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Abstract: In this paper, the combined Laplace transform-homotoptupeation method C(LT-HPM) is presented and used to sokve th
initial value problem for the sine-Gordon equation to obtidie approximate-exact solutions. The results obtained she reliability
and the efficiency of this method.
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1 Introduction [11] used the homotopy analysis method (HAM) for
solving the previous mentioned problem. Wazwa2] [
The sine-Gordon equation firstly appeared in theused tanh method for handling the sine-Gordon equation.
study of the differential geometry of surfaces with The homotopy perturbation method (HPM) proposed
Gaussian curvaturé = —1 has wide applications in the by Ji-Huan He in 1998 for addressing nonlinear problems
propagation of fluxons in Josephson junctions betweerf13,14]. This method has been applied to different linear
two superconductors1[2,3,4] the motion of a rigid  and nonlinear problemslp,16,17,18,19,20,21,22] The
pendulum attached to a stretched wid, [solid state  advantage of this method is its capability of combining
physics, nonlinear optics, stability of fluid motions, two powerful methods (namely, Laplace transform and

dislocations in crystalst] and other scientific fields. homotopy  perturbation method) for obtaining
In this work, we consider the sine-Gordon equation approximate-exact solutions for nonlinear equations.
suggested by Ablowitz et al. irp], i.e. The main objective of this paper is to use the

combined Laplace transform-homotopy perturbation
method C(LT-HPM) for solving the initial value problem
for the sine-Gordon equation to obtain the
approximate-exact solutions.

Ut — Ux+SiN(U) =0, xeR, 0<t <1 Q)
subject to the initial conditions

u (X7 O) =01 (X) y U (X7 0) =02 (X) ) ()

where the subscripts denote the differentiatioruafith 2 The C(LT-HPM)
respect toc andt.
The sine-Gordon equation have been studied in many
works [6,7,8,9,10,11,12] to give the approximate In an operator form, Eq. (1) can be written as
solution. Kaya §] and Wang f] solved it using modified
Adomian decomposition method (MADM). Batiha et al. Liu—Lxu+Nu=0, 3)
[8] used variational iteration method (VIM) to solve it.
Using homotopy perturbation method (HPM) for solving where the differential operatoks andLy are defined by
it were given by Chowdhury and Hashir@][ Junfeng Lu
[10] applied modified homotopy perturbation method 92 92
(MHPM) to solve the same problem. Also Ugur Yucel L= a2 Lx = v

* Corresponding author e-mavaleedalhayani@yahoo.es

(@© 2016 NSP
Natural Sciences Publishing Cor.


http://dx.doi.org/10.18576/amis/100519

1782 %N S\ W. Al-Hayani: Combined laplace transform-homotopy pedyéation...

and Nu = sin(u) is the nonlinear operator. Taking the whereA, andB,, are Adomian polynomial2b, 26] given

Laplace transfornZ on both sides of Eq. (3): by
3
2] — Z[Lxu] + Z[Nu] = 0. @ A=,
AL = 3U(2)U1,

Using the differentiation property of the Laplace

transform, we have A = 3uup + 32U,

X X 1 1 — w3 2

U (x,9) = gl—s() + gzsg ) + ?X [Lxu] — ?X[Nu] , (5) Az = Uj + 3ugus + 6uguy Uy,
A4 = 3U3U4 + 3usUy + 3U3Ug + BUgU1 U3,

whereU (x,8) = .Z[u(x,t)]. Operating with the Laplace

inverse on both sides of Eq. (5) gives

u(x,t) :gfl{gléx) + 92(X)}+$71{é$[Lxu]f éff[Nu]}, Bo = W3,

&
© B1 = 5u3
whereu(x,t) = 271U (x,9)] (t). 1= Ul
Applying the homotopy perturbation methoti3[14, B, — 5u3uz " 10Ugui
15,16]
® Bs = 5uguz + 20ugust + 10udu3,
u=3 P (ry o TERTTTOEETER
n= B4 = 5udus -+ 5ufup + 10udu3 + 20udusus + 30uduZuy,
and the nonlinear teriNu can be decomposed as
® andH, are He’s polynomials given b
Nu= p"Hn (u). (8) " e genby
n=0

1 1
Ho (u) = ug— §A0+ §Bo+---
where theH,, are He’s polynomials afip, us, ... , Uy and are ' '
calculated by the definitional formula [23,24]

1 1
Hi(u) = U1—§A1—|- gBl‘F"'

10 ©
i =0,1,2,.... 1 1
Hn(U07U1, 7Un) |:N<Z pul):|p_o7 n 0/1/27 HZ(U) — UZ__A2+_BZ+"'

