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Abstract: Symmetries on a group G are the mappings G 3 x — gx~'g € G, where g € G. A coloring ¥ : G — {1,...,r} of G is
symmetric if it is invariant under some symmetry. We count the number S ,(ZZ) of symmetric r-colorings of Z{, the direct product of n

copies of the cyclic group of prime order p. As a consequence we obtain that S,(ZZ) = p"r@ + S,(ngl).
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Let G be a finite group and let r € N. An r-coloring of
G is any mapping x : G — {1,...,r}. Let r% denote the set
of all r-colorings of G. The group G naturally acts on 7.
Forany y € r¥ and g € G, g € r% is defined by yg(x) =
x(xg~1). Colorings y and y are equivalent if there exists
g € Gsuch that y (xg~!) = y(x) forall x € G (that s,  and
v belong to the same orbit). Let ¢,(G) denote the number
of equivalence classes of r-colorings of G (= the number of
orbits of ). Applying Burnside’s Lemma [1, 1.7] shows

that |
cr(G) = el Yy rlG:e
g€G

where (g) is the subgroup generated by g. For Z,, the
cyclic group of order n, this formula simplifies to

eZ) =+ ¥ old)rt,

din

where ¢ is the Euler function [2].
For every g € G, the symmetry on G with respect to g
is the mapping

GBx»—)gx_lgeG.

This is an old notion, which can be found in the book [3].
For Z,, identifying it with the vertices of a regular n-gon,
the symmetries are the reflections of the polygon in an
axis through one of the vertices (if n is odd, the
symmetries are all the reflections). A coloring y € r¢ is
symmetric if it is invariant under some symmetry (that is,

there exists ¢ € G such that y(gx~'g) = x(x) for all
x € G). A coloring equivalent to a symmetric one is also
symmetric [4, Lemma 2.1]. Let S,(G) denote the number
of symmetric r-colorings of G and s,(G) the number of
equivalence classes of symmetric r-colorings of G (= the
number of symmetric orbits of 7¢). If G is abelian, then

u(¥,X)|G/Y| lG/X1+(G/0P]

S@O=Y X Temnl " :

X<GY<X

Z w(y,X) JexLH(G/E
¥=ov=x [(G/Y)2]| ’

where X runs over subgroups of G, Y over subgroups of X,

1(Y,X) is the Mobius function on the lattice of subgroups

of G, and H[2] = {x € H : x*> = 1} [5]. Similar but more

complicated formulas hold also in the non-abelian case [4].
For Z,, the general formulas simplify to

s+(G) =

FISH
Sy (Zy) = LapdIlps (1 =p)r> if nis odd
Zd|%dnplﬁ(1_l7)rd+l if n is even,
mhl . .
5:(Zy) = rlzn R TfnTsodd
5(r2*14r7) ifnis even,

where p is a variable of prime value and m is the greatest
odd divisor of n [5]. For the dihedral group D,, the
semidirect product of Z, and Z,, the numbers S,(D,) and
s-(Dy) were counted in [6].
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In this note we consider elementary abelian p-group
Z,, the direct product of n copies of Z, where p is prime.
If p =2, then every coloring is symmetric, so

Sr(Zg) = r2’l7
] n n—
$H(Z8) = en(Z3) = 3 (7" + (2= )P,
And if p > 2, then
si(Z) =7,

which is a partial case of a more general fact (we prove
it in the end of the note). In [7], S,(Z;’,) was counted for
n = 2,3. Notice that a symmetry of [];_; G; is a mapping
[T, 0i, where o; is a symmetry of G;, so the symmetries
of ZI, (p > 2) are the coordinate-wise reflections.

