu) = 0 . So Tu,, = Tu, hence
d(A,B) = d(u,Tu). Thus the conclusion is immediate. So
let for any n > 0, d(t,u,+1) > 0. Since 7T is a generalized
(F,¢)-proximal contraction of the first kind, it can be
seen that

F(d(t,un+1)) +7
ad(u,uy) +bd(t,u)
sF <+cd(un,un+1)+hd(un,t)) :

Since F is continuous function, by letting n — oo in the
inequality (?2?), we obtain that
d(u,Tu) = d(t,Tu) = d(A,B). Also, as in the theorem 1,
we can obtain the uniqueness of the best proximity point
of mapping 7.

The following example support the theortical results

Example 1.1Let X = {O,l,%,%,%,%,%,%,%}. Define the

functiond : X x X — (0, +-e0) by

11 11

- — — [ — :]
t(35)=4(33)=1
11
47

o =a(L) =a( 1)
~afe7)=4(03)
—d(0,2)=17,

Clearly, (X,d) is a generalized metric space but not a
metric space. Indeed

(o) -o(02) (2

Now,ifA={} 1 t}and B={1,1,1} thend(A,B) =7,
A = Agp and B = By. Define the mapping 7 : A — B by
T(3) =1, T(3) =5, T(4) = 1. Then T(Ao) C Bo.
Describe a function F : (0,4+c0) — R by F(¢) = In(t) and
TE(0,1).Letu:%,v:%,x:%,y:A—keA,then

A3 T(3) = d(E, (7)) =7

and

Fld(u,v)]+t=0+7
< F(d(x,y)) =In(5).

Thus, all conditions of Theorem (1) holds. Moreover, x =

% is a unique best proximity point of 7.
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