"o [N\ Aot o
wherep € [0,1] is an embedding parameter. Settidg- 1 1y () — ur— LA LBt ...
results in the approximate solution of Eq. (1) 3(W) = us 3"6\?‘Jr 5! 3t

1 1
] 0 N H4(U):U4——IA4+—IB4+
u:llmZpun:u0+u1+uz+U3+---. 3! 5!
p—>1n:0

In order to obtain the approximate solution of Eq. (1), we
consider the Taylor series expansion of (sinin the
following form:

Substituting Egs. (7), (8) and (9) in Eg. (6) we get

00

Z)D”un (x,t) = 571{91_00

R 1 (=)™t L S
5|n(u)—u7§u3+§u57~»+mu2 R "

© © 3 © 5 92 (X -1 1 - n - n

n 1 n 1 n — _

:nsz Un = 3; (n;p Un) +§<nsz un> e + 2 }+pZ {Szg [anzop Un nZOp Hn(u)‘|}

- 1 @ 1@
_ n - n = an - . . . .

nZup i nZop g nZup W which is the combaination of the Laplace transform and
— S pHa (U], © the homotopy perturbation method using He’s

n; ' polynomials. Comparing the coefficient of like powers of

(@© 2016 NSP

Natural Sciences Publishing Cor.



Appl. Math. Inf. Sci.10, No. 5, 1781-1786 (2016)www.naturalspublishing.com/Journals.asp NS = 1783

p, the following approximations are obtained which is the exact solution of the problem (1) subject to
the initial conditions (11). Notice that the noise termdtha
0 Uo(xt) = .21 { 91 (X) n gzsgx) } 7 appear between various components vanish in the limit.
1 In Tables 1 and 2, we present the absolute errors
1 _ -1 '
Promxt) =2 {?"?“—XUO_ HO(U)]}’ between the exact solution and 5-term MADM, 2-iterate
1 VIM, 3-term HPM [9] and 3-term C(LT-HPM). But in
p?: Up (x,t) = f—l{—f [Lxus — Hl(u)]} , Table 3, we present the absolute errors between the exact
& (10)  solution and 4-term C(LT-HPM).
1
1 x0) =2 H{ S 21t~ Ha(u] |
In figures 1 and 2 we show a very good agreement
. [1 between the exact solution and 3-term of approximate
4 _ 1
Phruaxt) =2 {?"?[LX%_ H3(u)]}, solution C(LT-HPM). In figure 3, we present the absolute

errors between the exact solution and 4-term of
approximate solution C(LT-HPM).

3 Application

In this section, we apply the C(LT-HPM) for finding
the approximate-exact solutions of two initial value
problems examples associated with the sine-Gordon
equation. To show the high accuracy of the solution
results compared with the exact solution, we give thegxample 2 Secondly, we consider the sine-Gordon
numerical results and the maximum absolute error. Thesquation (1) subject to the initial conditions
computations associated with the examples were
performed using a Maple 13 package with a precision of
20 digits.

u(x,0) = m+ ecos(ux), U (x,0) = 0. (12)

Example 1 Firstly, let us consider the sine-Gordon
equation (1) subject to the initial conditions

u(x,0) =0, ut (x,0) = 4sechx. (11)

Following the algorithm (10), the first few components aneegiby Whereu - 7 and€ iS a ConStant-
po: Up (x,t) = 4tsechx,
o ) 4t & St S T Again, using the algorithm (10), the first few

components are given by

2. = A 5By B (SeechBx— 128 7eonSx s 32 (Tah3
pe: uz(x.t)fstsechx 1stsechx 3151590h><+315tsech><

_ 8 95y 160007y 128 11 47, 512 113040
94stsechx+ 567tsetzh>< 19251 sech’x+ 368551 'sech?x,

Dug(xt)=— ;t7sed17x+ noise terms 0

pY: ug(xt) = 1+ ecos(ux),

. _ 49509 ;
©ug(xt) = gtsech®x+noise terms pl:oup (xt)= %[—suzcos(ux)+ % (m+ecos(ux))3 — é (m+ e cos(ux))®

—Tm— scos(ux)]tz.