The aim of this note is to count the number S,(Z},) for
all n. We show that

Theorem 1.For all r,n € N and prime p > 2,

ot ,nfl
Sr(Z,) = P (L)
7n—2
+p (- (=TT
+1
+p(1=p))(1=p*)..(1=p")r'T +

+(1=p)(1=p?)...(1=p")r
Proof.The number of subgroups of Zf, of order pkis
<n) _ =D -y (T
kJ, (Pr=DEP'=1)...(p-1)

the Gaussian coefficient [1, 3.11], and if ¥ < X < Zg and
|Y| = p¥ and |X| = p™, then

m—k
2

u(r,x) = (=1y"*p("2")
[1,4.20]. Here,

(Z) _ n(nfll?.z....(.n..fkkwL D}

and if k > n, then (}) =0 and (Z)p = 0. Thus, the general
formula for counting S,(G) gives us that

sz =3 (1) $2(3) o

m=0 p k=0

Comparing, we conclude that in order to prove the
theorem, it suffices to show that

(:1) Z (’Z)p(_l)mkp(’”zk)wk —

P k=0

If m = 0, both sides are equal to p”, so let m > 1.
The left-hand side of the equality is equal to

(=D (PP —1) & (=)o 1)

YRy R Y v o A

7 B il m (71)m—kp("’27k)+n—k

= P ) 2 T e ) (P D ()

P (o) & (=) (p= ) () ("
=1 p=1) A" =D (p=D-(F = 1) (=)

(L=p) (=™ & (pr—1)...(p— 1) (~1)kp("2 )tk
(P -1)...(p—1) A (p* =1)...(p—1)-(pF—1)...(p— 1)’

and since

(P"—1)...(p—1) :(m)
(prt=1)...(p=1)-(pr=1)...(p=1) \k/,

andn—k= (n—m)+ (m—k)and

m—k

( ) )+mk1+2+...+(mk1)+(mk)
_(m—k+1
= 5 ,

p”7m(1 7pn7m+1) L (1 _

pn) - R m (mféfﬂ)
(pm—1)...(p—1) Y (=) (k)pp .

k=0

it is equal to

Then the next lemma finishes the proof.
Lemma 1.
- k(M (m7k+l) m m—1
Y (1) pU 2 ) =" =" =1)...(p—1).
k=0 k p

Proof.If m = 1, the left-hand side is

(—1)° <(1)>,,p© +(=1)! (DPPG) —p—1,

so the equality holds.
Now fix m > 1 and suppose that the equality holds for
m— 1. Since

(3),= () (")

[1, 3.34], we obtain that

é(_l)k(@p"(%l) _ kf’:o (_1)k(z;: f)pp(mgﬂ)+
" kfo (1>k(’“; 1)pp<m;+'>+k,

The first sum is equal to
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m m—1
_ 2(71),(71 m—1 p((m—l)fz[kfl)Jrl) _ 2 (71)1( m—1 p(tm—l%—l&l)’
] k—1 » k /,

k=0

and the second one to

m-1 m—1 m—k+1 " m-1 m—1 (m—1)—k+1
S (") A o (M) B
k=0 P k=0 P
because

(m—k+1

p )+k:1+2+...+(m7k71)+(m7k)+k:

B (m— k) N
={ m.
Consequently, by the inductive hypothesis,
n fm (m—k+1) _1
YU ) Pt == =) p = D
= p

+p"(p" " =1).(p—1)

=@P"-DE" =D (p—1).

As a consequence we obtain from Theorem 1 that

Corollary 1.For all r > 1, n > 2, and prime p > 2,
Jusa) -
SHZh) =p'r T +S(Z).

We conclude this note by counting the number s,(G)
for every finite abelian group G of odd order.

Let G be a finite group and let » € N. For every x € r©,
let

(X]={xg:g€G}and St(x) ={g € G: xg=2}
and let
Z(x) = {g € G: x is symmetric with respect to g}.

For every symmetric ¥ € r® and for every h € G,
Z(xh) = Z(x)h [4, Lemma 2.1], so there are colorings in
[x] symmetric with respect to 1, and their number is

“SZ[((?)“ [4, Lemma 2.5]. Furthermore, if ) is symmetric

with respect to 1 and G is abelian, then
Z(x) ={g € G:g*>c St(y)} [4, Corollary 2.9], and
consequently, if the order of G is odd, then Z() = St(x).

Lemma 2.If G is a finite abelian group of odd order, then

G|+1
5:(G) =r"2".

ProofEvery symmetric orbit of ° has a coloring
symmetric with respect to 1, and since G is abelian of odd
order, there is only one such coloring. Consequently,
s+(G) is equal to the number of r-colorings of G
symmetric with respect to 1, which is equal to the number
of r-colorings of the set {1} U {{x,x"'} :x € G\ {1}}

whose cardinality is 1 + ‘G‘% = ‘G‘T“
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