. . . . . . P2 up(xt) = i[sgcnsg(uxwgnsscnsa(uxw 36m2 —32) & cos’ (ux)
Thus the approximate solution in a series form is given by~ =~ 20 ( )
+ (84n3 - 22471) €6 o (ux) + (126714 — 67212 + 72002 + 384) 500 (1)
n
Uapprox (,t) = ‘;ui xt) +<126n5—112013+2400‘m2+1920n) 4 codt (ux)
=
+ {84n5 —1120P+ (3s4o+ zssq;Z) - (57eo+ 480:2) - 1920} 3 cos3 (ux)

_ Lyt Liseos, L7, Lo o
- 4<tSEChX* §t sechx+ Et sechx — 7t sech’x+ §t sechrx—--- +{36n7—672n5+(144m2+3840)n3—(864O+144(12) nu2—57601}£20052(ux)

+noise terms +{orB — 22416 + (240;12 + 1920) o (2880+ 144052) 2

This series has the closed formrass I L
- (48[:2/,12 + 1920) Tr3+28801<£2u2 + 1)]14.

UExact (X,t) = dtant (tsechx),
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Table 1. Absolute errors for example 1 at=0.01

t |[Exact—-MADM| |Exact—VIM| |Exact—HPM| |Exact— C(LT-HPM)|
0.01 132(E-06 499%E — 07 6341E - 16 6341E - 16
0.02 1045 -05 3997 — 06 811CE - 14 811CE - 14
0.03 3491E -05 1348 - 05 1384 — 12 1384 — 12
0.04 8191E-05 3192 - 05 103%E= —-11 103 —-11
0.05 158% —-04 6.226E — 05 4922 —11 4922 — 11
0.06 2707/E—-04 1074 —-04 175% —10 175% —10
0.07 4253 -04 170& —04 5155 -10 5155 -10
0.08 628CE—-04 253%E - 04 1308 —09 1308 —09
0.09 8844E—-04 3600E — 04 296% —09 296% —09
0.1  1200E-03 4924 - 04 6175 —09 6175 —09

Table 2: Absolute errors for example 1 at= 0.1

t |[Exact—-MADM| |Exact—VIM| |Exact—HPM| |Exact— C(LT-HPM)|
0.01 1925 —-04 4974 — 07 5737 —-16 5737 - 16
0.02 3926 -04 3978 — 06 7.33E-14 7.33E-14
0.03 607%E—-04 1341E - 05 1252 —12 1252 —12
0.04 845 -04 3176E - 05 9360E — 12 9360E — 12
0.05 11122 -03 6195 —05 445 —11 445 —11
0.06 141F —-03 106%E — 04 159CE —10 159CE —10
0.07 1757E-03 1694E — 04 4662E — 10 4662E — 10
0.08 2147E-03 252F - 04 1182 —-09 1182 —09
0.09 2591E -03 358 - 04 2683 —09 2683 —09
0.1 3.092E - 03 4901E — 04 5581E — 09 5581E — 09

Table 3: Absolute errors for example 1

x/t 0.02 004 006 008 010

0.02 32388E-—-17 32102E-17 31630E-17 30981E—17 30165& —17
0.04 16546E—14 16399 —14 16159E —-14 15827 —-14 15410E-14
0.06 63375& —13 62815 —-13 61893E —-13 60623€E —13 59026E —13
0.08 83974F —12 83232F-12 82009E —12 80326E—-12 78209 —12
010 62157EF-11 61607E€ —-11 60702& —11 59455 —11 57888FE —11

Therefore, we have the approximate solution is given by which is the same as the approximate solution obtained
by HPM [9]. In figures 4 and 5, we present 3-term of
approximate solution C(LT-HPM) fore = 0.05 and

Uapprox (X,t) = 1T+ £COS(UX) + %[—suzcos(ux) + % (m+ £ cos(ux))* e—01 respectively

fé (m+ cos(ux))®

— 11— gcos(ux)t? + %120[59 cos (ux) + 9me®cod (ux)

+ (36 —32) £ cos (ux) + (84 — 2241) £° coS’ (ux)

+ (1267 — 6727 + 720u + 384) £° coS’ (LX)

+ (126 — 11207 + 2400mp? + 1920) £ cod' (ux)

+{84r® — 1120 + (3840+ 288Qu?) 112 — (5760+ 480€?) y?

~1920te® cos (ux) + {3617 — 672 + (144Qu? + 3840 1T°

— (8640+ 14402) mp® — 5760} €2 cog (ux) + {91 — 22478

+ (240u% +1920) i* — (2880+ 1440:?) 2p? +5760(p? — %)

Fig. 1: Ugxact (X,t)

+2880(p* + €22 + 1) e cos(ux) + n° — 321" + 384

— (480e°p? +1920) T° 4 2880 (€24 + 1) ]t*,
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Fig. 5: Approximate solution witke = 0.1

The approach has been tested by employing the
method for two examples with different initial conditions.
The results obtained in all cases demonstrate the
reliability and the efficiency of this method.

e “.033533%
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